Korean J. Math. 34 (2026), No. 1, pp. 113-129
https:/ /dx.doi.org /10.11568 /kjm.2026.34.1.113

A FINITENESS THEOREM FOR UNIVERSAL m-GONAL FORMS
WITH COEFFICIENTS 1 OR 2

SE WoOK JANG, BYEONG MoON KiMm, AND KwANG HOON KiMm

ABSTRACT. In 2022, Kim [16] proved a finiteness theorem for a restricted class of
universal generalized m-gonal forms; namely, a generalized m-gonal form f with
coefficients 1 or 2 is universal if m > 10 and f represents 1, m —4 and m — 2. In
this paper, we prove a similar finiteness theorem for universal m-gonal forms. If m
is even, m > 10 and an m-gonal form f with coefficients 1 or 2 represents 2m — 1
and 4m — 2, then f is universal, and if m is odd, m > 7 and f represents either
2m — 1 and 2m — 2 or 2m — 2 and 5m — 4, then f is universal.

1. introduction

(m—2)2%—(m—4)x

An m-gonal number is P, (z) = (m — 2)@ +x = 5 for some
positive integer z. An m-gonal form is f(z1,za,...,2,) = a1 Pp(x1) +as Py (xe)+- - -+
anPp(x,) = Y1 a; Py (x;) for some positive integers ay, as, . . ., a,. An m-gonal form
Yoy aiPn(z;) is also denoted by (ai, ag, ..., a,),,. Also, (a1,as,...,a,),, is written
by (a™),, if a1 = ay = --- = a,, = a. An m-gonal form f represents a positive integer
kif f(x1,29,...,2,) = k for some non-negative integers zi,xs,...,Z,, and an m-

gonal form f is called universal if it represents all positive integers. It originates from
the problem representing a positive integer as a sum of m-gonal numbers, especially
Fermat’s conjecture that every positive integer is represented by a sum of m m-gonal
numbers for all m > 3, or equivalently a sum ) ;" Pp,(z;) = (1), of m m-gonal
numbers is universal. This conjecture was proved by Lagrange for m = 4, Gauss for
m = 3 and finally by Cauchy for m > 5.

Liouville and Ramanujan found all universal 3-gonal and universal 4-gonal forms,
or equivalently, all ternary universal triangular forms and all quaternary universal
diagonal quadratic forms respectively.

Griffiths [7-9] studied the universal m-gonal forms in another direction. Griffiths
defined the weight w = w(f) of an m-gonal form (ay,as,...,a,),, by w = a; + as +
--++a, . She thought that an m-gonal form f is a sum (1") = of w m-gonal numbers
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with additional conditions 1 = 29 = -+ - = Ty, = Y1, Ty 41 = Tuy42 = *** = Ty = Y2,
ey Ty 41 = Loy, 42 =+ = Ty, = Y Where w; = a3 +ag+- - -+a;. She classified [7]
the universal m-gonal forms with weight m as a generalization of Cauchy’s Theorem.
She also gave some contributions [8,9] to the universal m-gonal forms with weight
m + 1 and m + 2.

A generalized m-gonal number is P, (z) = w for some x € Z. Note
that z is not necessarily non-negative. It is easy to see that every generalized m-gonal
number is an m-gonal number if and only if m is 3 or 4. A generalized m-gonal form
is a sum f(z1,29,...,2,) = > o, a;Pp(x;) with a; € Z*, and f represents a positive
integer k if f(xq,%2,...,2,) = k for some integers z1,xs,...,x,. A generalized m-
gonal form is also called universal if it represents all positive integers. Notations
(a1, ag,...,a,),, and (a™),  are also used for generalized m-gonal forms. Dickson [6]
studied universal generalized m-gonal forms by showing that for each m > 10, the

equation
m—4
> Pu(x) =k
i=1

has integer solutions x1,xs,...,x,,_4 > —2 for all positive integers k. As a con-
sequence, generalized m-gonal form (1™~%) = Y™ * P, (z;) is universal. Also he
proved that the generalized 9-gonal form (1°), is universal. From Gauss’ and La-
grange’s Theorem, (1%), and (1*), are universal. Since every generalized 6-gonal
number is a triangular number, the generalized form (1°), is universal. Guy noted [10]
that the generalized form (1%), is universal and Sun showed [18] that the generalized
forms (1), and (1) are both universal.

The study of m-gonal and generalized m-gonal forms is influenced by the finiteness
theorems for quadratic forms. A positive definite integral quadratic form is a poly-
nomial ¢(x1, T, ..., Ty) = > 1y Z?:l a; ;r;x; such that a;; € Z", 2a,; € Z for i # j,
a;; = a;; for all 4,7 and q(x1,xo,...,2,) > 0 for all (zq,29,...,2,) # (0,0,...,0). It
is called classic if a; ; € Z for all distinct 4, j. Conway and Schneeberger [2,5] proved
that a classic positive definite integral quadratic form is universal if it represents all
elements of {1,2,3,5,6,7,10, 14,15}, and conjectured that a general positive definite
integral quadratic form, not necessarily classic, is universal if it represents all elements

of
{1,2,3,5,6,7,10, 13,14, 15,17,19, 21, 22, 23, 26, 29, 30, 31,
34,35,37,42,58,93,110, 145,203,290}.

This conjecture was proved by Bhargava and Hanke [3]. Similarly, for each m > 3
there are universality criterion sets for universal m-gonal forms and universal gen-
eralized m-gonal forms, which are sets S,,, S’ C Z* such that any m-gonal form is
universal and any generalized m-gonal form is universal if they represent all elements
of S;, and S}, respectively.

It is a consequence of the Conway and Schneeberger’s Theorem that S, = S} =
{1,2,3,5,6,7,10, 14, 15}. Bosma and Kane proved [4] that S3 = S5 = S§ = {1, 2,4, 5, 8}.
Ju [11] showed that

S¢={1,3,8,9,11, 18, 19,25, 27, 43,98, 109},
and Ju and Oh [13] proved that
St ={1,2,3,4,6,7,9,12,13, 14,18, 60}.
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The only known universality criterion set for universal m-gonal forms is, aside from
m = 3,4,

S5 ={1,2,3,4,6,7,8,9, 11,13, 14, 17, 18, 19, 23, 28, 31, 33, 34, 39, 42, 63}

proved by Ju and Kim [12]. In 2019, Kane and Liu proved [14] that for all € > 0,
there is C' = (), > 0 such that every element of S}, is at most Cm™ €. The second
author of this paper and Park improved [15] this bound to C'm for some C' = C,,, > 0.

In 2021, Kim [16] proved that if m > 10 and a generalized m-gonal form f =
ooy Po(g) + Zle 2P,,(xq+;) with coefficients 1 or 2 represents 1, m — 4 and m — 2,
then f is universal. It is a finiteness theorem for the restricted class of universal
generalized m-gonal forms. He proved similar finiteness theorems for m = 7 and

m = 9. In 2022, Banerjee et. al. found [1] the least § such that Z::_ll P(x;) +

Zle 7P (x,4_1) is universal for each r > 2. In this paper, we prove a finiteness
theorem for universal m-gonal forms with coefficients 1 or 2 except m = 5 as follows.

THEOREM 1.1. Let f be an m-gonal form with coefficients 1 or 2. If m is even,
m > 10 and f represents 2m — 1 and 4m — 2, then f is universal. If m is odd, m > 7
and f represents either 2m — 1 and 2m — 2 or 2m — 2 and b5m — 4, then f is universal.
If m = 8 and f represents either 15 and 30 or 15 and 78, then f is universal. If m = 6
and f represents 11 and at least one of 22, 82 and 100, then f is universal.

This theorem is an m-gonal form version of this theorem.

2. preliminaries

We use a brief notation by adopting the exponents in coefficients to reduce the
repeated coefficients of f = (ay,a9,...,a,),,. Concretely, if a1, a9,..., 000 > 0, n =

S, and

As; 41 = Qs; 42 = "+ = a5, = b;

for all i = 1,2,...,k where so = 0 and s; = >;_, o, then f = (B",b5, ..., by*) . If
f is of coefficients 1 or 2, then f = <1°‘, 25>m for some «, > 0. The partial weight
w; of an m-gonal form f = (ay,as, ..., a,),, is the sum a; +as + - - - + a; of the first ¢
coefficients of f. The weight w = w,, of f is the sum of all coefficients of f.

Let &,, be the class of all (generalized) m-gonal forms and & be a subclass of &,,. A
universality criterion set of universal (generalized) m-gonal forms for & is a set S C Z*
such that every (generalized) m-gonal form f € & representing all the elements of
S is universal. A minimal universality criterion set of universal (generalized) m-
gonal forms for & is a universality criterion set of universal (generalized) m-gonal
forms for & each of whose proper subset is no more critical. In 2022, Kim [16]
found the universality criterion sets of universal generalized m-gonal forms for & =

{(1,2%) |a,3 > 0}.

THEOREM 2.1 (Kim, [16]). If m > 10, then {1,m — 4,m — 2} is a universality
criterion set of universal generalized m-gonal forms <10‘,25 >m with o, f > 0. Also
{1,3,5,10,19,23} is a universality criterion set of universal generalized T-gonal forms
<1°“,25>7 with o, 5 > 0, and {1,5,7,34} is a universality criterion set of universal
generalized 9-gonal forms <1a, 25>9 with o, 8 > 0.
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From this result, another interesting problem, the uniqueness of minimal univer-
sality criterion sets of universal (generalized) m-gonal forms for a subclass & of (gen-
eralized) m-gonal forms, is naturally raised. Concretely, the minimal universality
criterion sets of universal generalized m-gonal forms for &,, consist of all positive
integers N such that there is a generalized m-gonal form that represents all posi-
tive integers except N. It follows that these minimal universality criterion sets are
unique. From Kim’s Theorem [16] and by some considerations, we can obtain all min-
imal universality criterion sets of universal generalized m-gonal forms for a subclass
S = {(1*,2%) |a,8 > 0}. When m is odd, {m —4,m — 2} is the unique minimal
universality criterion set, and when m is even, {a, m — 4, m — 2} is a minimal univer-
sality criterion set for all odd a. If m is even, then there are infinitely many minimal
universality criterion sets, and thus the uniqueness fails for even m. As a consequence,
the uniqueness of universality criterion sets of universal (generalized) m-gonal forms
for various families G is an interesting problem.

THEOREM 2.2 (Griffiths [7-9]). Let m > 5 and f = (a1, as, ..., ay),, be an m-gonal
form with weight m. Then, f is universal if and only if f is one of the following.

(1) f=(,1,1,1,as,ae,...,a,),,,a5 # 3,ap < w,_y — 1 for all k =5,6,...,n,

(2) f=(,1,1,2,as5,a,...,a,),,,0r < wg_q — 1 forallk=>5,6,...,n,

3) f=1(,1,1,2), form =5.

Moreover, if f is of weight m + 1 or m + 2 and satisfies (1) or (2) given above, then
f is universal.

COROLLARY 2.3. If f = <10‘,25>m, a >3 and o+ 2 > 3, then f is representd by
a sum of four m-gonal numbers.

THEOREM 2.4 (Cauchy). If m > 3, then (1™) = is universal.
LEMMA 2.5 (Cauchy). The system
(1) 24+ ai+ai=2¢+r
X1+ To+T3+Tg=T.
has a non-negative integer solution (1, %o, x3,z4) if A2q +1r,7) =42+ 1) — 1% =
8q+4r—r2>0, A*2q+r—1,7+1)=32¢+r—1)—(r+1)2=6qg+r—r2—4<0
and A(2q +r,r) # 481 + 7) for all u,l > 0.

From the identity

(m—2)(CL, ) — (m =49 (X, =)
2
(m—2)2¢+71)— (m—4)r

— — —2
5 q(m —2) +r,

Pm(xl) + Pm(x2) + Pm(x?») + Pm(x4) =

we have the following corollary.

COROLLARY 2.6. If A(2q+r,r) = 8q+4r—r% > 0, A*(2¢+7r,7) = 6g+r—1r°>—4 < 0
and A(2q +r,r) # 4“8+ 7) for all u,l > 0, then q(m — 2) + r is represented by the
sum (1*),  of four m-gonal numbers.

If r is odd, then since A(2q+7r,7) = 8¢+4r—r? = 3 (mod 8), we have the following
corollary.
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COROLLARY 2.7. If r is odd and

1+ I
¥<r§2+\/4+8,

then g(m — 2) + r Is represented by a sum (1*) = of four m-gonal numbers.

LEMMA 2.8. If m > o > 5, then for each ¢ > 2, a sum (1%) = of a m-gonal
numbers represents all positive integers N such that q(m — 2) + St/A424 V;“LMQ < N <

gm —2)+a—4+ /4 +8¢q.

Proof. Let ry be the smallest number r such that (1*), represents g(m —2)+r and
1rvi+2dg V12+24q <r <244+ 8q. Since q > 2,

24 VIt Ry - R +q)<¢§—¢6>

+
N
m%‘

[\ R NGV]

+<\/g)(f—\/6)=;+\/2_—¢ﬁ>2.

Thus, there is an odd number r such that @ <r< @ < 2++/4+8q. By
Corollary 2.7, (1), represents ¢(m — 2) +r. Thus, we have 7, < L@. Similarly,
we can define r} by the largest number 7 such that (1*), represents g(m — 2) +r
and 1+—v§+24q <7 <24 /4+38q, for each ¢ > 2, and we can see that r} > /44 8¢.
Since (1*) = represents q(m — 2) + r for all odd integers r such that @ <r<
2++/4 + 8¢, (1%),, represents all integers N such that g(m—2)+r, < N < g(m—2)+r}.
Since (1*7*) = represents 0,1,...,a — 4, (1%),  represents all integers N such that
qim —2) +7r; < N < q(m —2) +r; +a—4. Thus, (1%),, represents all integers N
such that g(m — 2) + VI = N < g(m — 2) +a — 4+ /& T 8q. 0

COROLLARY 2.9. Suppose that m > 8.

1) A sum (1™ 1)~ of m — 1 m-gonal numbers represents all positive integers larger
than 214(m — 2) + 37.

2) A sum (1™~2)  of m — 2 m-gonal numbers represents all positive integers larger
than 298(m — 2) + 43.
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Proof. 1) If ¢ > 214, then by Lemma 2, Y """ P,,,(z;) represents all positive integers
N such that g(m — 2) + 224 < N < g(m —2)+m—5+\/4+8 . Since

dm—2tm—5 + \r%q_((qﬂ)(m_mH@)

=—%+¢8<q+%> ¢6<q+zi>

11 2q——

11 2(q + 24) -3

11 2y/214+ 2 13
> -+ -

2 VBHVE 3B+ vE) /(214 + B)
> 0.0008 > 0

for all ¢ > 214, (1™ 1)
214(m — 2) + 37.

2) If ¢ > 298, then (1™2) represents all positive integers N such that ¢(m —2) +
5+—”2+24q <N <q(m—2)+m —6+ /4 + 8¢. Since

gm—2)+m—6 + \/m—((q+1)(m_2)+5+\/@>
13 2y/a+ 35 13
>~ + .
2 \/g‘f‘\/6 3(\/§+\/6> (Q+§_i)

- 134_2«/2984-— 13
T2 VBEVE 3B vE) /(208 + B)
> 0.005 >0,

., represents all positive integers larger than 214(m—2)+7ra14 =

for all ¢ > 298, (1™~2) represents all positive integers larger than 298(m —2)+1rggs =
208(m — 2) + 43. O

ProrosIiTioN 2.10. Suppose that m > 9.

1) A sum (1) of m—1 m-gonal numbers represents all positive integers except
2m — 1 and 5m — 4.

2) A sum (1™2) ~ of m — 2 m-gonal numbers represents all positive integers except
m—1,2m —2,2m — 1,4m — 4,5m — 5 and 5m — 4.
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q | Sq|tq |tqg—5q|tqg—Sq+1 | 9 | Sq | tqg |tg—Sq|lg—Sq1| q | Sq | lqg |lg—Sq|lg— Sq41
005 5 3 2219 |17 8 6 44116 | 23 7 13
1121]6 4 2 23 |11 | 17 6 7 45110 | 23 13 11
2147 3 4 24110 |18 8 7 46 | 12 | 24 12 10
31318 5 3 25|11 18 7 5 47114124 10 11
41519 4 2 26 13|18 ) 7 48 113 | 24 11 9
517110 3 6 27 (11 ]19 8 11 49 | 15| 24 9 7
6 | 4|10 6 4 281 8 [19] 11 9 50 | 17 | 25 8 11
716 |11 5 3 29 (10|19 9 7 51|14 (25| 11 9
8|8 |11 3 4 301220 8 9 52| 16 | 25 9 7
9| 7|12 5 7 31|11 |20 9 7 53 | 18 | 25 7 8
10 5 |12 7 5 32|13 |20 7 5 54 | 17| 25 8 10
117 |13 6 5 331520 5 8 55(15(26| 11 10
12 8 |13 5 5 3411221 9 7 56 | 16 | 26 | 10 10
131 8 |14 6 4 35|14 |21 7 12 57116 |26 | 10 8
14110 | 14 4 8 36|19 21| 12 10 58 | 18 | 26 8 7
1506 |15 9 7 371121 10 8 59 | 19 | 26 7 10
16 | 8 |15 7 5 38| 13|22 9 10 6016 | 27| 11 9
17 (10 | 15 5 6 39112122 10 8 61| 18|27 9 7
1819 |16 7 5 40 | 14| 22 8 6 62|20 |27 7 8
19 | 11| 16 5 6 41 | 16 | 22 6 9 63| 19|27 8 10
20|10 | 16 6 9 4211323 10 9 64| 17|27 | 10 8
21| 7 [17] 10 8 43|14 | 23 9 7 65|19 |28 9

Table 1. t, — s, and t, — 5441 for 0 < ¢ <64

Proof. Let w be m — 1 or m — 2. From a computation performed by a computer,
for each ¢ = 1,2,...,65, we find consecutive integers q(m — 2) + s, ¢(m — 2) + s, +
1,...,q(m —2) +t, represented by (1°) . The numbers s, and ¢, are given in Table
1. Thus, (1*~1) = represents all positive integers N such that g(m —2) + s, < N <
q(m —2)+t,+w — 6. From Table 1, we have that if 33 < ¢ < 64, then ¢, — s,41 > 6.
Since

gm —=2)+t,+w—-6 — ((¢g+1)(m—2)+s41)=w—m—4+ (t; — Sg+1)
> (m—3)—m-—4+4+6=—1,

(1*~1)  represents all positive integers N such that
33(m — 2) + 15 = 33(m — 2) + 533 < N < 65(m — 2) + tgs + w — 6.

Since w > m—2, 65(m—2)+tg;+w—6 > 65(m—2)+284+m—8 = 66(m—2)+22. Thus,
(1w=1) represents 33(m—2)+15,33(m—2)+16,...,66(m—2)+22. It follows that for
each x > 0, (1)  represents all positive integers N such that P, (x)+33(m—2)+15 <
N < P,(x) +66(m —2) +22. If 0 <z < 33, then since

Po(a) +66(m —2) +22 — (Pu(z+1) +33(m — 2) + 15)

= 33(m—2)+7+ P,(z) — Pp(z+1)
3B3(m—2)+7—x(m—-2)—1
= 33—2x)(m—2)+6>0,
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(1), represents all positive integers N such that
P (0)4+33(m—2)+15 = 33(m—2)+15 < N < P,,(33)+66(m—2)+22 = 594(m—2)+55.

By Corollary 2.9, (1*), represents all positive integers at least 33(m — 2) + 15.

If w=m —1, then from Table 1, t; — 5,41 > 3 for all ¢ with 0 < ¢ < 32 except
q=1,4. Thus, if 0 <¢<32and g# 1,4, then gim—2)+t,+m—6—((¢+1)(m—
2) + Sg41) = —4 + (tg — sg41) > —1. It follows that (1™~ 1') represents all positive
integers N such that 1 = sg < N < (m—2)+1t;+m—6 = 2m — 2, all integers N such
that 2m =2(m —2) +s; < N <4(m —2) +t4+m — 6 =5m — 5, and all integers N
such that 5m —3 = 5(m — 2) + 55 < N < 32(m — 2) +t32 + m — 6 = 33(m — 2) + 16.
Hence, (1™7!)  represents all positive integers except 2m — 1 and 5m — 4.

Suppose that (1™~1)  represents 2m — 1. Then, 3.7 " P, (z;) = 2m — 1 for some
1,%2, ..., Tm_1 > 0. Since P,(3) =3m -3 >2m —1,0 < z; < 2 for all i =
1,2,...,m — 1. Also the number of ¢ such that z; = 2 is at most one. If z; < 2 for
all 4, then 2m — 1 = 327" P,,(2;) < m — 1. This is a contradiction. If there is one
i such that z; = 2, then 2m — 1 = Y7 " P(2;) < m + (m — 2) = 2m — 2. This
is a contradiction. Thus, (1™~') = cannot represent 2m — 1. Suppose that (1™~1)
represents 5m — 4. Then, Z:’:ll P,(z;) = 5m — 4 for some x1,z9,...,Tpm_1 > 0 .
Since P,(4) = 6m —8 >5m —4,0 < z; <3 foralli=12....,m—1 Letmn
and ny be the number of ¢ such that z; = 3 and x; = 2 respectively. We can see
n1 < 1. Also we have ny < 4 when n; =0, and ny < 2 when ny = 1. If ny = 0, then
5m—4=3""""P.(z;) <ngm+ (m—1—ny) = (ng + 1)(m — 1) < 5m — 5. This is
a contradiction. If n; = 1, then 5m — 4 = 377" P (2;) < (3m — 3) 4+ ngm + (m —
1—ny—1)=(ny+4)(m—1)—1 < 5m — 6. This is a contradiction. Thus, (1"™~!)
cannot represent 5m — 4.

If w =m — 2, then from Table 1 and by the same method as above, t;, — 5,41 > 4
for all ¢ with 0 < ¢ < 32 except ¢ = 0,1,3,4,7. Since ¢(m —2) +t,+m — 7 —
((g+1)(m —2) 4+ s441) = =5+ (ty — Sg41) > —1 for all ¢ such that 0 < ¢ < 32 and
q#0,1,3,4,7, asum (1"™"2)  represents

m

m

1,2,...,m—2, m,m-+1,...,2m — 3,
2m,2m +1,...,4m — 5, dm — 3,4m — 2,...,5m — 6,
Sm—3,bm—2,...,8m — 10, and 8m —8,8m —7,...,33m — 50.

Hence, (1™72) = represents all positive integers except m — 1,2m — 2,2m — 1,4m —
4,5m —5,bm —4and 8m — 9. Butifxy =2y =--- =y =2and 2g = a9 = -+ =
Tm—o = 1, then Z:ZQ Po(z;) =Tm+ (m —2) = 8n —9. Thus, (1™ )  represents
all positive integers except m — 1,2m — 2,2m — 1,4m — 4,5m — 5 and 5m — 4. The
proofs that (1™72)  cannot represent these numbers are similar to above proofs. [

PROPOSITION 2.11. Suppose that m > 14.

1) If m is even, then m-gonal form (1,2™2) represents all positive integers except
2m — 1.

2) If m is odd, then m-gonal form (1,2™~2)  represents all positive integers except
2m — 2.

3) If m is even, then m-gonal form <12,2m772> represents all positive integers
except 4m — 2. "

4) If m is odd, then m-gonal form <12, 2m7_1> is universal.

m
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Proof. 1) Since (1™~2), represents all positive integers except m — 1,2m — 2, 2m —
1,4m — 4,5m — 5 and 5m — 4, every even number is represented by (272) = except
2m — 2,4m — 4,4m — 2,8m — 8,10m — 10 and 10m — 8. It follows that (1,2™"2%)
represents all positive integers except 2m—2, 2m—1,4m—4,4m—3,4m—2,4m—1,8m—
8,8m—7,10m—10,10m—9,10m —8 and 10m —7. Since m—10,m—4,m—2,m, m-+2
are all even and less than 2m — 14, (277  represents all of them. By

2m — 2 =P,,(2) + (m — 2), 4m — 4 = P, (2) +2Pn(2) + (m — 4),
dm — 3 =P,,(3) + m, dm — 2 = P, (2) +2P,(2) + (m — 2),
4m —1=P,(3) + (m + 2), 8m — 8 = P,(4) + 2P,,(2),
8m — 7 =P, (3) +2(2P,(2)) + (m —4), 10m —10 = P,,(2) + 4(2P,,(2)) + (m — 10),
10m — 9 =P,,(3) + 2P,,(3) + m, 10m — 8 = P,,(4) + 2(2P,(2)),
10m — 7 =P,(3) + 2(2P,,(2)) + (m — 4),

we have that (1,2™72) represents all positive integers except 2m — 1.

2) By the same method as above, we can see that (1,2™72)  represents all positive
integers except 2m —2,2m —1,4m —4,4m —3,4m —2,4m —1,8m —8,8m — 7, 10m —
10,10m — 9,10m — 8 and 10m — 7. Since m —7,m —3,m —1,m + 1,6, 8 are all even
and less than 2m — 14, (2™~7) represents all of them. By

2m — 1 =P,(2) + (m — 1), dm —4 = P,(3) + (m—1),
dm — 3 =P,,(2) + 2P,,(2) + (m — 3), 4m —2 = P,(3) + (m+ 1),
dm —1 =P, (2) +2P,(2) + (m — 1), 8m — 8 = Pn(4) + 2P, (2),
8m — 7 =P, (2) +3(2P,(2)) + (m —=7), 10m — 10 = P,,(3) + 3(2P.(2)) + (m — 7),
10m — 9 =P,,(5) + 6 10m — 8 = P,(3) + 2P, (3) + (m + 1),
10m — 7 =P,,(5) +

we have that (1,2™72) represents all positive integers except 2m — 2.

3) If ¢ > 446, then by Lemma 2, <1mTf2> represents all positive integers N such

that q(m — 2) + ™54 < N < g(m — 2) + 252% + /T+8g. Thus, <2m772>
represents all positive even integers N such that 2g(m — 2) + 5+ /1 +24¢g < N <
2q(m —2)+m — 10+ 2y/4 + 8¢, and hence <1 2mT_2> represents all positive integers

N such that 2q(m —2)+6+\/1+24 <N <2¢(m—=2)+m—10+2y/4+8q. It
follows that <12, 2% > represents all positive integers /N such that either

m

2q(m —2) 4+ 6+ /1 +24g < N <2q(m —2)+m —10+2y/4+ 8¢

or

2q(m —2)+m+ 6+ /1 +24g < N < 2q(m —2) +2m — 10 + 2,/4 + 8&¢.
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Since

2(m—2) + m—10+2/4+8 —<2q(m—2)—|—m+6—|—\/1+24q>
= —16+\/32q—i—16—\/24q+1>—16+\/32q+16—\/24q+12

> —16+ (V32 — \/_)\/q+2>—16+(\/_—\/_)\/ 5> 0.14,

<12, 2m772> represents all positive integers N such that 2q(m —2) +6 + /1 + 24¢ <

N < 2g(m—2)+2m — 1042,/FF 8¢ for all ¢ > 446. Since /24q ¥ 25 < /Zoq F 12+1,
we have

2(m —2)+2m —10 + 2 4+8q—(2(q—|—1)(m—2)+6+\/1+24(q+1)>
= —12+\/32q+16—\/24q+252—13+(\/3_—\/ﬂ)\/q+%
> —13+(\/_—\/—)1/ >314

for all ¢ > 446. Thus, <12,2mT_2> represents all positive integers larger than
2(446(m — 2) + r446) = 992(m — 2) + 110.

In the proof of Proposition 1, for each ¢ = 1,2,...,65, s, and ¢, are defined such
that ¢(m—2)+s,, ¢(m—2)+s,+1, ..., q(m—2)+t, are consecutive integers represented
by (1°),.. The numbers s, and t, are computed by a computer and given in Table

1. Thus, <1mT_4> represents all positive integers N such that ¢(m —2) + s, < N <

q(m—2)+1t,+ m;“. Thus, <2mT_4> represents all positive even integers IV such that

m

2q(m—2)+2s, < N < 2q(m—2)+2t,+m — 14. Tt follows that <12, 2%4> represents

all positive integers N such that either 2g(m—2)+2s, < N < 2q(m—2)+§ntq+m — 13
or 2g(m —2) + m+2s, < N < 2¢(m — 2) + 2t, + 2m — 13. From Table 1, we have
that if 34 < ¢ < 64, then t, — s, > 6. Since

2¢(m —2)+2t, +m—13— (2g(m —2) + m+2s,) =2(t; —s4) —13>2-6—13 = —1,

<12,2%74> represents all positive integers N such that 2¢(m — 2) + 2s, < N <

2¢(m — 2) + 2t, + 2m — 13. From Table 1, we have that if 34 < ¢ < 64, then
ty — Sq+1 > 4. Since

2q(m—2)+2t,+2m —13 — (2(¢+1)(m —2) 4+ 25441) = =9+ 2(t; — S¢41)
> —9+2-4=-1,

for all ¢ = 34,35,...,64, <12, 2m7_4> represents all positive integers N such that
68(m—2)+2s34 = 68(m—2)+24 < N < 130(m—2)+2tg5+2m — 13 = 132(m—2)+47.
It follows that for each x > 0, <12, 2"5* represents all positive integers IV such that

m
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2P, () +68(m —2)+24 < N <2P,(x)+132(m —2)+47. If 0 < x < 32, then since

2P, () +132(m — 2) + 47 — (2P (x) + 68(m — 2) + 24)
= 64(m —2) + 23+ 2(Py(z) — Pz + 1))
= 64(m—2)+23 —2x(m—2)—2
(64 —2z)(m —2) + 21 > 0,

<12, 2%74> represents all positive integers N such that
2P,,(0)4+68(m—2)+24 = 68(m—2)+24 < N < 2P,,(32)+132(m—2)+47 = 1124(m—2)+111.

Since 1124(m — 2) + 111 > 992(m — 2) + 110, <12,2’"T’2> represents all positive
integers at least 68(m — 2) + 24.

By the same method as above, we can see that for eachq = 0,1, ..., 34, <12, 273 >

represents all positive integers N such that either 2¢(m —2)+2s, < N < 2¢(m —2) +
2ty +m — 11 or 2q(m —2) + m+2s, < N < 2q(m — 2) + 2t, + 2m — 11. From Table
1,t, —sq > 5 for all ¢ with 0 < ¢ < 34 except ¢ = 1,2,4,5,8,14. Thus, if 0 < ¢ < 34
with ¢ # 1,2,4,5,8,14, then

2q(m —2)+2t, +m — 11 — (2¢(m — 2) + m + 2s,) = =11+ 2(¢t, — s,) > —1L.

It follows that if 0 < ¢ < 34, then <12, QWT%> represents all positive integers N such

m

that 2g(m —2) 4+ 2s, < N < 2¢(m —2) 4 2t,+2m — 11 except that ¢ = 1,2,4,5,8, 14

and 2g(m — 2) +2t, +m — 11 < N < 2g(m — 2) + m + 2s,. These numbers N are

3m—2,3m—1,bm —4,5m —3,5m —2,5m — 1,9m — 8,9m — 7, 11m — 10, 11m — 9,
1m — 8, 11m — 7,17m — 20, 17m — 19, 17m — 18, 17m — 17, 29m — 38, 29m — 37.

m—2

We can check that all of them are represented by <12, 2T> . Thus, if 0 < ¢ < 34

and 2g(m — 2) + 2s, < N < 2q(m — 2) + 2t, + 2m — 11, then <12, 2mT_2> represents
N. From Table 1, ¢, — 5,11 > 3 for all ¢ with 0 < ¢ < 34 except ¢ = 1, 4.mThus,

2q(m —2)+2t, +2m — 11 — (2(g+ 1)(m — 2) + 25441) = =T+ 2(t; — 5g+1) > —1

for all ¢ such that 0 < ¢ < 34 and ¢ # 1,4. It follows that <12, 2%4> represents all

positive integers N such that 0 = 2sp < N < 68(m—2)+2t34+2m — 11 = 70(m—2)+
35 except that ¢ = 1,4 and 2¢(m —2)+2t,+2m — 11 < N < 2(¢+1)(m —2) + 25441,
which are 4m — 2, 4m — 1, 10m — 8 and 10m — 7. By some computations, we have

that <12, QmT%> represents all positive integers except 4m — 2.

m

4) If ¢ > 392, then by Lemma 2, <1mT_1> represents all positive integers N

such that g(m — 2) + @ < N < g(m—2) + 22+ /T+8¢. Thus, <2m2_1>

represents all positive even integers N such that 2g(m — 2) + 54+ /1 +24g < N g
2q(m —2) +m — 9+ 2y/4 + 8¢, and hence <1, 2m7ﬂ> represents all positive integers
N such that 2q(m — 2) + 6+ I 24g < N < 2q(m — 2) + m — 9+ 2T 8. It
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follows that <12, 2%4> represents all positive integers N such that either

m

2q(m —2)+6++/1+24g < N <2¢(m —2)+m—9+2/4+ 8¢

or

2¢(m —2)+m+6+ /1 +24¢ < N <2q(m —2) 4+ 2m — 9+ 2y/4 + 8¢.
Since
2(m—2) + m—9+2/4+8 —(2q(m—2)+m—|—6+\/1+24q>

= —15+/32¢+16 — /24 + 1> —15+ /32¢ + 16 — \/24q—|—12

> —15+(\/_—\/_)\/q—|—2>—15+(\/_—\/_)\/ >0014

<12, 2mTfl> represents all positive integers N such that 2g(m —2) +6 + /1 + 24q <
N < 2qg(m—2)+2m — 9+2/4 + 8¢ for all ¢ > 392. Since \/24q + 25 < \/24q + 1241,
we have

%(m—2)+2m—9 + 2 4+8q—<2(q+1)(m—2)—|—6+\/1—|—24(q—|—1)>

1
= —114+/32¢+16 — \/24q + 25 > —12+ (V32 — V24)4/q + =

2
> —12+(\/_—\/_),/ ° > 3014

for all ¢ > 392. Thus, <12,2mT_1> represents all positive integers larger than

2(392(m — 2) + 7a90) = T84(m — 2) + 102,
For each ¢ = 1,2,...,35, s, and ¢, be the same as in the proof of Proposition 1.
As noted earlier, s, and t, are computed by a computer and given in Table 1. Thus,

<1m773> represents all positive integers N such that g(m—2)+s, < N < q(m—2)+

tq—i-mfw. As a consequence, <2mTf3> represents all positive even integers N such that
m

2q(m—2)+2s, < N <2¢q(m—2)+2t,+m — 13. It follows that <12, QmT%> represents

all positive integers N such that either 2g(m—2)+2s, < N < 2q(m—2)—|—72ntq+m —12
or 2¢(m —2) +m +2s, < N < 2¢(m — 2) 4+ 2t, + 2m — 12. From Table 1, we have
that if 34 < ¢ <65, then ¢, — s, > 6. Since

2¢m —2)+2t,+m—12— (2g(m —2) + m+2s,) =2(t, —s,) —12>2-6—12 =0,

<12,2m773> represents all positive integers N such that 2¢(m —2) + 2s, < N <

2q(m — 2) + 2t, + 2m — 12 for all ¢ with 34 < ¢ < 65. From Table 1, we have that if
34 < q <65, then t, — 5441 > 4. Since

2q(m —2)+2t,+2m —12 — (2(¢+1)(m —2) 4+ 25441) = =8+ 2(t; — S¢41)
> —8+42-4=0,
for all ¢ = 34,35, ...,64, all positive integers N such that
68(m—2)+2s34 = 68(m—2)+24 < N < 130(m—2)+2tg5+2m — 12 = 132(m—2)+48
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are represented by <12, 2%4,> . It follows that for each x > 0, <12, QMT%> represents

m m

all positive integers N such that 2P,,(z) +68(m —2) +24 < N < 2P, (x) + 132(m —
2) +48. If 0 < z < 32, then since
9P, (1) + 132(m — 2) + 48 — (2P, (x) + 68(m — 2) + 24)
= 64(m —2)+24+2(P,(z) — Pu(z+ 1))
= 64(m —2)+24 —2x(m —2) —2
= (64 —2x)(m—2)+22>0,

<12, 2mT_1> represents all positive integers NV such that
2P,,(0)4+68(m—2)+24 = 68(m—2)+24 < N < 2P,,(31)+132(m—2)+48 = 1124(m—2)+112.

Since 1124(m — 2) + 112 > 992(m — 2) + 110, <12,2mT_1> represents all positive

integers at least 68(m — 2) + 24. "
By the same method as that used in 3), we can see that for each ¢ = 0,1, ...,34,

<12, QMTA> represents all positive integers N such that either 2¢(m —2)+2s, < N <

m

2q(m —2)+2t,+m — 10 or 2¢(m — 2) + m+ 2s, < N < 2q(m — 2) + 2t, + 2m — 10.
From Table 1, t, — s, > 5 for all ¢ with 0 < ¢ < 34 except ¢ =1,2,4,5,8,14. Thus, if
0 < g <34except q=1,2,4,5,8,14, then 2q(m—2)+2t,+m — 10— (2¢(m—2)+m+

n—1

2s,) = —104+2(t,—s4) > 0. It follows that if 0 < ¢ < 34, then <12, QTT> represents

all positive integers N such that 2¢(m — 2) +2s, < N < 2¢(m —2) + Q?q +2m -9
except 2g(m —2) +2t, +m — 10 < N < 2¢(m — 2) + m + 2s, for ¢ = 1,2,4,5,8, 14.
These numbers are

3m—1,5m—3,bom —2,5m —1,9m —7,11m —9,11m — 8, 11m — 7,
17m —19,1Tm — 18,17m — 17,29m — 37.

We can check that all of them are represented by <12, QmT_l> . From Table 1, ¢, —

Sq41 > 3 for all ¢ with 0 < ¢ < 34 except ¢ = 1,4. Since 2¢(m z 2)+2t,+2m — 10 —
(2(g+ 1)(m —2) + 25441) = =6 + 2(t; — Sg+1) > 0 when 0 < ¢ < 34 and ¢ # 1,4,
all positive integers N such that 0 = 259 < N < 68(m — 2) + 2t34 + 2m — 11 =
70(m — 2) + 35 except 4m — 2, 4m — 1, 10m — 8 and 10m — 7 are represented by

12, 2m2_2> . By some computations, we have that <12, 2mT_1> is universal. O
m m

When 5 < m < 13, we use computer to find all numbers not represented by some
m-~gonal forms <1“, 26 >m treated in Propositions 2.10 and 2.11. These computations
are based on the following two theorems.

THEOREM 2.12 (Legendre). If m > 3 and m is odd, then for all N > 28(m — 2)3
is represented by a sum (1*) = of four m-gonal numbers. If m > 4 and m is even,
then for all N > 28(m — 2)* is represented by (1*) 4+ 6,,(N) where (1*), is a sum
of four m-gonal numbers and 6,,(N) is 0 or 1, and hence, every N > 28(m — 2)3 is
represented by (1°), .

THEOREM 2.13 (Meng and Sun). If m > 4 and m = 0 (mod 4), then for all
N > 28(m — 2)? is represented by a sum (1*)  of four m-gonal numbers. If m > 3
and m # 0 (mod 4), then for all N > 1628(m — 2)? is represented by (1%,22) .
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The results of computations by a computer are as follows.

PROPOSITION 2.14. 1) If 6 < m < 8, then (1™ ') represents all positive integers
except 2m — 1 and 5m — 4.

2) A sum (1*), represents all positive integers except 9,21,31,43,55 and 89, and
(1,2%); is universal.

3) If 6 < m < 13, then (1,2™2)  represents all positive integers except 2m — 1 for
even m, and it represents all positive integers except 2m — 2 for odd m.

4) If m = 10,12, then <12, 2m7_2> represents all positive integers except 4m — 2.

5) Two m-gonal forms (1?,2%)¢ and (12, 2%), represent all positive integers except
30,78 and all positive integers except 22,82, 100 respectively.

6) If m is odd and 5 < m < 13, then the m-gonal form <12, 2mTfl> is universal.

m

It is also obtained that (1,23) 5 represents all positive integers less than 105 except
8,43,67 and 135. It is probable that (1,2%); actually represents all positive integers
except these four numbers. As a consequence of Propositions 2.10, 2.11 and 2.14, we
have the following finiteness Theorem for sums of m-gonal numbers.

COROLLARY 2.15. Let f = (1%), be a sum of m-gonal numbers, or equivalently,
an m-gonal form with all coefficients 1. If m > 6 and f represents 2m — 1 or bm — 4,
then f is universal. In other words, both {2m — 1} and {5m — 4} are minimal univer-
sality criterion sets for universal m-gonal forms with all coefficients 1, and no more
minimal universality criterion sets for this class exist. If m = 5 and f represents
at least one of 9,21,31,43,55 and 89, then f is universal. In other words, all of
{9}, {21}, {31}, {43}, {55} and {89} are minimal universality criterion sets for univer-
sal m-gonal form with all coefficients 1, and no more minimal universality criterion
sets for this class exist.

We say that an m-gonal form g(z1,xs, ..., xx) is induced by another m-gonal form
f(zy1,x9,...,2,) if g is obtained from f by additional conditions
( Tiy = Tip =+ = Ty, :Oa
Ljig = Tjio = " = Ljiys
Ljo1 = Tjog = "7 " = Ljg gy
L Tika = Tk = 70 = Ly -
If f=(ai,as,...,a,),, and k < n, then g = (a1, as,...,ay),, is induced by f since
g(x1, e, ... x) = f(x1,22,...,7,,0,0,...,0). Also every m-gonal form is induced
by a sum (1¢), of m-gonal numbers since f = (a1, as,...,a,),, is induced by (1%),

with o = > | a; and

Tl =Ty =" "= Tqy,
Laj+1 = Tay+2 = -+« = TLaj+ags
Lar+as+-+an—1+1 =  Lartaot-+an-1+2 = *°° = Lartag+-+an-

Obviously, if an m-gonal form ¢ is induced by another formf and g represents a
positive integer N, then f represents N. We have the following universality conditions
for <1°‘,25 > .
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COROLLARY 2.16. Let m > 5. An m-gonal form f = <1a,25>m with § > 1 is
universal if and only if the one of the following conditions is satisfied.

1) (1, 25>m satisfying 8 > m — 1,
2) <12, 25>m satisfying 3 > 7% for even m and 8 > mT’l for odd m,
3) (1, 25>m satisfying « > 3 and o+ 23 > m.

Proof. Let f = <1a, 25>m. When o = 1 and m > 14, by Proposition 2.11 1) and 2),
f is universal if and only if 5> m — 1. When a = 1 and 5 < m < 13, by Proposition
2.14 2) and 3), f is universal if and only if 5 > m — 1. When o« = 2 and m > 14,
by Proposition 2.11 3) and 4), f is universal if and only if § > % for even m and
8> mT_l for odd m respectively. When a@ = 2 and 5 < m < 13, by Proposition 2.14
4), 5) and 6), f is universal if and only if 3 > % for even m and 3 > "‘T_l for odd m
respectively. Note that if § < mT_?’, then since <12, 2*3>m is induced by (1™71) it is
not universal. When a > 3, by Theorem 1, f is universal if o + 28 > m. Conversely,
if 428 <m — 1, then since f is induced by (1™!) . f is not universal. ]

Proof of Theorem 1. Suppose that m is even, m > 10 and f represents 2m — 1
and 4m — 2. If & = 1, then since f represents 2m — 1, by Proposition 2.11 1), we
have 8 > m — 1. Thus, f is universal. If a = 2, then since f represents 4m — 2, by
Proposition 2.11 3), we have 8 > . Thus, f is universal. If a > 3, then since f
represents 2m — 1, f is not induced by (1™') . Thus, we have a + 28 > m. By
Theorem 1, f is universal.

Suppose that m is odd, m > 7 and f represents 2m — 2 and 2m — 1. If a = 1,
then since f represents 2m — 2, by Proposition 2.11 2), we have § > m — 1. Thus,
f is universal. If o = 2, then since f represents 2m — 1, by Proposition 2.11 4), we
have 8 > mT_l Thus, f is universal. If a > 3, then since f represents 2m — 1, f is
not induced by (1”1) . Thus, we have a + 2 > m. By Theorem 1, f is universal.

Similarly, we can see that if m is odd, m > 7 and f represents 2m — 2 and 5m — 4,
then f is universal.

The proof for the cases m = 6 and m = 8 are similar. n

REMARK 2.17. If m is even and m > 10, then since (1,2™72) = represents all

m—2

positive integers except 2m — 1 and <12, 272 > represents all positive integers except
m

dm —2, {2m —1,4m — 2} is the unique minimal universality criterion set for the class
S = {<1a, 2/3>m |, B > 0} of m-gonal forms. If m = 8, then since (1,2°), represents
all positive integers except 15 and (1%,2%); represents all positive integers except
30,78, we have that {15,30} and {15, 78} are only minimal universality criterion sets
for the class & = {(1¢, 25>8 |, B > 0} of 8-gonal forms. If m = 6, then since (1,2%),
represents all positive integers except 11 and (12,2?), represents all positive integers
except 22,82,100, we have that {11,22}, {11,82} and {11,100} are all of minimal
universality criterion sets for the class & = {<1a, 26 > sl B > 0} of 6-gonal forms.

If m is odd and m > 7, then (1,2™2) = represents all positive integers except
2m —2. Since (1™ 1) represents all positive integers except 2m — 1 and 5m — 4, both
{2m —2,2m — 1} and {2m — 2, 5m — 4} are minimal universality criterion sets for the
class G = { <1"‘, 28 >m la, B > 0} of m-gonal forms, and no other minimal universality
criterion sets for the same class of m-gonal forms exist.
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For m = 5, as noted earlier, it seems that (1,2%); actually represents all positive
integers except 8,43,67 and 135. If this prediction is true, then the minimal univer-
sality criterion sets for the class & = {(1°, 2ﬁ>5 la, f > 0} are {43} or {a, b} such that
a € {8,67,135} and b € {9, 21, 31,55,89}.
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