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SKELLAM DISTRIBUTION SERIES RELATED TO CATEGORIES
OF BI-UNIVALENT FUNCTIONS

SAREM H. HADI* AND ADEL SALIM TAYYAH

ABSTRACT. The Skellam distribution is a probability that describes the difference
between two independent random variables following a Poisson distribution. It has
been widely used to model the difference in the number of events in various fields,
such as sports analysis, physics, economics, and medical statistics. More recently,
this distribution has received increasing attention in mathematical studies that link
probability theory to complex analysis and its applications. In this research, we
present a new analytic function based on the Skellam distribution. The study leads
to the construction of two new spiralike categories associated with the Gregory
number. We also present a new Lemma, a generalization of the lemma adopted by
Zaparwa [44], which is important for studying the Fekete-Szegd inequality. Using
this lemma, Fekete-Szego inequalities of the new spiralike analytic categories are
derived.

1. Introduction and preliminaries

We define A as the category of analytic functions f in the open disk
D={¢eC: ¢ <1},

such that f(0) = f’(0) — 1 = 0, taking the following form:
(1) fO=6+) €.
=2

We also define the category of Carathéodory function IP as p(§) in the domain D, such
that Re(p(£)) > 0, and take the following sequential representation:

(2) p) =1+ Zp]ﬁj-
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The category & refers to Schwarz functions w({) defined on the domain D), which
satisfy the conditions w(0) = 0 and |w(§)| < 1, and take the sequential representation:

(3) w(§) = Z 556

When a Schwarz function exists, @w(€) € &, such that f(£) = g(w(€)) for all w € &,
the analytic function f(&) is subordinated to ¢(£). This is denoted by f(§) < ¢(&).
Furthermore, the fact that ¢(£) is a univalent in £ makes the relation f(§) < ¢(§)
equivalent to the congruence conditions f(0) = ¢(0) and the image containing f(&) C
q(&) (see [11,28]).

The function f is spirallike-shape if (see [40])

_r8S'(€)
%e(e f(£)>>0’ (|]< , £eD).

The function f of family A is an element of the T—Splrahke category, denoted by S¥7,
if the following holds:

—ZTgf/(é-)) z .
Re (e iG] > v cost, (|1]< 5 vel0,1)¢eD).

This category was initially explored by Libra [27] (also see [25]).

Nowadays, Salehtan and Motamednezhad [36] provided the new category, which is
called ~v-p-spiralike, is given by
Re (6 £7/(€) + e (€)

(L= ) f(&) + psf'(€)

Murugusundaramoorthy [30] introduced a category of the following
. £f”(£))) "
%e(e ”<1+ > U COST, 7| < =, ve|01)¢§eD).
G (< 2. veD1):ceD)

Wabhid et al. [25] derived the category of symmetric spiralike as follows:

) > vcost, (|7]< g, vel0,1),uel0,1];¢ D).

!/
Re{e”L(g)__} >0, (0<d<1, |7] < Tee D).
1)+ © ’

Nikitin [34], Bhoosnurmath and Devadas [8,9] investigated the accuracy of the geo-

metric properties of the categories that they studied as follows:

LSS 1+ X¢ .
e’ < cosT+isinT, (-1SY<X<1
o T ( )
. §17(6) 1+ X¢
: +
e’ < cosT +isinT, (-1SY <X <1),
[GERNEST; FLEY<X=D
where 1728 is the Janowski function [20,21].

1+Y§
The familiarize inverse function f=!: Dy — D; is defined as:

FHfE©)=¢ (£€hy)

and
7 00) = x (|x| < ro(Pirolf) = i) |
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The expansion form of f~! is given by

F7H0) = x — aax® + (203 — a3)x® — (5a3 — Sazaz + az)x* + -+
We say that the function f belongs to the family 3 (the family of one-to-one functions
in D) if f is an analytic function, and both f(£) and its inverse f~!(£) are univalent
within D. For depth details, see [1,12,29,35,39,42,43].

When studying the family 3, Brannan and Clunie postulated [10] that a; < v/2,
while Lewin [26] arrived at the inequality that as < 1.51. Later, Netanyahu [32]
proved that maxay = 3/4. However, finding a general estimate for the coefficients of
aj (j 2 3), remains an open question.

Using g-calculus, Kamble and Shrigan [22, 23] investigated new categories of bi-
univalent functions with derivational limits for the coefficients |ay| and |az|. Yusuf
et al. [42] also studied the Fekete-Szegd problem for specific subcategories, while
Srivastava et al. [38] addressed the Hankel second determinant for different categories
of these functions. It should be noted that the Fekete-Szegt problem, introduced by
Fekete and Szegd [17], is one of the fundamental problems related to the coefficients
of functions on Y. The Fekete-Szego inequality is stated as

las — pa3| < 142¢72/079 peR.

Recently, the study of bi-univalent functions associated with orthogonal polynomials

has seen considerable interest in modern literature, such as [3,5,7,16,18,19].
Gregory coefficients, also known as inverse logarithmic numbers, Bernoulli numbers

of the second kind, or Cauchy numbers of the first kind, are a sequence of alternat-

- ) - 11 1 _ 19 -
ing and decreasing rational numbers, such as 3, —15, 53, —755,- - - - These coefficients

naturally appear in the Maclaurin expansion of the function m, which can be
represented as follows:
GO = o =145t~ o~ g4, £€D
log(1+ ¢) 720 ’ '

Figure 1 shows image of the disk D under the function G(), i.e., the set G(ID). The
parameters associated with this function are known as Gregory coefficients, named
after James Gregory, who first introduced them in 1670 in the context of his studies
in numerical integration. These parameters have enjoyed renewed interest through-
out the ages, with numerous mathematicians reanalyzing and developing them, thus
solidifying their place in the work of many prominent researchers. They continue to
be widely recognized in contemporary mathematical literature.
The generating function of the Gregory coefficients w; (see [24]), are given by

1 1
4 | 1) T=14¢6— =+ D.
(4) G(§) = &/ log(€ + 1) ijf NPT IR
Clearly, w; for some values of k € N are
. 1 -1 1 —19
W = ws = — Wo = —— Wq = — Wy = —— ., -+

T T Ty T P o T 720

A variable z is said to have Skellam distribution if it takes the values 0,1,2,... with

probabilities

1/2
S (2 e, e (0 (—) HENCTRE <—> L2vae).. ...
€9 €2
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0.4

0.2

FIGURE 1. The image of D under G(¢&).

respectively. Thus,

. € i/2 .
(5) P(xr=j)= e~ (erte2) (—1> I;(2\ea€), j=0,F1,F2,...,

€2

00 1 N 20+)
Lj(w) = ; i+ j+1) (E)

is the modified Bessel function of the first kind of order j and the mean of Poisson
variables €1, ey > 0.
For the specific case, if €; = €5 = k, the probability (5) leads to
(6) Pz =j)=e¢I;(2k), j =0,
where l
e 21+
I;(2K) = _
5 (2K) ;ur(zw‘ﬂ)

Now, we introduce Skellam distribution series as follows:
(7) Ae(€) =€+ e La(2r)¢, €D
j=2

We can easily show that series (7) is convergent and the radius of convergence is
infinity.
We purpose from (7) that

(8) AT(€) =26 = Mu(§) == e ™ La(2k)¢, £ €D,
=2
By employing convolution, an operator Q,:: A — A can be prepared as follows:
(9) 2. f(§) = As(€) x f(E) :£+Z‘7n,jaj5ja §eD,
=2
where ]

(10) Ok,j = 6721{[]',1(25).
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Building on a wide range of previous findings that have explored the relationships
between multiple categories of univalent functions using distribution series functions
(for example [14, 15,31, 33, 41]), along with a number of recent studies in the bi-
univalent area, in the present paper we consider a new operator 2, using skellam
distribution series. The study establishes categories of spiralike functions concern-
ing to the Gregory coefficients involving this operator. Furthermore, the study delved
into the Fekete-Szego problems and some related inequalities. Our results demonstrate
clear extensions and overlap with many previous findings in this field, thus strength-
ening scientific coherence and highlighting the contribution of this work within the
existing theoretical framework.

DEFINITION 1.1. The family S.[G] and C.[G] involve the function f(€) if

) Sigl - {w

ENIG < G(§)cosT +isinT, |7|< g;f € D}
and

(12) cig] = {e”% < G(§)cosT +isinT, |T] < g;f € ]DD},

where G(§) is the generating of Gregory function in (4).

(a) When 7 =% (b) When 7 = %

FIGURE 2. The image of G(§) cosT +isinT.

REMARK 1.2. Some of Special cases for Definitions 1.3 and 1.4 are listed below

1. If Kk = 0, then the families reduce to

ES[Q] = {e”i{;g) <G(&)cosT +isinT, || < g;g e ]D)}

and

@[g] _ {eiﬂ'% < G(§)cosT +isinT, || < g;ﬁ € ]D)}.
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2. If 7=0,k =0, then

(€110
%M_{ﬂo

<G, e ]D}

and

e €SO
%m-{7ﬁr<ﬁ&saﬁ.

For the bi-univalent functions, we consider the following definition:

DEFINITION 1.3. The family BS.[G] involves the function f(¢) if

(13) e”—g(ﬁ:}cég)/ < G(&)cosT +isinT, 7| < g

and

(14) eir%<g(x)cos7'+isin7, || < g
DEFINITION 1.4. The family BC.[G] involves the function f(¢) if

(15) D < G cost 4 s, Ir] <

and

(16) e’r o2/ 00)) < G(x)cosT +isinT, |7| < us

(Zef~100) 2

The following Lemmas are based on the inferred estimation in [13,44], making them
an important tool for restricting and analyzing complex expressions in this work.

LEMMA 1.5. [13] Let p € P be a Carathéodory function as in (2). Then, the result
Ip;| < 2 is sharp for f(§) = %2

LEMMA 1.6. [44] If n,m € R and &,& € C. Assuming [£;| < L and || < L,
then

2|n|L, for |n|>|m)|
(17) |(n+m)& + (n—m)é&s| < { 2|m|L, for |n| < |m)|

To determine the bound Fekete-Szego inequality, if the parameters n or m being in
a complex form, this prevents the fulfillment of traditional conditions of Lemma 1.6.
To overcome this limitation, we propose a generalized formula, which is later used to
derive the Fekete-Szego inequality.

LEMMA 1.7. If m € R and n,&,& € C with n = a +ib. Assuming |&;| < L and
|&2| < L, then

2ol + )L, for a2 |m]
a9 leema - = BT E]
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Proof. By similar technique of Lemma 1.6 in [44], we easily calculate

\(n+m)§1+(n—m)£gl:|(a+ib+m)£1 (a+ib—m)&,|
S [(a+m)& + (a — m)&e| + |b]|& + &

< J 2lalL+2[b|L, for |a| = |m|
=1 2|m|L+2[b|L, for |a| < |m|
_J 2(lal +[o))L,  for |a| 2 |m|

2lm|+ )L, for ol < |m|

The next part begins by deriving the initial bounds of the coefficients |a;|, as
these values represent the basis upon which Fekete-Szego inequality is built, and are
essential in determining its final formulation and analytical limits.

2. Essential Findings

THEOREM 2.1. For f(¢) € BS.[G], we have
lag| = min {Ey, By}

and
|CL3| é min {Bl, BQ} s

where 0,2, 0,3 recalled in (10),

le= ZT|cos(7') cos(T)
E1 = =,
2‘{2%34-( eirsec(T) ,{2}| 2|e"||o 2|
and
e~ | cos(T e 27| cos?(T e~ cos(T
gy T eos(n) e o) e eos(n)
80,3l 1607 , 803l

Proof. Since f(€) € BS.[G], by definition there exist analytic functions 7, with
n(0) =0(0) =0 and |n(&)| < 1, [0(x)] < 1 on D such that

<
(19) e”w =G(n(&))cosT +isinT,

2.f(§)
ehx(c@mf”(x))’
f7Hx)

(20) 2.

=G(0(x))cosT +isinT.

Therefore, the function

p(&) = 1 tzgg = &+ pul® + pa&® +
and
q(x) = 11_—?83 =01 4+ lox? 4+ U3 + - -

belong to the Carathéodory function category.
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From this, the expansions of the two functions n(§) and 6(x) can be easily found
as follows:

p§) -1 1 1 1
") p(&) + _5“15+§(“2_§“3)52+”"

(21)

1

1
qx)+1 2 2
Also the expansion of both sides of (19) and (20) are given by

(22)
n(§)
log (n(§) +1)

1
(71 = 124) con(r) €+ 1 (171 = 56y +A8ys) con(r)E" + -

cos(T) +isin(7) = cos(7) + isin(7) + }1“1 cos(T)¢

—_

48
()
log (0(x) +1)

% ((76; — 12¢5) cos(7)) X* + é (1763 — 5606, + 4805) cos(7)x* + -+ -

=

cos(T) + isin(7) = cos(7) + isin(7) + }lfl cos(T)x

oo

e’ —) =e + 6”05,26125 — e (UZ,Qag - 2%,3&3) 52

v (3 3 3
+ €' (0] 505 — 30430520203 + 30, 404) § + - - -,

2 2

T = e — €0, pa0x — €7 (07503 — 20,3203 — as]) X°

— e (al (02,2 — 60y 30k2 + 150;@4) + 3asas (0k20%3 — 50%.4)

+ 3(140}74))(3 4.
Expanding both sides of (19) and (20) and comparing coefficients yield the system

. 1
(23) €020 = 1 cos(T) 1,
. 1
(24) ' (20,303 — 0} ya3) = yr (1200 — 7uf) cos(7),
. 1
(25) —e"" 0009 = 1 cos(7)lq,
. 1
(26) e (403 — 0272)0@ — 20, 3a3) = e (1265 — 7(7) cos(T).
From (23) and (25) we get uy = —¢; and
(27) 32e*7 o7 a5 = cos®(7)(ui + 63).
Adding (24) and (26) leads to
. 1 7
(28) " (40,3 — 207 5)a5 = cos(7) (Z_l (po +€2) — yr (17 + (%)) :

Substitute (u? + £2) from (27) into (28) to express a3:
1t 4 2

4 7 . 1
(29) 2e"" {QOH,g + (36”560(7') — 1)0,%72} a3 = 1 cos(7) (2 + 62) ,
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which yields

0 — \/ e~ cos(7) (pa + C2) |
8 {20,.@3 + ( eimsec(t) — 1)0272}

By Lemma 1.5, we deduce

la] < le=i7| cos(T)
—\ 2[{20.3 + (Zeimsec(T) — 1) ,{2}}

Another bound comes directly from (23), which gives

cos(T)
BLISPEY >
T e R

Thus,
|CL2| § min{El, EQ}
To estimate as, subtract (26) from (24) (and use u? = £2) to obtain

. 1
(30) 1€ 0,3 (az — a3) = 1 cos(T) (g — £) .

Solving for a3 (using earlier relations to substitute the quadratic terms) yields

e cos(7) )
31 =" —/ .
(31) as 16073 (2 — lo) + a3
Now, by (27), we obtain
e~ cos(7) e 2 cos? (1) (12 + 52)
_ ¢ O,y
= 60, (k2 = &) + 3202,

Taking absolute values and using the bounds |p? + (2| < 2 and |ug — €3] < 2 (from
Lemma 2.1 and basic estimates) gives

as] < le™| cos(T) \6_2”|c;)SQ(T) — B,
8|0 3 1607 ,

and if the value of a3 is in the (29), then

a3 le™ | cos(T) le=| cos(T)

az| <

= 8o 4]{20, + (Temsec(r) — o2 )|
which are stated the upper bound of |as].
This completes the proof. O

THEOREM 2.2. For f(¢) € BC.[G], we have
las| < min{Es, E,}
and
|as| = {Bs, Ba},
where o, 2 and o, 3 recalled in (10),

3 —iT
B, ::\/ le=i| cos(T) B, = CQS(T)

41903 + 2 (7€' sec(T) — 3) 2| 4lem||ow |’
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and ) A
e 27| cos® (1) |e | cos(T)

640-’%72 24’0-I€,3|

e~ | cos(T)

| |
B = B =
3 ’ 4 24|0’,€73‘

+ E3.

Proof. Since f(¢) € BC.|G], by definition there exist analytic functions 7, with
n(0) =0(0) =0 and [n(§)| < 1, [0(x)] <1 on D such that
)

2.f(€))

—
782
—~

(32) («Qn ©) =G(n(&))cosT +isinT,
” (g(gﬁf_l(X))/)/ = CoOST +1isinT
) SRCNETO R
where
7MFJ¥+ %—%)§+C§—%?+%)é+
and

( 6 Bt l
5<X):1TX+(§2_ZI>X2+(§1_ 5t 2)X3+"'

are the Schwarz functions.
The expansion of both sides of (32) and (33) are given by in (22) and

i (§(2f(E)") 2
PR AL LA 26”0,.i asé — 26" (202 ,a? — 30,30
(2:f(8) 228 (207ca03 1) ¢
+ 2" (40,,g 005 — 904 30, 20203 + 60 4@4) E4...
X Zaf )Y o it o it B 2
e A e 20, 0a0x — 26" (207 505 — 30,,3[2a3 — as)) x

- 26”(2(13 (20-2,2 - 90—&,30-5,2 + 150—574) + 3azas
. (30’,.;720'573 — 100‘,{74) + 60’40-&4))(3 + -

Thus,
. 1
(34) 2e" 0,000 = 1 cos(T) 1,
‘ 1
(35) e (60, 3a3 — 407 ya3) = T (1202 — 7u) cos(7),
A 1
(36) —26”0’,@72a2 Z_L ( )61,
. 1
(37) ¢ (4 (3043 — 02 ,) a3 — 6asoy.3) = = (1205 — 7(7) cos(T).

From (34) and (36) we get u1 = —¢; and
(3) 19862702 03 = co(7) (2 + ).
Following the technique used in Theorem 2.1 generates the values of |as| and |az|. O

For k = 0, the direct results hold:

COROLLARY 2.3. For f(&) € %S[Q], we have

4] < min le=i| cos(T) cos(T)
- 2|1+ Zemsec(r)|” 2lem|
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and
o £ i {1 8) e () o) | e eostr) |
8 16 8 2|1+ Zeimsec(r)|

COROLLARY 2.4. For f(§) € WS[Q], we have
las] < min { 1 3le~| cos(T) ’ cos<7)}

|3 + 14eim sec(T)|” 4|e™|

and
03] < mi le™27| cos®(7)  |e ™| cos(T) |e | cos(T) 1 3|e | cos(T)
as| < min - A :
o= 64 24 ’ 24 4|3 + 14e' sec(T)|

Also, for 7 = 0 and k = 0, the direct results hold:

COROLLARY 2.5. [24] For f(§) € BS ], we have

1
las| < mm{\/ \/ and |as| < 7

Similar way, we deduce the follovvlng estimates:

COROLLARY 2.6. [37] For f(§) € Wg[g], we have

)
lag| = and |az| =

=12

P

3. Fekete-Szego Inequality

The following investigation includes deriving Fekete-Szego inequality of bi-univalent
functions.

THEOREM 3.1. For f(¢) € BS,[G] and let o € R, we have
cos(T) [% 7Jn alow,stan(T)||1—o] i| |1 . Q| é Hl

|6L B QCL2| < 2|0k, 3] ] 3(204 3Jr3aN 5)2+ (49 4 2tcmz(T))
3 21 = cos(T) (§ n2‘aﬁ 3tan(7')|+|20',€ 2+3U,§ 20x,3])|1—0l | H
603 (20434302 )2 +(Zol ytan2(7)) ’ 1s
where

(2003 + 50%,)" + (Fogptan?(7))

|4‘7/%,3 + %Un,205,3|

1:

Proof. Tt follows from (29) and (31) that
ag — ga; = (a3 — a3) + (1 — 0)a;
cos(7) (g — o) cos(7) (p2 + ¢2)

2
- 4 1
1670, 3 * 9)86”[2% 5+ (Zeimsec(r) — 1)02 ]

~cos(7) | (p2 — o) 032 + l2)
8o 3 [ 2 -0 20,5 + (§eimsec(T) — 1)‘73,2]]

_ cos(7) {[e(g; T) + %],uz + [e(o; 7) — 5]52] ’

86”0’,%3
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where

e(o;7) = Zeall — 0)
T 2043+ (ReTsec(T) — 1)02,
So, by Lemma 1.7, we get

m_m|<mm{Mﬁﬂmw@ﬂm,%H NES 1
20 = Slowsl | A(|Re(e(o; 7)) + [Im(e(e; 7)), Re(e(o;7)) 2 3
with .
(207 5+ 30%.2053)(1 — 0)
Re(e(e, 7)) = i 7 2 - g 2
(20,3 + 50&2) + (% 5 Onotan (1))
and
Im ( (Q )) ; f2$2o-l€3tan( )(1_Q)
’ (2003 + 5072)% + (Fonatan*(1))
This proof is complete after some calculations. n

For the convex bi-univalent family, we have

THEOREM 3.2. For f(£) € BC.[G] and ¢ € R, we have

cos(t) |1 56‘7,; ok 3tan(7)|[1—0l
2| < 6lok,3| |:§ (60, 3+3 52)2 (313604 otan?(7)) |’ |1 - Q' é H2
|a3 - Qa2| = cos(t) [ (130k,3(60%, 3+3crﬁ 2)|+560K2|a,i3tan(7')|)\1—g| ’1 _ | >
6los,3] (604, 3—1—3ch 52+ (30t = otan?(7)) ? 0 25
where
o (603 + 202,2) + (31936 42tan (1))
o Qs L
Proof. 1t follows from (35), (37) and (38) that
T 112 T 2 2 1
(39) e (120,35 — 807, + S €0 nasec(T) | ay = 1003(7) (o + 0s) .
Now, subtracting (37) from (35), we have
, 1
(40) 12¢" 0, 3(az — a3) = ZCOS(T) (g — o) .

We not from (39) and (40) that
as — oa3 = (a3 — a3) + (1 - 0)aj

_ cos(7) (g — o) cos(7) (p2 + ¢2)

. 1—- . .
4870, 5 -9 16€77 (30,3 + 2eisec(T) — 802 ,]
_ cos(7) | (uz — o) (-0 30k3 (2 + 2)
24e'7 0, 3 2 2 (30x,3 — 802,y + Xeimaf ysec(T))
cos(T)

1
— okl + ghia + er(eim) - 51]

where
30.3(1 — o)
2 (3043 — 802, + 2eimo? ysec(T))

er(o;7) =
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So, by Lemma 1.7, we get

g — oad| < <o) { A(|3] + IIW(el(@; ). Re'(e 1(ei7)) = 5 )
2ol | A(|Reler(0:7)| + | Tm(es(gim)D), Reler(g57)) 2 3
with , ‘o
Re(ei(o, 7)) = 3(605’3; 30%2(;;3?(;)(3 2
(60w 4 5075)° + (5570 ptan?(7))
and
Im(e(oi7)) = 5607 50xstan(r)(1 — o)
T Gt 507,07 + (B tan? (7))
Therefore the proof is complete. O]

4. Concluding and valuable remark

To derive the Fekete-Szegd inequality, when the coefficients m,n appear as real
numbers, lemma provided by Zaprawa [ [44], pp.2] can be used as a suitable way to
restrict the bound of inequality. However, if one of these coefficients n appears in com-
plex form, that lemma becomes inapplicable. Therefore, Lemma 1.7 was introduced
as a suitable generalization, as it allows for the estimation of Fekete-Szego inequal-
ity when the coefficients are complex numbers. On the other hand, we presented
categories of Spirelike analytical functions associated with Gregory coefficients and
Skellam distribution series. Therefore, this study can serve as a starting point for fu-
ture studies and applications such as Hankel determinants, differential subordination,
and harmonic functions.
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