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A DOUBLE INERTIAL EXTRAGRADIENT METHOD FOR FINITE

FAMILIES OF MAPPINGS AND ITS APPLICATION TO

VARIATIONAL INEQUALITIES

Prashant Patel∗ and Rahul Shukla

Abstract. This paper investigates the problem of finding a common solution to
a variational inequality problem involving a pseudo-monotone operator and a fixed
point problem for a finite family of quasi-nonexpansive mappings in real Hilbert
spaces. We introduce a new double inertial Mann-type extragradient algorithm
that incorporates a non-monotonic self-adaptive step size, eliminating the need for
prior knowledge of the operator’s Lipschitz constant. A weak convergence theorem
is established for the proposed iterative method under standard assumptions. Our
work extends and generalizes recent results in the literature, particularly those of
Singh and Chandok (2024), to the more general setting of a finite family of mappings.

1. Introduction

Equilibrium is a foundational concept across numerous disciplines such as physics,
economics, operations research, and engineering. Variational inequality theory has
emerged as a powerful and unifying framework for modeling and solving a wide ar-
ray of equilibrium problems [4, 7]. With its aid, one can formulate diverse problems,
qualitatively analyze them in terms of existence and uniqueness of solutions, per-
form sensitivity analysis, and develop efficient computational algorithms with rigor-
ous convergence guarantees. This framework elegantly encapsulates many well-known
mathematical programming problems, including systems of nonlinear equations, op-
timization problems, complementarity problems, and fixed point problems as special
cases [5, 13,14,19].

Let Σ be a real Hilbert space endowed with an inner product ⟨·, ·⟩ and the induced
norm ∥ · ∥, and let E be a nonempty, closed, and convex subset of Σ. The classical
Variational Inequality Problem (VIP), in the sense of Stampacchia [19], is to find a
point ζ∗ ∈ E such that

(1) ⟨G(ζ∗), ζ − ζ∗⟩ ≥ 0, ∀ζ ∈ E .
The VIP (1) signifies that the operator G(ζ∗) is normal to the feasible set E at the

solution point ζ∗.
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One of the most fundamental methods for solving the VIP is the projected gradient
method. However, its convergence relies on restrictive assumptions, such as the strong
monotonicity of the underlying mapping G. To mitigate this strong requirement,
Korpelevich [8] introduced the Extragradient Method (EGM) for monotone VIPs in
Euclidean spaces. The EGM requires two projections onto the feasible set E per
iteration. In many practical scenarios, the projection onto an arbitrary closed convex
set can be computationally expensive. This limitation has spurred significant research
into reducing the number of projections. Two prominent approaches are the Tseng’s
Extragradient Method (TEGM) [23], which replaces the second projection with a cost-
effective gradient step, and the Subgradient Extragradient Method (SEGM) [2], which
projects onto a readily computable half-space. Recently, Patel and Shukla presented
shrinking projection method to approximate common hierarchical fixed points of a
countable family of strict pseudocontractive mappings using the metric projection [15].

To accelerate the convergence of iterative schemes, the inertial technique, inspired
by a discretization of second-order dissipative dynamical systems [1, 6, 16], has been
widely adopted. This technique, often interpreted as a momentum term, has been
successfully incorporated into various algorithms to improve their convergence rate
[3, 10,12,17,20,21].

Another problem of significant interest in nonlinear analysis is the Fixed Point
Problem (FPP). Finding a common element of the solution set of a VIP and the fixed
point set of a nonlinear mapping is particularly important, as constraints in many
mathematical models can be naturally expressed as either a VIP or an FPP. Takahashi
and Toyoda [20] pioneered an iterative method for finding a common solution of a VIP
for inverse strongly monotone mappings and an FPP for nonexpansive mappings.
Since then, numerous algorithms have been developed under milder assumptions [18,
21].

Recently, Singh and Chandok [18] proposed a novel Double Inertial Mann-Type
Extragradient Method (DIMTEM). Their algorithm incorporates a double inertial
extrapolation step and a non-monotonic self-adaptive step size rule that does not
require prior knowledge of the Lipschitz constant of the operator. They established a
weak convergence theorem for finding a common solution of a VIP involving a pseudo-
monotone mapping and an FPP for a quasi-nonexpansive mapping. Furthermore,
they proved strong convergence for VIPs with strongly pseudo-monotone mappings.
Numerical experiments demonstrated the computational efficiency and advantages of
their method over several existing algorithms.

Inspired and motivated by the work of Singh and Chandok [18], we extend their re-
sults to the more general and challenging case of a finite family of quasi-nonexpansive
mappings. Our main contributions are as follows: We propose a new iterative algo-
rithm that combines a double inertial Tseng’s extragradient method with a Mann-type
iteration for a finite family of mappings. We prove a weak convergence theorem for
our algorithm under standard conditions, assuming the underlying operator is pseudo-
monotone and Lipschitz continuous. We maintain the desirable features of the original
DIMTEM, including a non-monotonic self-adaptive step size and the relaxation that
one of the inertial parameters can be chosen close to 1.

This paper is organized as follows. In Sect. 2, we recall essential definitions and
preliminary lemmas required for the convergence analysis. Section 3 is devoted to
presenting our algorithm and proving the main weak convergence theorem. In Section
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4, we provide numerical examples to illustrate the behavior of our proposed method.
Finally, we give a brief conclusion.

2. Preliminaries

Suppose Σ is a real Hilbert space and E is a convex and closed subset of Σ. We
denote the set of fixed points of the mapping G by F (G). The mapping G : Σ → Σ
is called

(1) monotone on Σ, if ⟨G(ζ)−G(η), ζ − η⟩ ≥ 0, ∀ζ, η ∈ Σ.
(2) k-strongly pseudo-monotone on Σ if there exists a k > 0 such that ⟨G(ζ), η−ζ⟩ ≥

0 implies ⟨G(η), η − ζ⟩ ≥ k∥ζ − η∥2, ∀ζ, η,∈ Σ.
(3) pseudo-monotone on Σ if ⟨G(ζ), η − ζ⟩ ≥ 0 implies ⟨G(η), η − ζ⟩ ≥ 0 ∀ζ, η,∈ Σ.
(4) G is said to be nonexpansive if

∥G(ζ)−G(η)∥ ≤ ∥ζ − η∥, ∀ζ, η ∈ Σ.

(5) G is said to be quasi-nonexpansive if

∥G(ζ)− ζ†∥ ≤ ∥ζ − ζ†∥, ∀ζ ∈ Σ, ζ† ∈ F (G).

(6) G is said to be L-Lipschitz continuous if there exists a constant L > 0 such that

∥G(ζ)−G(η)∥ ≤ L∥ζ − η∥, ∀ζ, η ∈ Σ.

Lemma 2.1. The following are true in a Hilbert space Σ

(1) ∥ζ + η∥2 = ∥ζ∥2 + ∥η∥2 + 2⟨ζ, η⟩, ∀ζ, η ∈ Σ,
(2) ∥ζ + η∥2 ≤ ∥ζ∥2 + 2⟨η, ζ + η⟩, ∀ζ, η ∈ Σ,
(3) ∥αζ+βη∥2 = α(α+β)∥ζ∥2+β(α+β)∥η∥2−αβ∥ζ−η∥2, ∀ζ, η ∈ Σ, and α, β ∈ R.

Lemma 2.2. [9] Let {ζn}, {ηn}, {ϖn} be sequences in [0,∞) such that

ζn+1 ≤ ζn +ϖn(ζn − ζn−1) + ηn, ∀n ≥ 1,
∞∑
n=1

ηn < ∞,

and ∃ a real number ϖ with 0 ≤ ϖn ≤ ϖ < 1, ∀ n ∈ N. Then following hold:

(1)
∞∑
n=1

[ζn − ζn−1]+ < ∞, where [ζ]+ = max{ζ, 0};

(2) ∃ ζ† ∈ [0,∞) such that lim
n→∞

ζn = ζ†.

Lemma 2.3. [11] Suppose E ̸= ∅ is a subset of Σ and {ζn} is a sequence in Σ such
that the following conditions hold:

(1) ∀ζ ∈ E , lim
n→∞

∥ζn − ζ∥ exists;

(2) every sequentially weak cluster point of {ζn} is in E .
Then the sequence {ζn} converges weakly to a point in E .

Lemma 2.4. [22] Suppose E ̸= ∅ is a convex and closed subset of Σ. Suppose
G : Σ → Σ is pseudo-monotone and L-Lipschitz continuous mapping which satisfies

whenever {ζn} ∈ E , ζn ⇀ ζ∗, one has ∥G(ζ∗)∥ ≤ lim inf
n→∞

∥G(ζn)∥.

Suppose {αn} and {δn} are two real sequences in (0, 1) such that {δn} ⊂ (c, 1 − αn)

for some c > 0 and lim
n→∞

αn = 0,
∞∑
n=1

αn = ∞. Suppose {cn} is any sequence generated
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by cn+1 = (1−αn− δn)cn+ δnPTn(cn− τnG(bn)), where bn = PE(cn− τncn) and τn is a
monotonic step size. If there exists a subsequence {cnk

} converging weakly to ζ∗ ∈ Σ
and lim

n→∞
∥cnk

− bnk
∥ = 0 then ζ∗ ∈ V I(E , G).

3. Main Result

Condition 3.1. (C1) The mappingG : Σ → Σ is pseudo-monotone and L-Lipschitz
continuous on Σ and G satisfies the following condition: whenever {ζn} ⊂ Σ and
ζn ⇀ ζ†, one has ∥G(ζ†)∥ ≤ lim inf

n→∞
∥G(ζn)∥.

(C2) Φi : Σ → Σ is a finite family of quasi-nonexpansive mappings.

(C3) The solution set V I(E , G)
m⋂
i=1

F (Φi) is nonempty.

(C4) 0 ≤ λn ≤ λn+1 ≤ 1.

(C5) 0 ≤ µ < min
{

ε−
√
2ε

ε
, θ1

}
, ε ∈ (2,∞).

(C6) 0 < β ≤ βn ≤ βn+1 <
1

1+ε
, ε ∈ (2,∞).

Algorithm 3.2. Choose ρ ∈ (0, 1), σ1 > 0 and suppose {νn} is a sequence of

nonnegative real numbers such that
∞∑
n=1

νn < ∞. Suppose ζ0, ζ1 ∈ Σ are arbitrarily

chosen, set n = 1.

Step 1: 
ϖn = ζn + µ(ζn − ζn−1),

ηn = ζn + λn(ζn − ζn−1),

ξn = PE(ηn − σnG(ηn)),

(2)

update the step size σn+1 as

σn+1 =

{
min

{
σn + νn,

ρ∥ηn−ξn∥
∥G(ηn)−G(ξn)∥

}
, ifG(ηn) ̸= G(ξn);

σn + νn, otherwise.
(3)

Step 2:

(4) ζn+1 = (1− βn)ϖn + βnΦi(ωn),

where ωn = ξn − σn(G(ξn)−G(ηn)). Set n = n+ 1 and return to Step 1.

For each n ≥ 1, the index i = i(n) ∈ {1, 2, . . . ,m} is chosen according to the cyclic
control sequence i(n) = ((n−1) mod m)+1. Thus, i depends on the iteration number
n, and the mappings Φ1,Φ2, . . . ,Φm are applied successively in a periodic manner.

Remark 3.1. (R1) The step size σn has lower bound min
{

ρ
L
, σ1

}
and the upper

bound σ1 +D, where D =
∞∑
n=1

νn. Moreover,

(5) ∥G(ηn)−G(ξn)∥ ≤ ρ

σn+1

∥ηn − ξn∥.

(R2) The parameter λn can be 1. Also, when ε increases, we see µ approaching

because lim
n→∞

ε−
√
2ε

ϵ
= 1. Consequently, we can choose µ as close as to 1.
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Theorem 3.3. Suppose condition 3.1 satisfies and (I − Φi) is demiclosed at zero.
Then the sequence {ζn} generated by algorithm 3.2 converges weakly to a point in

V I(E , G)
m⋂
i=1

F (Φi).

Proof. Suppose ζ† ∈ V I(E , G)
m⋂
i=1

F (Φi) then ⟨G(ζ†), ξn − ζ†⟩ ≥ 0 and since the

mapping G is pseudo-monotone, we get

(6) ⟨G(ξn), ξn − ζ†⟩ ≥ 0.

Using Lemma 2.1, we get

∥ωn − ζ†∥2 = ∥ξn − σn(G(ξn)−G(ηn))− ζ†∥2

= ∥ξn − ζ†∥2 + σ2
n∥G(ξn)−G(ηn)∥2 − 2σn⟨ξn − ζ†, G(ξn)−G(ηn)⟩

= ∥ξn − ηn + ηn − ζ†∥2 + σ2
n∥G(ξn)−G(ηn)∥2 − 2σn⟨ξn − ζ†, G(ξn)−G(ηn)⟩

= ∥ξn − ηn∥2 + ∥ηn − ζ†∥+ 2⟨ξn − ηn, ηn − ζ†⟩+ σ2
n∥G(ξn)−G(ηn)∥2

− 2σn⟨ξn − ζ†, G(ξn)−G(ηn)⟩
= ∥ξn − ηn∥2 + ∥ηn − ζ†∥+ 2⟨ξn − ηn, ηn − ζn⟩+ 2⟨ξn − ηn, ξn − ζ†⟩
+ σ2

n∥G(ξn)−G(ηn)∥2 − 2σn⟨ξn − ζ†, G(ξn)−G(ηn)⟩
= ∥ηn − ζ†∥ − ∥ξn − ηn∥2 + 2⟨ξn − ηn, ξn − ζ†⟩+ σ2

n∥G(ξn)−G(ηn)∥2

− 2σn⟨ξn − ζ†, G(ξn)−G(ηn)⟩.(7)

Since ξn = PE(ηn − σnG(ηn)), we get

⟨ξn − ηn + σnG(ηn), ξn − ζ†⟩ ≤ 0.

Moreover

(8) ⟨ξn − ηn, ξn − ζ†⟩ ≤ −σn⟨G(ηn), ξn − ζ†⟩.

Now, if we combine (7), (8) and (5), we will have

∥ωn − ζ†∥2 ≤ ∥ηn − ζ†∥2 − ∥ηn − ξn∥2 − 2σn⟨G(ηn), ξn − ζ†⟩
+ σ2

n∥G(ξn)−G(ηn)∥2 − 2σn⟨ξn − ζ†, G(ξn)−G(ηn)⟩
= ∥ηn − ζ†∥2 − ∥ηn − ξn∥2 + σ2

n∥G(ξn)−G(ηn)∥2 − 2σn⟨ξn − ζ†, G(ξn)⟩

≤ ∥ηn − ζ†∥2 − ∥ηn − ξn∥2 +
σ2
n

σ2
n+1

ρ2∥ηn − ξn∥2 − 2σn⟨ξn − ζ†, G(ξn)⟩

≤ ∥ηn − ζ†∥2 −
(
1− σ2

n

σ2
n+1

ρ2
)
∥ηn − ξn∥2 − 2σn⟨ξn − ζ†, G(ξn)⟩.(9)

Moreover

(10) ∥ωn − ζ†∥2 ≤ ∥ηn − ζ†∥2 −
(
1− σ2

n

σ2
n+1

ρ2
)
∥ηn − ξn∥2.

Since lim
n→∞

(
1− σ2

n

σ2
n+1

ρ2
)
= 1− ρ2 > 0, then ∃ M ≥ 1 such that

(11) ∥ωn − ζ†∥ ≤ ∥ηn − ζ†∥ for all n ≥ M.
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Again we can also have

∥ζn+1 − ζ†∥2 = ∥(1− βn)ϖn + βnΦi(ωn)− ζ†∥2

= (1− βn)∥ϖn − ζ†∥2 + βn∥Φi(ωn)− ζ†∥2 − (1− βn)βn∥Φi(ωn)−ϖn∥2

≤ (1− βn)∥ϖn − ζ†∥2 + βn∥ωn − ζ†∥2 − (1− βn)βn∥Φi(ωn)−ϖn∥2

≤ (1− βn)∥ϖn − ζ†∥2 + βn∥ηn − ζ†∥2 − (1− βn)βn∥Φi(ωn)−ϖn∥2(12)

for all n ≥ M . Now using (4) to the above equation (12), we get

∥ζn+1 − ζ†∥2 ≤ (1− βn)∥ϖn − ζ†∥2 + βn∥ηn − ζ†∥2 − (1− βn)βn
1

β2
n

∥Φi(ωn)−ϖn∥2

= (1− βn)∥ζn + µ(ζn − ζn−1)− ζ†∥2 + βn∥ζn + λn(ζn − ζn−1)− ζ†∥2

− (1− βn)

βn

∥ζn+1 − ζn − µ(ζn − ζn−1)∥2

≤ (1− βn)
[
(1 + µ)∥ζn − ζ†∥2 − µ∥ζn−1 − ζ†∥2 + µ(1 + µ)∥ζn − ζn−1∥2

]
+ βn

[
(1 + λn)∥ζn − ζ†∥2 − λn∥ζn−1 − ζ†∥2 + λn(1 + λn)∥ζn − ζn−1∥2

]
− (1− βn)

βn

[
(1− µ)∥ζn+1 − ζn∥2 + (µ2 − µ)∥ζn − ζn−1∥2

]
= ((1− βn)(1 + µ) + βn(1 + λn)) ∥ζn − ζ†∥2

− (µ(1− βn) + βnλn) ∥ζn−1 − ζ†∥2

+

(
(1− βn)µ(1 + µ) + βnλn(1 + λn)−

(1− βn)(µ
2 − µ)

βn

)
∥ζn − ζn−1∥2

− (1− µ)(1− βn)

βn

∥ζn+1 − ζn∥2

= (1 + βnλn + µ(1− βn)) ∥ζn − ζ†∥2 − (βnλn + µ(1− βn)) ∥ζn−1 − ζ†∥2

− an∥ζn+1 − ζn∥2 + bn∥ζn − ζn−1∥2,(13)

here an =
(1− µ)(1− βn)

βn

, and bn = (1− βn)µ(1 + µ) + βnλn(1 + λn)−
(1− βn)(µ

2 − µ)

βn

.

Assume

Γn = ∥ζn − ζ†∥2 − (βnλn + µ(1− βn)) ∥ζn−1 − ζ†∥2 + bn∥ζn − ζn−1∥2.
Thus

Γn+1 − Γn = ∥ζn+1 − ζn∥2 − (βn+1λn+1 + µ(1− βn+1)) ∥ζn − ζ†∥2 + bn+1∥ζn+1 − ζn∥2

− ∥ζn − ζ†∥2 + (βnλn + µ(1− βn)) ∥ζn−1 − ζ†∥2 − bn∥ζn − ζn−1∥2

≤ (βnλn + µ(1− βn)− βn+1λn+1 − µ(1− βn+1)) ∥ζn − ζ†∥2 − an∥ζn+1 − ζn∥2

+ bn+1∥ζn+1 − ζn∥2

= (βn(λn − µ)− (λn+1 − µ)βn+1) ∥ζn − ζ†∥2 − an∥ζn+1 − ζn∥2

+ bn+1∥ζn+1 − ζn∥2.(14)

Using Condition 3.1, we have λn ≤ λn+1, βn ≤ βn+1 and 0 ≤ µ ≤ λ1 ≤ λn. It
gives λn − µ ≥ 0 and λn+1 − µ ≥ 0, which further gives λn − µ ≤ λn+1 − µ and
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(λn − µ)βn ≤ (λn+1 − µ)βn+1 ∀ n ≥ 1. From the above equation (14) we get

Γn+1 − Γn ≤ −an∥ζn+1 − ζn∥2 + bn+1∥ζn+1 − ζn∥2 = −(an − bn+1)∥ζn+1 − ζn∥2.(15)

Now,

an − bn+1 =
(1− βn)(1− µ)

βn

− (1− βn+1)µ(1 + µ)− βn+1λn+1(1 + λn+1)

+
(1− βn+1)(µ

2 − µ)

βn+1

≥ ε(1− µ) + ε(µ2 − µ)− (1− βn+1)µ(1 + µ)− 2βn+1

> ε(1− µ) + ε(µ2 − µ)− 2(1− βn+1)− 2βn+1

= ε(1− µ) + ε(µ2 − µ)− 2

= εµ2 − 2εµ+ ε− 2.(16)

Since from the Condition 3.1 µ < ε−
√
2ε

ε
. Using this condition in (16), we get εµ2 −

2εµ+ ε− 2 > 0. From (15) and (16), we get

Γn+1 − Γn ≤ −(εµ2 − 2εµ+ ε− 2)∥ζn+1 − ζn∥2,
let a = εµ2 − 2εµ+ ε− 2 then

(17) Γn+1 − Γn ≤ −a∥ζn+1 − ζn∥2.
This gives us the the sequence {Γn} is non increasing and

Γn = ∥ζn − ζ†∥2 − (βnλn + µ(1− βn))∥ζn−1 − ζ†∥2 + bn∥ζn − ζn−1∥2

≥ ∥ζn − ζ†∥2 − (βnλn + µ(1− βn))∥ζn−1 − ζ†∥2.(18)

It gives

∥ζn − ζ†∥2 ≤ (βnλn + µ(1− βn))∥ζn−1 − ζ†∥2 + Γn

≤
(

1

1 + ε
+ µ(1− β)

)
∥ζn−1 − ζ†∥2 + Γn

≤
(

1

1 + ε
+ µ(1− β)

)
∥ζn−1 − ζ†∥2 + Γ1

...

≤ Υn∥ζ0 − ζ†∥2 + (1 + Υ +Υ2 + . . .+Υn−1)Γ1

≤ Υn∥ζ0 − ζ†∥2 + Γ1

1−Υ
,(19)

here Υ = 1
1+ε

+ µ(1− β) ∈ (0, 1). Hence the sequence {∥ζn − ζ†∥} is bounded and so
the sequence {ζn}. Moreover

Γn+1 = ∥ζn+1 − ζ†∥2 − (βn+1λn+1 + µ(1− βn+1))∥ζn − ζ†∥2 + bn+1∥ζn+1 − ζn∥2

≥ −(βn+1λn+1 + µ(1− βn+1))∥ζn − ζ†∥2.(20)

From (19) and (20), we get

−Γn+1 ≤ (βn+1λn+1 + µ(1− βn+1))∥ζn − ζ†∥2

≤ Υ∥ζn − ζ†∥2
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≤ Υn+1∥ζ0 − ζ†∥2 +Υ
Γ1

1−Υ
.(21)

Also from (17), we get

Γn+1 − Γn ≤ −a∥ζn+1 − ζn∥2

a∥ζn+1 − ζn∥2 ≤ Γn − Γn+1.(22)

It gives

a

t∑
n=1

∥ζn+1 − ζn∥2 ≤
t∑

n=1

(Γn − Γn+1)(23)

= (Γ1 − Γt+1) = Υn+1∥ζ0 − ζ†∥2 + Γ1

1−Υ
.(24)

Thus

(25)
∞∑
n=1

∥ζn+1 − ζn∥2 ≤
Γ1

a(1−Υ)
< ∞.

We get

(26) lim
n→∞

∥ζn+1 − ζn∥ = 0.

Now we prove that lim
n→∞

∥ζn − ζ†∥ exists. Using (13), we get

∥ζn+1 − ζ†∥2 ≤ (1 + βnλn + µ(1− βn))∥ζn − ζ†∥2 − (βnλn + µ(1− βn))∥ζn−1 − ζ†∥2

− an∥ζn+1 − ζ†∥2 + bn∥ζn − ζn−1∥2

≤ ∥ζn − ζ†∥2 + (βnλn + µ(1− βn))∥ζn − ζ†∥2

− (βnλn + µ(1− βn))∥ζn−1 − ζ†∥2 + bn∥ζn − ζn−1∥2

= ∥ζn − ζ†∥2 + (βnλn + µ(1− βn))(∥ζn − ζ†∥2 − ∥ζn−1 − ζ†∥2)
+ bn∥ζn − ζn−1∥2.(27)

As

bn = (1− βn)µ(1 + µ) + βnλn(1 + λn)−
(1− βn)(µ

2 − µ)

βn

≤ (1− a)µ(1 + µ) +
2

1 + ε
+

(1− α)(µ− µ2)

α
.

We also have

βnλn + µ(1− βn) ≤
1

1 + ε
+ µ(1− β) < 1.

Since µ < ε
(1+ε)(1−β)

, for β ∈ (0, 1) and ε ∈ (2,∞). Now using Lemma 2.2 in (27), we

get lim
n→∞

∥ζn − ζ†∥ exists and let lim
n→∞

∥ζn − ζ†∥ = p. Now

∥ζn+1 −ϖn∥ = ∥ζn+1 − ζn − µ(ζn − ζn−1)∥
≤ ∥ζn+1 − ζn∥+ µ∥ζn − ζn−1∥.(28)

It gives

lim
n→∞

∥ζn+1 −ϖn∥ = 0.
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We can also get

∥ζn+1 − ηn∥ = ∥ζn+1 − ζn − λn(ζn − ζn−1)∥
≤ ∥ζn+1 − ζn∥+ λn∥ζn − ζn−1∥.

It gives
lim
n→∞

∥ζn+1 − ηn∥ = 0.

Now

∥ζn+1 −ϖn∥ = ∥(1− βn)ϖn + βnΦi(ωn)−ϖn∥
= ∥βn(Φi(ωn)−ϖn)∥
≥ β∥Φi(ωn)−ϖn∥.

It gives
lim
n→∞

∥Φi(ωn)−ϖn∥ = 0.

Further, we can also have

∥ηn −ϖn∥ = ∥ζn + λn(ζn − ζn−1)− ζn − µ(ζn − ζn−1)∥
≤ λn∥ζn − ζn−1∥+ µ∥ζn − ζn−1∥
≤ ∥ζn − ζn−1∥+ µ∥ζn − ζn−1∥.

It gives
lim
n→∞

∥ηn −ϖn∥ = 0.

Now from (12), we get

∥ζn+1 − ζ†∥2 ≤ (1− βn)∥ϖn − ζ†∥2 + βn∥ωn − ζ†∥2

= (1− βn)∥ϖn − ηn∥2 + (1− βn)∥ηn − ζ†∥2

+ 2(1− βn)⟨ϖn − ηn, ηn − ζ†⟩+ βn∥ωn − ζ†∥2.(29)

Simplifying the above equation

βn∥ωn − ζ†∥2 ≥ ∥ζn+1 − ζ†∥2 − (1− βn)∥ϖn − ηn∥2 − (1− βn)∥ηn − ζ†∥2

− 2(1− βn)⟨ϖn − ηn, ηn − ζ†⟩

∥ωn − ζ†∥2 ≥ ∥ζn+1 − ζ†∥2 − ∥ηn − ζ†∥2

βn

+ ∥ηn − ζ†∥2

− 1− βn

βn

∥ϖn − ηn∥2 − 2
1− βn

βn

∥ϖn − ηn∥∥ηn − ζ†∥.

Since lim
n→∞

∥ζn − ζ†∥ = p it gives lim
n→∞

∥ηn − ζ†∥ = p and lim
n→∞

∥ϖn − ηn∥ = 0. Thus

we get

(30) lim
n→∞

∥ωn − ζ†∥2 ≥ lim
n→∞

∥ηn − ζ†∥2 = p2.

From (11) we also have

(31) lim
n→∞

∥ωn − ζ†∥2 ≤ lim
n→∞

∥ηn − ζ†∥2 = p2.

Applying (30) and (31) in (10), we get(
1− σ2

n

σ2
n+1

ρ2
)
∥ηn − ξn∥2 ≤ ∥ηn − ζ†∥2 − ∥ωn − ζ†∥2.
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Applying limit n → ∞ to the above equation we get

(32) lim
n→∞

∥ηn − ξn∥ = 0.

Thus

lim
n→∞

∥ωn − ξn∥ = lim
n→∞

σn∥G(ξn)−G(ηn)∥

≤ lim
n→∞

σnL∥ξn − ηn∥ = 0.

Also

lim
n→∞

∥Φi(ωn)− ηn∥ = lim
n→∞

∥Φi(ωn)−ϖn +ϖn − ηn∥

≤ lim
n→∞

∥Φi(ωn)−ϖn∥+ lim
n→∞

∥ϖn − ηn∥ = 0.

Moreover

∥Φi(ωn)− ωn∥ = ∥Φi(ωn)− ηn + ηn − ωn∥
≤ ∥Φi(ωn)− ηn∥+ ∥ηn − ωn∥.

It gives

(33) lim
n→∞

∥Φi(ωn)− ωn∥ = 0.

We can also get lim
n→∞

∥ωn − ηn∥ = 0 and lim
n→∞

∥ωn − ϖn∥ = 0. Since the sequence

{ζn} is bounded so there exists a subsequence {ζnk
} of {ζn} such that {ζnk

} converges
weakly to a point ζ∗ ∈ Σ. Thus we have {ηnk

} and {ωnk
} also converges weakly to

ζ∗ ∈ Σ. Using the demiclosedness of (I −Φi), from (33), we get ζ∗ ∈
m⋂
i=1

F (Φi). Since

∥ηnk
− ωnk

∥ = 0, using Lemma 2.4, we get ζ† ∈ V I(E , G). Therefore we have proved

that ζ† ∈ V I(E , G)
m⋂
i=1

F (Φi), lim
n→∞

∥ζn − ζ†∥ exists and each sequential weak cluster

point of the sequence {ζn} is in V I(E , G)
m⋂
i=1

F (Φi). So using Lemma 2.3 we get that

the sequence {ζn} converges weakly to a point in V I(E , G)
m⋂
i=1

F (Φi).

4. Examples

In this section, first we present an example which is a quasi-nonexpansive mapping
but fails to satisfy the nonexpansive condition and second we present an example which
satisfies all the conditions of Theorem 3.3. Later, we also present the convergence
behaviour of our algorithm 3.2 for different choices of initial guesses and different
values of the sequences {βn}, {λn}, {νn} with σ1 = 0.8, µ = 0.5, ρ = 0.6.

Example 4.1. Suppose Σ = R2 and E = {ζ = (ζ1, ζ2) ∈ [0, 1]× [0, 1]} be the subset
of Σ with the norm ∥ζ∥ = ∥(ζ1, ζ2)∥ = (|ζ1|2 + |ζ2|2)1/2. Let Φ : E → E is defined by

Φ(ζ1, ζ2) =

{
(1− ζ1, 1− ζ2), (ζ1, ζ2) ∈

[
0, 1

2

]
× [0, 1],

1
3
(1 + ζ1, 1 + ζ2), (ζ1, ζ2) ∈

(
1
2
, 1
]
× [0, 1].
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Clearly, only
(
1
2
, 1
2

)
is the fixed point of mapping Φ. So we have

∥Φ(ζ)− ζ†∥ =

∥∥∥∥12 − ζ1,
1

2
− ζ2

∥∥∥∥ ≤ ∥ζ − ζ†∥,

and Φ is a quasi-nonexpansive mapping. On the other hand, for ζ = (0, 0), η =(
51
100

, 25
100

)
, we have

∥Φ(ζ)− Φ(η)∥ = 0.766 > 0.567 = ∥ζ − η∥.

Therefore Φ is not a nonexpansive mapping.

Example 4.2. Suppose Σ = R and Φ1 : Σ → Σ be a mapping defined as

Φ1(ζ) =

{
ζ
2
cos 1

ζ
, ζ ̸= 0,

0, ζ = 0.

Clearly, only 0 is the fixed point of above mapping Φ1. So we have

∥Φ1(ζ)− ζ†∥ = ∥Φ1(ζ)− 0∥ =

∣∣∣∣ζ2
∣∣∣∣ ∣∣∣∣cos 1ζ

∣∣∣∣ ≤ |ζ|
2

< |ζ| = ∥ζ − ζ†∥,

and hence Φ1 is a quasi-nonexpansive mapping. For ζ = 2
3π
, η = 1

π
,

∥Φ1(ζ)− Φ1(η)∥ =
1

2π
>

1

3π
= ∥ζ − η∥.

Hence Φ1 is not a nonexpansive mapping. Now define Φ2 : Σ → Σ be a mapping
defined as

Φ2(ζ) =

{
1
2
ζ, ζ ≥ 0,

2ζ, ζ < 0.

Clearly, only 0 is the fixed point of above mapping Φ2 and it is also a quasi-nonexpansive
mapping. But if we take ζ = 1, η = −1, then Φ2 is not a nonexpansive mapping

∥Φ2(ζ)− Φ2(η)∥ =
5

2
> 2 = ∥ζ − η∥.

We have
2⋂

i=1

F (Φi) = {0}. Now define a mapping G : Σ → Σ as G(ζ) = ζ+sin(ζ). The

mapping G is monotone and 2-Lipschitz continuous for all values of R. Since example
4.2 satisfies all the conditions of Theorem 3.3, so the sequence {ζn} generated by

Algorithm 3.2 converges weakly to a point in V I(E , G)
2⋂

i=1

F (Φi) = V I(E , G)
⋂
{0}.

Now we present the convergence behaviour of our algorithm 3.2 with Σ = R, G :

Σ → Σ defined as G(ζ) = ζ + sin(ζ), Φ : Σ → Σ defined as Φ(ζ) =

{
1
2
ζ, ζ ≥ 0,

2ζ, ζ < 0.
for

different choices of initial guesses and different values of the sequences {βn}, {λn},
{νn} with σ1 = 0.8, µ = 0.5, ρ = 0.6.
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Figure 1. Influence of Coefficients.
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Figure 2. Influence of initial guesses.

Conclusion

In this paper, we have introduced a new double inertial Mann-type extragradient
algorithm and proved that the sequence generated by our algorithm converges weakly
to a common solution to a variational inequality problem and a fixed point of a finite
family of quasi-nonexpansive mappings. In this way, we have extended and generalized
results which are already present in the literature. We have also presented a couple of
non trivial examples and convergence behaviour of our algorithm for different choices
of coefficients and initial guesses.
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Data Availability

There is no any availability of data.
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