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INFINITE FAMILIES OF NON-FIBERED TWISTED TORUS
KNOTS

ADNAN AND KYUNGBAE PARK*

ABSTRACT. We present explicit infinite families of twisted torus knots that are not
fibered. Our approach relies on an explicit formula for the Alexander polynomial
derived in our previous work. We show that the leading coefficients of the Alexander
polynomials of twisted torus knots can take arbitrary integer values, which immedi-
ately yields infinitely many examples of non-fibered twisted torus knots.

1. Introduction

For relatively prime integers p and ¢, and integers 0 < r < [p| + |¢| and s € Z, a
twisted torus knot T(p, q;r, s) is a generalization of torus knots obtained by applying
s full twists on r adjacent strands of the standard diagram of the (p, ¢)-torus knot on
the flat torus. Figure 1 illustrates the knot 7°(10,3;5, —1).

Twisted torus knots, introduced by Dean in his thesis [8], have been studied from
many geometric and topological perspectives. These include hyperbolic volume [2,4,5],
Seifert fibered and graph-manifold surgeries [9,17], group-theoretic properties of knot
groups [15,25], Heegaard splittings [26], L-space surgeries and related questions arising
from the L-space conjecture [6,16,35,36], tunnel number [18], and connections with
Lorenz knots (or T-links) [1]. In addition, the problem of classifying twisted torus
knots as torus, satellite, or hyperbolic has been studied extensively [19-24].

In this paper, we study the fiberedness of twisted torus knots. Recall that a knot
K C 8% is fibered if its exterior S® \ v(K) fibers over the circle S with fiber a
Seifert surface for K [34]. In particular, torus knots form a classical family of fibered
knots. Fibered knots play a central role in low-dimensional topology, as their exteriors
admit particularly simple topological structures encoded by the monodromy of the
fiber. They also play an important role in the study of contact structures, knot
Floer homology, and the interplay between algebraic and geometric knot invariants
(11,29, 31].

Throughout this paper, we assume p > ¢q > 0, since T'(p,q;r,s) = T(q,p;r,s)
and T'(p, q;r, s) is the mirror of T'(p, —¢; 7, —s). Since fiberedness is preserved under
taking mirrors, this assumption causes no loss of generality. If » < p and s > 0, then
T(p,q;r,s) is a positive braid knot, and hence fibered by Stallings’ theorem [34]. On
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FIGURE 1. The twisted torus knot 7'(10,3;5, —1), which is not fibered.

the other hand, when s < 0, the situation is more subtle. In this case, some twisted
torus knots are known to be torus knots [23], and some are even the unknot [19]; in
particular, such knots are fibered. In [10], Doleshal showed that if ¢|s| < p and r < g,
then T'(p,q;r,s) is a positive braid knot, and hence fibered. However, Doleshal’s
condition is not necessary for a twisted torus knot to be fibered. For example, Lee’s
result [20, Theorem 1.1] and the work of Lee and Paiva [24, Theorem 1.1] show that
certain families of twisted torus knots with ¢|s| > p or r > ¢ are in fact torus knots,
and hence fibered.

In his paper, Doleshal pointed out that not all twisted torus knots are fibered; in
particular, T'(4,3;2,—2) is not fibered, since it is isotopic to the five-crossing twist
knot. In this paper, we exhibit explicit two-parameter families of non-fibered twisted
torus knots.

Our method relies on an explicit formula for the Alexander polynomial of twisted
torus knots with » < p, obtained in our previous work [32]. It is well known that
every fibered knot has a monic Alexander polynomial. In particular, we show that
the leading coefficients of the Alexander polynomials of twisted torus knots can attain
arbitrary integer values, and hence establish the existence of infinitely many non-
fibered examples. Since the Alexander polynomial is defined only up to multiplication
by £t*, we interpret the leading coefficient as the absolute value of the coefficient of
the highest-degree term, and the degree as the difference between the highest and
lowest exponents.

THEOREM 1.1. Let r > 0 and s < —1. Then the Alexander polynomial of the
twisted torus knot
T(rls|, r|s| = 1; 7, s)
has leading coefficient r and degree r|s|(r|s| —r —2) + 2.
In particular, if » > 1, then the Alexander polynomials of these knots are not monic,
and hence the knots are not fibered. Moreover, these knots are pairwise distinct,

as they are distinguished by the degrees and leading coefficients of their Alexander
polynomials. This yields the following corollary.

COROLLARY 1.2. The family of twisted torus knots
{T(r|s|], rls| = 1;7r, s)|r>1, s<—1}

consists of pairwise distinct non-fibered knots.
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When the last parameter s of a twisted torus knot is —1, the above family has monic
Alexander polynomials. Nevertheless, we can still construct analogous one-parameter
families in this case.

THEOREM 1.3. For each integer n > 0, the Alexander polynomial of the twisted
torus knot

T(6n —1, 2n; 3n, —1)
has leading coefficient n and degree (3n — 2)(n — 1).
We therefore obtain the following corollary.
COROLLARY 1.4. The family of twisted torus knots
{T(6n—1,2n;3n, —1) |n>1}
consists of pairwise distinct non-fibered knots.

In fact, similar computations of the Alexander polynomial produce the following
additional families in the cases s = —1 and s = —2.

THEOREM 1.5. For each integer n > 1, the Alexander polynomials of the following
twisted torus knots are not monic. In particular, these knots are not fibered:

1. T(6n—2,2n—1;3n—1, —1)
2. T(10n — 6, 2n — 1; 5n — 3, —1)
3. T(10n + 1, 2n; 5n, —1)

4 T(dn+4, 2n+1; 2n + 2, —2)
5. T(6n+ 1, 2n; 3n, —2)

6. T(6n+2,2n+1; 3n+1, —2)
7. T(18n+ 12, 6n+ 5; 9n + 6, —2)
8. T(18n + 18, 61+ 7; 9n + 9, —2)

Since every L-space knot is fibered, our examples also provide new explicit families
of twisted torus knots with s < 0 that are not L-space knots. For previous examples of
twisted torus knots that are not L-space knots, see [27, Theorem 3 and 4], [36, Theorem
1.1] and [32, Theorem 3].

Although we have found many examples of non-fibered twisted torus knots, a com-
plete classification appears to be considerably more difficult. Beyond the Alexander
polynomial, there are other ways to detect fiberedness. For instance, Stallings [34]
proved that a knot is fibered if and only if the commutator subgroup of its knot group
is finitely generated (equivalently, free of finite rank). In our previous work [32], we
obtained a presentation of the knot group of a twisted torus knot, although it seems
difficult to apply Stallings’ criterion directly in this setting.

A further refinement of the group-theoretic approach is provided by twisted Alexan-
der polynomials, which are defined using linear representations of the knot group and
often give stronger obstructions to fiberedness than the ordinary Alexander polyno-
mial. In particular, Cha showed that twisted Alexander invariants of a fibered knot
satisfy strong algebraic constraints [3], and Goda, Kitano, and Morifuji proved that,
for suitable representations, the associated twisted Alexander polynomial gives a nec-
essary condition for a knot in S* to be fibered [14]. For a general overview of this
theory and its applications, see [12].
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Another important approach is through knot Floer homology [30,33], which pro-
vides a powerful tool for detecting fiberedness. A fundamental theorem of Ghiggini [13]
and Ni [29] states that a knot K C S? is fibered if and only if

rank @(K,g([()) =1,

where g(K) denotes the Seifert genus of K. Despite the strength of these criteria,
applying them systematically to twisted torus knots appears to be difficult in general.

On the other hand, it is well known that monicity of the Alexander polynomial
is not, in general, sufficient to guarantee fiberedness. Notable examples include
the Kinoshita-Terasaka knot and the Conway knot, which are mutants of one an-
other. Both have trivial (and hence monic) Alexander polynomials, but neither is
fibered [14,31]. Nevertheless, our computations suggest that twisted torus knots may
behave differently. Among the 2,152 twisted torus knots with s < 0 whose standard
braid diagrams have at most 100 crossings, we found, using knot Floer homology com-
putations in SnapPy [7], that 49 are non-fibered. We further found that the Alexander
polynomials of all these knots are non-monic. Although the evidence is admittedly
limited, these computations suggest that fiberedness for twisted torus knots may be
governed by a simpler principle. This leads us to formulate the following conjecture,
which is known to hold for alternating knots by a classical theorem of Murasugi [28].

CONJECTURE 1.6. A twisted torus knot is fibered if and only if its Alexander
polynomial is monic.

2. Alexander polynomial of twisted torus knots

In this section, we recall, for convenience, the formula for the Alexander polynomial
of twisted torus knots from [32]. We refer the reader to that paper for full details and
proofs.

For relatively prime integers p > ¢ > 0, and integer r with 1 < r < p, and s € Z,
we first introduce some notation related to the modular arithmetic of p, ¢, and r. Let
[z] denote the residue of x modulo p; that is, the unique integer satisfying 0 < [z] < p
and [x] = z modulo p.

We first define

Q = {[jqil] ‘j:0717"'7r_1}7
where ¢~! denotes the multiplicative inverse of ¢ modulo p. We order the elements of
@ increasingly and write

Q={Qo< Q1 <-<Q1}.

Next, let
R:={[-jqg"11j=12....q}
For each i = 1,...,r — 1, we define k; to be the number of elements of R lying in the
interval [Qifl, Qz); that iS, kl = ’{.’L’ €ER ’ Qi,1 S T < Qz}‘
Define

Q" =[rq].
Since p and ¢ are relatively prime, we have @)’ ¢ (). Hence there exists an integer m
with 0 < m < r — 1 such that

Qo< <Qm<Q <Qmy1 << Q1.
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We then define &' := }{x ER|Qn<z< Q’}}. For each i = 1,...,r — 1, we also
define k; :=ky + - - + ki, and set k& =ki+--+kn,+ K.

With the above notation, the Alexander polynomial of a twisted torus knot is given
by the following formula [32].

1) Arganlt) = T (KOY0 - XOT0).

where

r—1
X(t) —1_ (1 . trs) Z tEZ'er(ifl)rs _ tpq+(7“71)rs’
i=1

1— ¢k, if m =0,
T = m e
®) 1—(1—1¢) Z it (=Drs _gk'prmrs - otherwise,
=1
r—1
Y(t) -1 (1 _ trs) Z tQiq—l—(i—l)rs _ tpq—l—(r—l)rs’
=1
1 -9, if m = 0,
Y(t) =

1—(1—1¢) ZtQi‘H(i’l)” — Qatmrs - therwise.
=1

3. Leading coefficients and degrees of certain twisted torus knots

Using the notation from the previous section, we determine the leading coefficients
and degrees of the Alexander polynomials for the families appearing in Theorems 1.1
and 1.3. These computations establish the theorems. Theorem 1.5 can be proved
similarly, and we leave the proof to the reader.

3.1. Proof of Theorem 1.1. For the family T'(r|s|,r|s| — 1;7,s) with s < —1, we

have
p=r|s| and g=r|s|]—1=-1 (mod p).
Hence
a7 =rls| - 1.
Therefore

Q: {[]<T|S‘ _1)] ’j:O,l,...,T—l},
and, after arranging the elements increasingly, we obtain:

Q) - 0 if1 =0,
) rls| =+ if1<i<r—1.
Moreover,
R = {[—j(?“’5| - 1)} |j = 172:"'77"8‘ - 1} = {1727'-'7T‘S’ - 1}

It follows that
b rls| —r ifi=1,
)1 if2<i<r—1.
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Since Q" = [r(r|s| —1)] = r|s| —r, we have Qp < @ < Q1. Hence m = 0, so that
Qm = Qo, and k' = r|s| —r — 1. Therefore, k; = 7r|s| —r—1+ifor 1 <i<r—1,
and k¥ = r|s| — r — 1. Hence, the polynomials X (¢), X(t), Y (t), and Y (¢) defined in
the previous section are given by

X(t) = 1 — ptrlsi=nrlsl 4 (o _ q)lsl=r=trisl

)’Z(t) -1 15(7“|8\—7"—1)7“|5\7
r—1
Y(t) —1_ (1 . trs) Ztr|s\(r|s|fr)+r7i _ t7"|s|(r\s|77“)7
=1
f/‘(t) — 1 — ¢(rlsl=r)(rlsl=1)
A direct computation gives

XY (1) — X()Y (t) = — ptrlsl@rlsl=2r=D+r

r—1
+ (tr|s|(r\s\—r—1) _ 1)(1 o trs) Z tr|5|(r\s|—r)+r—i
=1

+ 75T|s|(27‘|s|—27"—1) + (T . 1)t2r|s|(7‘|s\—r—1)+r
(= 1)rlslrlslr) ol (rlsl=1) _ pgslCri=r-)

To determine the leading term of Ap( s, r(s|-1;r,5)(t), We expand the rational factors
formally as geometric series:

AT(rls], risl-1;r,5)(t) = A= eMa 1_;75“)(1 Ty (XY () = XY (1))

Thus, as a formal power series,

Aqrs)rlsl—tims) (1) = (XOY () = XY (1)) (1 — t)

(1 + rlsl + $2risl oo )(1 + rlsl=1 + $20rlsl=1) L Y1+t + 2o

We see that the lowest-degree term is —r t(rlsl=r=1rlsl,

Since the Alexander polynomial is symmetric, the coefficient of the highest-degree
term is also —r. Hence the leading coefficient of Aqy (s, rjs|—1;r, ) (t) 15 7.

The lowest exponent is determined by the lowest-degree term in the formal power
series expansion at t = 0. The highest exponent, however, is more conveniently
obtained by comparing the degrees of the numerator and denominator in the rational
expression for the Alexander polynomial. Hence, the highest and lowest exponents of
AT(T\S\,MSFl;T,s)“) are

2(r|s))? — 2r%|s| — 3r|s| +2 and r|s|(r|s| —r — 1),
respectively. Therefore, the degree of Aq s, ris|—1;r ) (t) 18 7[s](r]s] —r —2) + 2.

3.2. Proof of Theorem 1.3. For the twisted torus knot T'(6n — 1, 2n; 3n, —1), we
have

i =[2n)7"] =3
Hence

Q:{BJ] ‘j:071727"'73n_1}:{Q0<Q1<"'<Q3n71}-

).
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A straightforward computation shows that

0 if 1 =0,
1= 1 . .

0 1+ 5 if 1 <i<2n andiis odd,
¢+% if 1<i<2nandiis even,
\3(i—n) if2n+1<i<3n-—1.

Similarly,

R=A{[-3j]17=1,2,....2n} ={R;1 < Ry < -+ < Ry, },
where
Rl:{3¢—1 if1<i<on-—1,
6n —2 if i =2n.
It follows that

0 if1<¢<2n—1andiis odd,
ki=<1 if1<i<2n—1andiiseven,
1 if2n<i<3n-—1.

Since ' = [3(3n)] = 3n + 1, we have @, < Q' < Qa,4+1. Hence m = 2n, so that
Qm = Qon, and k' = 0. Therefore,

_ oifi<i<on,
=142
1—n if2n+1<i<3n-—1,

and k = n. Here | 2] denotes the floor function.

Thus, we have

n—1 n—3 n—1
=0 =0 =0

2_ 2
_ t?m 2n+1 t3n +n

Y

B n—1 n—1
X(t) — Z t—3TL—’i _ Z _l(:27'L“!"L‘7
=0 =0

Y(t) =nt ™+ (n+1) — nt? — (n — 1)¥" — 3% — 3 +n

Y

Y(t)=nt™ + (n+1) — (n+ 1)t* — nt>.
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Therefore,

X(t)Y(t) _ X(t)Y(t) — nt3n2+4n + nt3n273n+1 + nt3n2 _ nt3n2+n+1
n—1
2 2 ;
+ (t3n +n + 75371 o t2n o t3n) Z t2n+z
=0
+(n+1) (t3n2+n + t3n2—2n+1 4 t3n2+1 . t3n2+3n 4 ¢in—1 _ y2n—1

n—3
+ ((n+ D"+ nt™ — (n+1) —nt™") (1 — 1) Y2 HiEn=l)
1=0

n—1
2 2 ;
+ (t2n + 30 _ 4307 _ 43n +n) Z $—3n—i
=0
+nt” 4 nt? — "t —

From the formal power series expansion of Equation (1), we see that the lowest-
degree term of the Alexander polynomial of T(6n — 1, 2n; 3n, —1) is —nt=2". By
symmetry of the Alexander polynomial, this implies that the leading coefficient is n.
Moreover, the highest and lowest exponents of

Ap@n-1,2n;3n, 1) (1)
are 3n*> — 7Tn + 2 and —2n, respectively. Therefore, its degree is (3n — 2)(n — 1).
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