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SOME FIXED POINT RESULTS IN C*-ALGEBRA VALUED
BIPOLAR v—METRIC SPACES

MARYAM G. ALSHEHRI*, HAFIDA MASSIT, MOHAMED ROSSAFI, AND ZORAN D.
MITROVIC

ABSTRACT. In this paper, we prove the existence and uniqueness of fixed point and
common fixed point under Banach and Kannan type contractions in the setting of
C*-algebra valued bipolar b-metric spaces. Further, few examples are given to justify
the findings. Our results improve and generalize some results from the literature, at
the end we give several open problems.

1. Introduction and preliminaries

Recently, Ma et al. [7] announced the notion of C*—algebra-valued metric space
and formulated some first fixed point theorems in the C*—algebra-valued metric
space. Several authors obtained results of fixed points in the C*—algebra-valued
metric spaces, see [3,9,11].

The concept of b—metric spaces was introduced by Bakhtin [1] in 1989. In 2015,
Ma and Jiang [6] introduced a concept of C*—algebra valued b—metric spaces which
generalize an ordinary C*—algebra valued space. In 2016, Mutlu and Gurdal [10]
introduced bipolar metric spaces. Roy et al [12] introduced the concept of bipolar
b—metric space and established fixed point theorems on bipolar b—metric space.

Throughout this paper, we denote with A an unital C*-algebra. We call an element
x € A a positive element, denote it by z = 0 if z € Ay, = {r € A : x = 2*} and
o(z) C Ry, where o(x) is the spectrum of z. Using positive element, we can define a
partial ordering < on A, as follows: z < y if and only if y — x > 6, where 6 means
the zero element in A. The set of all positive elements will be denoted by A,.

DEFINITION 1.1. [2] Let & and V be two non-empty sets. Suppose the mapping
d:UxV — A, satisfies:
(i) d(x,y) = 6 if and only if x = v,
(ii) d(z,y) = d(y,z) for all distinct points x,y € U NV,
(ili) d(z,y) 2 d(xz,u) + d(v,u) + d(v,y) for all x,v € U and y,u € V.
Then (U, V, A, d) is called a C*—algebra-valued bipolar metric space.
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LEMMA 1.2. [11] Let A be an unital C*—algebra with a unit identity element I,.

1) We have a = I, if and only if ||a|| < 1, for all a € A,

2) If a € Ay with ||a|| < 3, then I — a is invertible and ||a(Iy — a)™!|| < 1.

3) Ifa, b€ Ay and ab = ba, then ab € A .

4) Let a € A’ = {a € A : ab = ba, for all b € A}, if b,c € A with b = ¢ = 0, and
Iy —a € A, is an invertible operator, then (I —a)~'b = (I, —a)~'c .

DEFINITION 1.3. [5] Let &/ and V be two non-empty sets and b = 1.
Suppose the mapping d : U x V — A satisfies:
(i) d(z,y) = 0 if and only if x =y,
(i) d(z,y) = d(y, z) for all distinct points z,y e U NV,
(iil) d(x,y) = bld(z,u) + d(v,u) + d(v,y)] for all z,v € U and y,u € V.
Then (U, V, A, d) is called a C*—algebra-valued bipolar b—metric space.

DEFINITION 1.4. [8] Let (U, Vi, A,d) and (Usz, Vs, A, d) be C*—algebra-valued
bipolar b—metric spaces and the mapping T : U; UV, — Us U V5.

If T(Uy) C Uy and T(Vy) C Vy, then T : (U, V1, A, d) = (Us, Vo, A, d) is called a
covariant map.

If T(Uy) C Ve and T(V1) C Uy, then T : (Uy, Vi, A d) S (U, Vo, A, d) is called a

contravariant map.

ProposIiTION 1.5. [13] In a C*—algebra valued bipolar b—metric space, every
convergent Cauchy bisequence is biconvergent.

In this paper, we obtain results of existence and uniqueness fixed point and common
fixed point in the setting of C*—algebra-valued bipolar b—metric space. Our results
improve and generalize some results from the literature, at the end we give several
open problems.

2. Main result

Inspired by the notion of bipolar metric space in the setting of C*—algebra intro-
duced in 2023 [2], we discuss the existence of fixed point results for these contractive
mappings in a C*-algebra valued bipolar b—metric space.

DEFINITION 2.1. Let (U, V1, A, dy) and (U, Va, A, dy) be two C*—algebra-valued
bipolar b—metric spaces. A covariant map T : (U, Vi, A, dy) = (U, Vo, A, dy) such
that

dy(Tx, Ty) < o™dy(x,y)c, for all z € Uy, y € Wy
and a contravariant map T': (U, V1, A, dy) S (Usz, Va, A, ds) such that
dy(Tz, Ty) =< a*dy(z,y)a, for all x € Uy, y € V,

for some a € A is called covariant Lipschitz continuous and contravariant Lipschitz
continuous respectively. If ||b]|||a||?> < 1, then covariant map is said covariant contrac-
tion and contravariant map is said a contravariant contraction.

EXAMPLE 2.2. Let A = M5(C), the C*-algebra of all 2 x 2 complex matrices. Let
U, =V =R, Uy, =V, = R. Define C*-algebra-valued bipolar b-metrics

10
di(r,y) = |z —ylly,  da(z,y) = | —y[ly,  where 12:<0 1)'
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Let a = ((%) g) . Then o* = a,a*a = i[g.
Define the covariant map
T: (U, V1, A dy) = (Us, Vo, A dy)
by Tz = }Lx.
For every x € U; and y € Vy,
1

1
do(Tx, Ty) = ’—x — =y

1
I, =~z — I
27 Y| =gl il

while )
o’ di(z,y)a =a |z —ylhb)a = |z —yla® = ;L|95 — y|Ls.

Hence do(Tx, Ty) = a*dy(x, y)a, which implies dy(Tz, Ty) < a*dyi(z, y)a. If the coef-
ficient of the bipolar b-metric is b = 1, then

1\? 1
b 21 (=) ==<1.
ol 1o (2> ;

Therefore, T is a covariant contraction.

EXAMPLE 2.3. Let A = M5(C), the C*-algebra of all 2 x 2 complex matrices. Let
U =R, V=R, Up=R, Vo =R.
Define the C*-algebra-valued bipolar b-metrics

10
di(z,y) = [z — y| L, da(z,y) = v — y| 12, where I, = <0 1) '

o

Let a = 1

2
Define the contravariant map

T : (Z/{l,VhA, dl) = (L{Z;V27A7 d2)

1) . Then o* = a, a*a = L11,.

N
Ol

by T'x = %lm.
Since T'(Uy) C Vy and T'(Vy) C Uy, the map T is contravariant.
Moreover, for every x € U, and y € V),

1 1

do(Tx, Ty) = ’—x - =y

1
27 Y| =gl il

while 1
a*dy(z,y)a = oz —y|l) a = |z —yla® = 1|t —ylk.

Hence, do(Tx, Ty) = a*dy(z,y)a, and therefore do(Tx, Ty) < alpha*d;(z,y)c.
If the coefficient of the bipolar b-metric satisfies b = 1, then

1\N? 1
b =1-(z) ==<1.
0[] [l <2> 1

Therefore, T is a contravariant contraction.

THEOREM 2.4. Let (U,V,A,d) be a C*—algebra-valued bipolar b—metric space
and given a covariant contraction T : (U, V,A,d) = (U,V,A,d). Then, T has a
unique fixed point.
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Proof. Let g € U and yo € V, define a bisequence ({x,},{yn}) on (U, V, A, d) by
Tnt1 = Txnandyn—kl = Tym
for all n € N. We have

d(xn,yn) = d(Txp 1, TYn1) 2 " d(xpy_1,Yn_1)a < -+ <X (a”)"d(xg, yo)"
and

Ad(@ni1,Yn) = ATy, Typ-1) 2 & d(@n, Yn-1)or 2 - -+ =2 ()" d(z1, 90) ",
Let n <m, n,m € Z, we get
A(Tpims Yn) 2 0[d(@Tngm, Yni1) + AT, Yni1) + d(Tn; Yn)]
= bd(ZTptm, Yn+1) + 0(a”)"[d(z0, y1) + d(x0, yo)] "
= B d(Trsms Ynso) + A(Tng1, Ynia) + d(@py1s Yng1)] + 0() [d(z0, y1) + d(20, yo)]™
=V d( Ty Ynra) + 0% (@) d(wo, 31) + d(0, yo)| o™ + ()"
[d(wo, y1) + d(z0, yo)]"

20" d(Tnms Yntm) + bm(a*)n+m_l[d(x07 y1) + d(xo, Z/o)]an+m_l+

o 0P (@) d(wo, 1) + d(@o, yo)] " + b(a*) [d(xo, y1) + d(xo, yo)] "

=< 0" ()" [d (o, y1) + d(wo, yo) ] 4+ 0™ (@) d (2o, 1) + d(wo, yo) ] T+
e () d(20, y1) + d(@o, yo)]o T+ b(e) [d(wo, y1) + (20, yo)]a”

n+m

=<b > v [d(zo, 1) + d(zo, yo))o*

n+m

< (161> NBlE" (@) 1 F (w0, 31) + d(wo, yo)llIZ [d (o, y1) + dlwo, yo)]II2 x| * L

n+m

<RI D IBIF I @) 1P (o, 1) + (o, yo))2 I L
k=n

n+m

= [l [d(zo, y1) + d(@o, yo)]2 |2 S IblIFI@)FIn — 6 as n,m — +oc.
k=n
and

ATy Ynrm) =2 0[d(T0; Yn) + d(@ni1, Yn) + A(Tngt, Yngm)]

= b(a”)"[d(1,y0) + d(z0, yo)]"™ + bd(Tpns1; Yntm)

= b(a*)"[d(x1, yo) + (o, Yo)la™ + U [d(Tns1, Ynt1) + A(Tni2, Yni1) + A2, Ynsm)]
= 0 (a)" " d (21, yo) + d(wo, yo)]a™ T + b(a®)"[d(z1, yo) + d(z0,y0)] ™

+ b2 d(T 2, Yntm)

=+ (@) d (21, yo) + d(wo, Yo )] T
e+ () d(21, yo) + d(wo, yo)]o T 4 b)) [d(@1, yo) + d(wo, yo)]a”
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+ bmd<xn+m> yner)
= 0" ()™ d (21, o) + d(20, yo)]a™ T 4 B (o) T d (2, yo) + d(0, yo)] T
0P (@F) " d(21, mo) + d(@o, yo)] o + b(a®) ™ [d(x1, yo) + d(wo, yo)] "

n+m

<3 ¥ (") [d(@1, go) + d(o, yo) o

n+m
1 1
= ol Z 1B~ 1) [l d (1, yo) + dlo, yo)]II2 [d (1, yo) + d(zo, yo)] |2 lev]|“La
n+m L
= [lol*- ”Z BI* (@) Il [d (1, y0) + dlzo, y0))2 [ I
) n+m
= [IBlI" " l[d(21, yo) + d(wo, yo)I2 17 D [bIFI1(@®)]|*1a = 6 as n,m — +oc.
k=n

This implies that ({z,},{y.}) is a Cauchy bisequence in (U, V,A,d). Hence, there
exists z € Y UV such that

lim d(z,,z) =6 and lim d(y,,z)=0.

n—-+o00 n—-+o00

Now, we shall show that z is fixed point of T. Letting n — 400 and using the concept
of continuity of the function of 7. We have d(z,Tz) = 6.
For uniqueness, let y € V be another fixed point of T" where

d(z,y) = d(Tz,Ty) = a*d(z,y)

and
. 1
ld(z,y)|| < [led(z,y)all < [lal?d(z,y)|| < Tl [d(z,9)|| < ld(z, y)l],

S0, z = y. ]

EXAMPLE 2.5. Let U =]|2,+oo[, V =|]1,400[, A =R?*and d : U xV — A, a
C*—algebra-valued bipolar b—metric defined by d(z,y) = ((z+y)?,0) with b = (2,0).

Define T': (U, V,A,d) = (U,V,A,d) by Tz = %—1—1, for all x € U UV. Then we have
[ AN

()39
= o*d(z, )

1
where a = (5, 0), the mapping T satisfies hypothesis of Theorem 2.4 and 7" has a

unique fixed point x =

l\DIOJ

THEOREM 2.6. Let (U,V,A,d) be a C*—algebra-valued bipolar b—metric space
and given a contravariant contraction T : (U,V,A,d) = (U,V,A,d), such that the
mapping T : U UV — U UV satistying

d(Tx,Ty) = o*d(z,y)a,
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with ||b||||a||* < 1. Then T has a fixed point in U.

Proof. Assume A # {0}, let xy € U and yo € V, define a bisequence ({z,},{yn})
on (U,V,A,d) by y, =Tz, and z,1 = Ty,, for all n € N. We have

d(xp, Yn) = d(Txp_1,Ty,) = @ d(Tp, Y1)
=" d(Txp_1, Tyn_1)x
=< (@) ?d(zp-1, Yn-1)0?

=< (a)*d(x0, yo) ™",
and
d(Tpi1,Yn) = d(Tzp, Ty,) =2 @ d(Tn, yn)
=" d(Txy 1, Ty 1)
=< ()" d( o, yo)a™ .
Let n <m, n,m € N, we get
A(Trpms Yn) 2 0[A(Tnims Yny1) + A(@Tng1, Ynir) + d(@ng1, Yn))
= bd(Tnim, Ynt1) + 0() "2 [d(0, yo) |2 + b(a*)*"Hd(0, yo) |
= VA @npms Ynv2) + A(Tnia, Ynya) + d(@nya, Ynsr)] + b(a) 2 [d (20, yo)]a®H2
+ b(a*)2 ™ d (0, yo)] a2+
= B2 A( Ty Ynr2) + b2 ()T d (20, yo ) +] o 4 b2 (*)* T3 [d (w0, y1 )] a3
+b(a) 2 d(zn, y0)]0*? + b(a”) (o, o)

j bmd<l’n+m7 yn—i—m—l) 4 bm(a*)2”+2m_2[d(a:0, yo)]a2n+2m—2+
T bQ(a*)2n+1[d(fL‘g, yo)]a2n+1
j bm(a*)2n+2m_1[d(l‘0, yo)]a2n+2m—1 + bm—l(a*)2n+2m—2[d(x0’ y0>]a2n+2m—2+

ce bQ(CK*)2n+1[d(x0, yo)]oz2”“

2n+2m—1
<b Y V() [d(wo, yo)lat
k=2n+1
2n+2m—1
<ol > Bl ) 1F I d o, yo) 12 (o, yo) I el * I
k=2n+1
2n+2m—1 )
<l D IblF ) 1P o, yo)) 2 1P 1a
k=2n+1
2n+2m—1
—n 1
= (Bl (o, w)I2 17 Y I (@) ¥ Ta — 6 as n,m — +o0,
k=2n

and
d(ZEn, yn—i-m) - d(Tyn—la T‘rn—s—m) j a*d($n+m7 yn—l)a'
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This implies that ({z,},{y.}) is a Cauchy bisequence in (U,V, A, d). Hence there
exist z € Y UV such that

lim d(x,,z) =60 and lim d(y,,z)=6.

n—-+o00 n—-+o0o
Now, we shall show that z is fixed point of T
Letting n — +o0o and using the concept of continuity of the function of 7. We
have d(z,Tz) = 6.
For uniqueness, let y € V be another fixed point of T" where
d(z,y) =d(Tz,Ty) < a*d(z,y)x

and

ld(z,9)lI < llo*d(z,y)ell = [lel*[ld(z, y)l| < 7= IIﬁII marlldz o)l < lldz ),

now, we conclude that z = y. O]

EXAMPLE 2.7. Let U = [0,1], V = [1,2], A = My(C) and d : U xV — A, a
C*—algebra-valued bipolar b—metric defined by d(x,y) = diag(|x—y|, \|lx—y|), A >0
with b = 2.

Define T': (U, V,A,d) = (U, V,A,d) by Tx =

Then we have

yforallz e UU V.
o r+1 y+1 r+1 y+1
e = (| (57 =257 |2 (57157
1
= diag; (v —y|, Mo —yl)

_dz““’(\f 73) dewrdias (75 75)

), the mapping T satisfies hypothesis of Theorem 2.6 and

z+1

where o = diag (

V2 2

T has a unique fixed point.
Next, we present a generalization of Kannan’s type contraction [4].

THEOREM 2.8. Let (U,V,A,d) be a C*—algebra-valued bipolar b—metric space
and given a contravariant contraction T : (U,V,A,d) = (U,V,A,d) such that the
mapping T : U UV — U UV satistying

d(Tz, Ty) 2 ald(z, Tx) + d(y, Ty)),
with ||b]|]|a|| < 3. Then T has a unique fixed point.

Proof. Assume A # {0}, let xy € U and yo € V, define a bisequence ({z,}, {yn})
n (U, V,A d) by y, =Tz, and z,,1 = Ty,, Vn € N.
We have
d(xp,yn) = d(Txp_1,Tyn)
a(d(xp, Try) + d(Yn-1, TYn-1))
a(d(n, yn) + d(Tn; Yn-1))
(1 )d(l’n, yn) = Oéd(l'n, yn—l)'

PN

4
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By Lemma 1.2, we have d(x,,y,) < a(1 — a) " d(x,, y,_1) and
Ad(@ns Yn-1) = A(TTp—1, Tyn-1) = ald(@n-1,TTn-1) + d(TYn-1, Yn-1)]
Oé[d(xnfla ynfl) + d(xm ynfl)]-

This implies that
(1 — Oé)d(xna ynfl) j Oéd(xnfh yn*1)7

and
d(xn7 yn—l) j a(l - O‘)_ld(ﬁn—ly yn—l)
then
d(@n, yn) = (a1 —a)")*"d(w0,0)
and

d(xrwyn—l) j (Oé(l - a>_1)2n_1d(x07 yO)
Let n <m, n,m € N, we get

d(l’n, ym) j b[d<xn; yn) + d('rn—i-h yn) + d($n+17 ym>]
= bla(l — ) ) d(xo, yo) + bla(l — )™ d(x0, yo) + bd(Tn i1, Yum)

= bl — o))" d(wo, yo) + bla(L — a) )" Hd(wo, yo)+
+b(a(l — )" *"d(wo, yo)
=b[(a(l —a) ™) + (a(l =) )"+ L+ (a1 = a)71)*"]d(wo, yo)
= Bllledl[(E = )™ + (1= a) ™)™+ o+ (1= a) ") ]|d(0, yo) [ 1a
=Bl eI = e) DI + 11 = )™ DI+ o+ (1 = @) )Pl d(o, yo) [

1
— fasn, m — +oo,since ||b||||a]] < 3"

This implies that ({z,},{y.}) is a Cauchy bisequence in (U,V,A,d). Hence there
exist z € Y UV such that

lim d(x,,z) =0 and lim d(y,,z) =0.

n—+00 Nn—+00
Now, we shall show that z is fixed point of T’
d(Tx,, Tz) X ald(z,Tz) + d(Tx,, x,)]
Letting n — +o00 and using the concept of continuity of the function of 7. We have
d(z,Tz)=0.
For uniqueness, let ¥ € V be another fixed point of T" where
d(z,y) = d(Tz,Ty) 2 ald(z, Tz) + d(y, Ty)] = 0,

then z = y. O]

Now, we prove our common fixed point result.

THEOREM 2.9. Let (U,V,A,d) be a C*—algebra-valued bipolar b—metric space
and given T, S : (U,V,A,d) = (U,V,A,d) be a contravariant contraction such that
the mapping T : U UV — U UV satisfying

d(Tw, Sy) = ad(y, Sy) + Bd(x,y) +~[d(z, Tx) +d(y, Sy)], for allz,y € U x V,x # y,
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with o + 8 + 2v < 1. Then T and S have a unique common fixed point.
Proof. Let o € U and yo € V, define a bisequence ({x,},{y,}) on (U, V, A, d) by
Tyon = 2, and X9, 11 = SYont1, T Ton = Yopst1 and STo,ui1 = Yonio,

for all n € N. We have
d(Yon+1, Tant1) = d(TTan, SYani1)
= ad(Yont1, SYan+1) + Bd(Tan, Yont1) + V[d(20, Tx2n) + d(Y2nt1, SY2n+1)]
= ad(Yant1, Top+1) + Bd(Tan, Yont1) + V[d(T2n, Yont1) + d(Y2ns1, Tant1)]-

This implies that

B+

d mn ) nj-
1—a—~ (Y2nt1, T2n)

(2'1) d(y2n+1, 1E2n+1) =

Also,
d(Yont1, Tan) = d(TT2n, Syon)
= ad(Yan, SY2n) + Bd(T9n, Yon) + Y[d(220, TT2n) + d(Yan, SY2n)]
= ad(Yan+1, T2n) + Bd(T2n, Yon) + V[d(Z20, Y2nt1) + d(Y2n, T2n)].
This implies that
2.2 lyznsrvam) % ol

Hence, from (2.1) and (2.2), we get for all n € N

2n+2
+
d(«rn—l-l; yn—l—l) j (&) d(l‘o, ?/0);

Yo, x2n)-

l—a—79y
2n+1
_l’_
rnne) = (T2 dlan)

and )
B+y \
d ny JIn j T d Y *
o) = (T2 ) dGan o)
For all m,n € N, we have two cases.
Case 1: If m > n.

d(ym xm) = b[d(ym an) + d(yn+17 xn) + d(yn+17 xm)]

2n In+1
+ +
j b(l faj”y) d(x07y0)+b<—1fajfy) d<$anO>+bd(yn+1,xm)

5‘*‘ on 5+7 2n-+17]
=Y (ﬁ S d(z0,50) + 0*(d(Yn+1, Tns1)

+ d(yn_g_Q, xn-i—l) + d(yn-f—?a me))

2n 2n+17]
< b (ﬂ) 4 (ﬂ) d(0, yo)+
Y Y

l—a— l—a—

] 2n+2 ) 2n+3
+ +
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2n 2 4
jb M 1+0b M _|_b2 M 4
l—a—7vy l—a—7vy l—a—7v

B+'Y 2n+1
d b| ——
(0, Yo) + <1—a—7

2 4
1+b(ﬂ) +b2<M> W
l—a—7vy l—a—7vy

1 1
= bA™" (1 _ bA2> d(wo, yo) + AT (1 — bA2> d(zo, o)

where A — _Bt7 Bty
l—a—7vy —a—

Case 2: If m < n.
d(yrw xm) j b[d(ym+la xm) + d(ym—i—la xm—i—l) + d(yrm xm—‘rl)]

d(-To, yo)

< 1, we obtain  lim  d(yn,zm) = 0.

n,m—-+o0o

. Since

+ m + .
— b<1 fOé j ,7)2 +1d($07 yO) + b(]__ﬁoé—j,)/)Z +2d<l’0, yO) + bd(y'rw 'rm—i-l)
B+7 \om B4+7 om
j b<<1 —a— 7)2 i + (1 —a— ’Y>2 +2>d<x07 yO) + bQ(d(ym+27xm+1>

+ d(ym+27 xm+2) =+ d(yna xm+2))

j bAQerl( )d(SEQ, yO) + bA2m+2(

)d(z0, Yo)-

1 —bA? 1 —DA?

_BFy < 1, lim d(yn,zm,) = 6. This implies that ({z,},{y.}) is a

l—a— Y n,m—+00

Cauchy bisequence in (U, V, A, d). Hence there exists z € U UV such that

Since

nl_l)I}_loo d(z,,z) =6 and nl_l)al_loo d(Yn,2) = 0.

Also, {Tyan} = {z2n} — 2z €U NV, then {y,} — 2, the continuity of 7" implies that
Tz = z. Similarly, we get Sz = 2.
Let w € U NV such that Tw = Sw = w, we have

d(w,z) = d(Tw, Sz) <X ad(w, Tw) + fd(z,w) + v[d(w, Tw) + d(z, Sz)]
= ad(w,w) + Bd(z,w) + vy[d(w,w) + d(z, z)]
= Bd(z,w).

Therefore, d(z,w) =< 8d(z,w), which is a contradiction, then z = w. ]

Conclusion

In this paper, we obtain some results on fixed points and common fixed points un-
der Banach and Kannan type covariant contractions and contravariant contractions
in the setting of C*-algebra valued bipolar b-metric spaces. Our results improve and
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generalize some results from the literature. Using the techniques presented in this
paper, the following problems remain open:

1. Prove the Reich result of fixed point for type covariant contractions and contravari-
ant contractions in the setting of C*-algebra valued bipolar b-metric spaces.

2. Prove the Hardy-Rogers result of fixed point for type covariant contractions and
contravariant contractions in the setting of C*-algebra valued bipolar b-metric spaces.
3. Prove the Ciri¢ result of fixed point for type covariant contractions and contravari-
ant contractions in the setting of C*-algebra valued bipolar b-metric spaces.

Of course, other questions such as Kirk theorem of fixed point, Suzuki fixed point
theorem, Berinde fixed point theorem, Jungck common fixed point theorem etc.
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