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ON THE ALGEBRA OF 3-DIMENSIONAL
ES-MANIFOLD

IN Ho HwANG

ABSTRACT. The manifold *g— FESX,, is a generalized n-dimensional
Riemannian manifold on which the differential geometric structure is
imposed by the unified field tensor *¢** through the FS-connection
which is both Einstein and semi-symmetric. The purpose of the
present paper is to study the algebraic geometric structures of 3-
dimensional *g — F.SX3. Particularly, in 3-dimensional *¢g — E\S X35,
we derive a new set of powerful recurrence relations in the first class.

1. Introduction

In Appendix 17 to his last book Einstein([4], 1950) proposed a new
unified field theory that would include both gravitation and electromag-
netism. Although the intent of this theory is physical, its exposition
is mainly geometrical. It may be characterized as a set of geometri-
cal postulates for the space time X,. Characterizing Einstein’s unified
field theory as a set of geometrical postulates for X,, Hlavaty([5], 1957)
gave its mathematical foundation for the first time. Since then Hlavaty
and number of mathematicians contributed for the development of this
theory and obtained many geometrical consequences of these postulates.

The main purpose of the present paper is to study the algebraic geo-
metric properties of 3-dimensional *¢g — ESXj3 in the first class. In
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particular, we derive a powerful recurrence relations in 3-dimensional

2. Preliminaries

This section is a brief collection of basic concepts, results, and nota-
tions needed in subsequent considerations. They are due to Hwang ([1],
1995), Chung ([2], 1963) ), and Mishra([6],1959) mostly due to [3].

(a) n-dimensional *g-unified field theory

Corresponding to the Einstein’s n — g-UFT, our n — *¢-UFT is based
on the following three principles.

Principle A.  Let X, be an n-dimensional generalized Riemannian
manifold referred to a real coordinate system z*, which obeys the coor-
dinate transformations ¥ — z*' for which

(2.1) det(z—‘i) £0

In n — g — UFT the manifold X, is endowed with a real nonsymmetric
tensor g,,, which may be decomposed into its symmetric part hy, and
skew-symmetric part ky,:

(22) 9w = h)\u + k/\p
where
(2.3) g=det(gr,) #0, bh=det(hy,) #0, €=det(k,,)

In n —*g — UFT the algebraic structure on X, is imposed by the basic
real tensor *¢* defined by

(2.4) T = g9 =0,

It may be also decomposed into its symmetric part *h* and skew-
symmetric part *k:

(25) *g)\u — *h)\y + *k)\y
Since det(*h*) # 0, we may define a unique tensor *h,, by

(2.6) P thY =0
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Inn —*g-UFT we use both *h™ and *hy,, as tensors for raising and/or
lowering indices of all tensors in X,, in the usual manner. We then have

(27) *k)\,u — *kpo*h)\p*h,u,o, *g)\“ — *gpg*h)\p*hucf
so that
(28) *g)\,u = *h)\u + *k)\u

Principle B The differential geometric structure on X, is imposed
by the tensor *¢* by means of a connection I' \", defined by a system
of equations

(29) Dw*g)\zx — _QSwal/ *g)\a

Here D, denotes the symbol of the covariant derivative with respect to
I'\”, and Sy, is the torsion tensor of I'\”,,. Under certain conditions
the system (2.9) admits a unique solutions I'y”,,.

Principle C' In order to obtain *¢ involved in the solution for I,
certain conditions are imposed. These conditions may be condensed to

(2.10) Sx=5a" =0, Ry =0uYy, Run=0

where Y), is an arbitrary vector, and R,,,"” are the curvature tensors of
X, defined by

(2.11) Ry’ =200 I3 "0 + Ta" Wl %0),  Rux = Ran®

(b) Some notations and results

The following quantities are frequently used in our further considera-
tions:
(2.12)  *g=det(*gru), Th=det(*hy,), “k=det("ky,)
2.13 =2 E = —.
(2.13) 9= “h
(214) Kp:*k[alal *ka2a2_”*k,ap}ap’ (p:0’1’27)

(2.15) O gy = g%, Oy =gy =D v (p =12 ...).
In X, it was proved in [2] that
(2.16) Ky =1, K, ="k if n is even, and K,, = 0 if n is odd.
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(2.17) g=1+Ky+---+ K,_,.

(2.18) YK, R =0 (p=0,1,2,---).
s=0

We also use the following useful abbreviations for an arbitrary tensor
T forp=1,2,3,---:

(c) n-dimensional ES manifold n — *¢-UFT

In this subsection, we display an useful representation of the £'S con-
nection in n — *g-UFT.

DEFINITION 2.1. A connection I'y”, is said to be semi-symmetric if
its torsion tensor Sy,” is of the form

(2.20) Sy’ = 200X .
for an arbitrary non-null vector X,,.

A connection which is both semi-symmetric and Einstein is called
an ES connection. An n-dimensional generalized Riemannian manifold
X,,, on which the differential geometric structure is imposed by *¢** by
means of an E'S connection, is called an n-dimensional *g— E'S manifold.
We denote this manifold by *g — ESX,, in our further considerations.

THEOREM 2.2. Under the condition (2.20), the system of equations
(2.9) is equivalent to

(2.21) Ty, =" { Ayu } + UY 5 + 205X,
where
(2.22) U’ = —"hy, P X"

Proof. Substituting (2.20) for S,,” into (2.9), we have the represen-
tation (2.21). O
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3. Recurrence relations in *g — FSX3

In this section we derive several powerful recurrence relations, estab-
lishing a nonholonomic frame in *g — £S5 X3.

DEFINITION 3.1. The tensors *g,, is said to be
(1) of the first class, if K,_, # 0
(2) of the second class with jth category (j >= 1), if

(31) sz 7é 0, K2j+2 = K2j+4 ==K, ,=0
(3) of the third class, if Ko =Ky =---=K,,_, =0
In 3 —*¢g-UFT, we have only two classes; namely the first class when

K5 # 0 and the third class when Ky = 0. In 3 — *¢-UFT, the relation
(2.17) gives

(3.2) g=1+ K,

A. Basic vectors in the first class

The eigenvalues M and the corresponding eigenvectors A" in *g —
ESX,, defined by

(3.3) MAY ="k, A", (M : a scalar).
are called basic scalars and basic vectors, respectively.

THEOREM 3.2. The basic scalars in *g — E.S X3 may be given by

(3.4) 1\14 = —]\24 =/ — Ky, ]\34 =0
Proof. In 3 — *¢g-UFT, the characteristic equation is reduced to
(3.5) M(M? + Ky) =0
from which our assertion follows. O

THEOREM 3.3. There are three linearly independent basic vectors
1;1”, él”, .éy and they have the following properties:

(a) They are defined up to an arbitrary factor of proportionality.
(b) jill’, él” are null vectors, while él” is non-null.

(c) /31” is perpendicular to /11” and é{”.
(d) zill’ and él” satisty the condition hwéll’él” # 0.



212 In Ho Hwang

Proof. Since the basic scalars M are all distinct, (3.3) admits three
linearly independent basic vectors A” which are defined up to an ar-

bitrary factor of proportionality. The first half of statement (b) is a
consequence of (3.3),(3.4), and

(3.6) M*hy, AMAP = *ky, AN A* = 0, (r=1,2)

Since ]\34 + M #0, (r=1,2), statement (c) follows from (3.4) as in the
following way:

(3.7) M*hMAAfgl“ = *kAMAAél“ = —]\?)J*hMAAél“

In order to prove statement (d), consider a conic C' with equation
*hauAMA# = 0 on a projective plane P;. In virtue of statement (b), /il”
and él” are two different points on C' while *h,\#zil’\ = zil is the tangent

o
line to C' at zil”. Since det(*hy,) # 0, C is non-degenerate. Consequently
*h,\uf})‘ = /il and /24“ are not incident; that is, *h,\ufll’\él“ # 0. O
w

REMARK 3.4. We may choose the factor of proportionality mentioned
in Theorem (3.3) as
(3.8) *his = *hsz =1

B. Nonholonomic frame of reference in the first class

In the first class, we have a set of 3 linearly independent basic vectors

A”, (i =1,2,3) and a unique reciprocal set Ay, (i = 1,2,3) satisfying

(3.9) A =6 A=

With these two set of vectors, we may construct a nonholonomic frame
of reference as follows;

DEFINITION 3.5. If T} are holonomic components of a tensor, then
its nonholonomic components are defined by

i

(3.10) T =Ty A, - AN
J

J
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An easy inspection shows that

) J
(3.11) TV = T;jj[,;l” c Ay

THEOREM 3.6. The nonholonomic components *h;; and *h* may be
given by the matrix equation

(o010
(3.12) (*hi;) = (ki) = [1 0 0
0 01
Proof. (3.12) is a direct result of (3.8) and theorem (3.3) O
THEOREM 3.7. We have
J J .
(3.13) AY = Ay hi* RN, Ay = ARy,
so that
2V I 3v
A=A, A"=A, A"=A
1 2 3
1 2 3
(3.14) A=A, A=A, A=A
2\ 1) 3

Proof. In virtue of (2.6), (3.9) and (3.10), the first relation of (3.13)
follows as in the following way:;

J J
(315) A)\*hij*h)\y _ A)\(*haﬁleaf;lﬁ)*h/\y _ lea(*haﬁ*h)\y)(sf _ élu
3.14) follows from (3.13) and (3.12). O
(3.14)

THEOREM 3.8. The nonholonomic components of ®)*k,", (p)*k,\u and
)k are given by

(3.16) P*pt = MPS.

(3.17) P)*foyy = MP*hy

(3.18) gt = e

T
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Proof. Let A” be the basic vector corresponding to the basic scalar

M. Then from (3.3), we have

(3.19) P v AN = MPAY (p=0,1,2,---)

(3.16) follows immediately by multiplying A, to both sides of (3.19).
The remaining relations may be obtained from (3.16) by lowering and /or
raising indices. [

In the following theorem, we express the components of tensors *hy,,
P)* kv (p)*kw, (P)*EA in terms of basic vectors:

THEOREM 3.9. The representation of *hy,, P)*fe\v, (p)*k:,\u, ()% Av
in terms of basic vectors may be given by

1 2 3 3
(3.20) *h)\u = QA()\AM) + A)\AM

1 2
(3.21) Pk = MP(AZA” + (—1)7 A3 A7)

1 2
(3.22) (p)*k/\u _ EAGAw, 1L p 1S even
if p is odd

Ul

1 2
2MPApA

IMPAPNAY)if p is even
(323) (p)*k)\l/ — 1 1 2
21\141’@[&;1”1, if p is odd

Proof. The representations (3.20) — (3.23) follow from (3.11) in virtue
of (3.4), (3.12) and (3.14). O

C. Recurrence relations in the first class

In this subsection we derive several recurrence relations.
THEOREM 3.10. In the first class, the tensor 1., skew-symmetric
in the first two indices, satisfies

(pq)r z

z Yy
(3.24) T o= Tmyzz\fpz\f@]\grAwAHAy

‘Z7y7'z
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r(pq) Yy oz

3.25 T oy =Y Tapg MPMOMT A, A, A
(3.25) [wop] ; g MM, u
Proof. In virtue of (3.11) and (3.16), our assertion (3.24) may be
derived as
(pg)r (pe)r =z

y oz
T wpy — Z T xyzAwAuAy

x7y72

1 , , . : oy oz
- Z 5((p)*kxl(q)*ky] @0 1O YO kA LA LA,
n 1 . T Yy =z
(3.26) =) T (MPM* + MOMP)M" A, A, A,
2 e T oy r oy z
The second relation may be proved similarly. O]

THEOREM 3.11. The main recurrence relation in the first class is
(327) (p+3)*k/\u - _KQ(p+1)*k)\V7 (p = 07 17 2a e )
Proof. Let M be a basic scalar. In 3 —*g — E\S X3, the characteristic

equation is

2
(3.28) S KM =0
="
Multiplying ¢ to both sides of (3.28) and making use of (3.16), we have
2
(3.29) > KDk =0
£=0
whose holonomic form is
2
(3.30) > KD =0
F=0
The relation (3.27) immediately follows by multiplying ®*k," to both
sides of (3.30). O
THEOREM 3.12. The basic scalars M satisfy
(3.31) MMM+ M), (x#vy)
T Yy x Y

(3.32) MM(MM — Ky), (z#y)
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Proof. These relations follow easily from (3.4). O

THEOREM 3.13. (Recurrence relations in the first class) If T,
is a tensor skew-symmetric in the first two indices, then the following
recurrence relations hold in the first class of 3 —*g — ES X3 :

(12)r 22r 11r
(3.33) T =0, T =KT
r(12) r22 rll
(3.34) T oo =00 Topop = Ko T ypup)

Proof. The above relations are consequences of (3.24), (3.25) and (3.31), (3.32).
For example, the second relation of (3.33) may be proved as in the fol-
lowing way:

(335) = K, Twuy =Ky T
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