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SAGE MATRIX CALCULATOR AND FULL SAGE
CONTENTS FOR LINEAR ALGEBRA

Sage HALI|2} MYCH+35t Sage 2EH =

SANG—GU LEE", KYUNG—WON KIM AND JAE HWA LEE

ABSTRACT.  For over 20 years, the issue of using an adequate
CAS tool in teaching and learning of linear algebra has been raised
constantly. And a variety of CAS tools were introduced in many
linear algebra textbooks. In Korea, however, because of some
realistic problems, they have not been introduced in the class and
the theoretical aspect of linear algebra has been focused on in
teaching and learning of it.

In this paper, we suggest Sage as an alternative for CAS tools
overcoming the problems mentioned above. And, we introduce full
contents for linear algebra and matrix calculator that Sage was used
to develop. Taking advantage of them, almost all the concepts of
linear algebra can be easily covered and the size of matrices can
be expanded without difficulty.
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Sage matrix calculator and full Sage contents for linear algebra

1 S7HE Sage HIAE Fa

A T X
Mathl http://mathl.skku.ac.kr/pub/
At Math2 http://math2.skku.ac kr/pub/
) & Math3 http://math3.skku.ac.kr/pub/
SKKU Single Cell| http://sage.skku.edu
KAIST M-Day https://sagenb kaist.ac.kr:8066/pub/
SAGE Alpha http://alpha.sagenh.org/pub/
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II. Sage AA Y]

AAA SR Asle| A At ol st EAlE AR & 7)Y g8 AR AAHE
2 e 448 A B7E 9aE B0 Ase Be BAt oy Ruwy 4y
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4) Maple Q1E{#|o]~ : http://www. sagemath. org/doc/reference/sage/interfaces/maple. html

MATLAB 1E{#|o]2 : http://www. sagemath. org/doc/reference/sage/interfaces/matlab. html
Mathematica S1E{H o]~ :

http://www. sagemath. org/doc/reference/sage/interfaces/mathematica. html
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Sage matrix calculator and full Sage contents for linear algebra

o07

of APdiste] T8¢ ded P2 rank, trace, nullity, I3k, S4WAA 2 9
g, ety A YD, AANAGFE T2 T F A=E ALGHA

€ [I sage.skku.edu/static/mc.htm

SKKU Sage Matrix Calculator

Choose D[ [+]
5o 0
30 80
Operation | MatrixProperties [+
‘50
a0

B

v

norks

50 —30
A=(71.0 77.0)

Als square? True
Ais ilpotent? False
Als symmetric? False
Als invertible? True
Als Hermitian? False

Ais Skew-Hermitian? False
Als unitary? alse

Copyright @ 2012 SKKU Matrix Lab, Made by Manager: Prof, Sang-Gu Lee with Hee-Dong Yoon, Jae Hwa Lee, Kyung-on Kim

Azshe rRe WM PR AL BG4 @, et AgYs
st gl B W Aol B 4 4804 dED LU SVD, Q13 SE A
W 5 gk @9 2% 12 Aden BEe ez sl Wed Be e
8% 4 e WEe WA, 94, 2lnomE AN 5 ok 29w gAL 7
Yok QUEHES o gae] Gram Schmide AT AmE A4S Fasie] gael 7w
B9 AE ARE S5 ek 71E FEAWF A5G T KAFEANA A
ol Fsserh B GRAWNE AL WAT BaeA B3] AT £ 9o
Agusste Ae RE BAS A48 5 3

Fol7l Sage WHOlAN AL ARl 21E S, AW o] Qe
4G9 2719 a7t - 10904 104h0]9] AH(BEA AvHEA AREALS 29T 5
JHE Jo ANE 99 B 5 dek Wb AL AARL % A} G
Q2% 990 9 Best ek A& Qi @ ¥ AW Fol Aol Ush

6) http://sage. skku. edu/static/me. html
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Qo] ofm HAE 2 BAAA FAHOR B & 9w, ek A4 HES A
298y ggd dAALe $9F 5 Arko] A5l dall E 4 3h614 A

3. Sage FFA 79 7EFZE

o[Al FEANY F2E F ol A AHEA dd FEAE 29 29 2ol
A FLe) 4718 AAske FEd 9 Alte ddeks FEoR Us ¢ Sl
WA Axdo] At @R} Avieh WMo A7|1E AAsta, AAle] s AL
e AdEety dnh a9 29 ofeiE 292 At s AW A2® ‘Choose D
olA Bog AE PRt 4, B, A-B, A+B, AB*,B*A, AAT, A"A 5& A9
]_ A

= [e]
kA ‘Choose_D'oll~] &3]z A4k Azl Dol Voﬂ‘q Operatlon E A F7}

AALS AdEH pol thate] AEA W, rank, F3E, e, AFA ARG, nullity,

i)t E(n)2] 335 Bot0 &3 HES S2H 2, (Determine the size of mand n.)
o W Zo| 37| TEMD. W

n=2 # #4237
n=2 # 22 37

)| Atgl (Evaluate)
5.0 [a0
; rio 70
Choose D A [+]
5 50 50

a0 80
Operation | MatrixProperties E
8.0
B
naorks 1
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4, Sage YEAN7Y 7157 o] &Hd

Sage EAAZIE A&ty Y= “http//sage.skku.edu/static/me.html”o <
S A= A, Y FadA A s ZEE ALY b2 SEHAA Ay ot
Sage MH 9 YA E £o] Q= dyntorT A APAZ S Qi) o)A 3 ¥
A E Fol= gdo] ArlE AAsta, PHo daE YHd ¥ =
XstH frt,

g a2k AAAEE A, ol diste] A- B rank & AP e EAE

Aztete] Bzt 71E9] Al 9 A-BE WA ARbe & Al o gs §jE sk
rank 5 9PES Fafof sty 2 FHALT|= ‘Choose D'E ©]83to] A-BE 7
AT o] E FAlY DE AY3tt 181 ‘Operation’ &EolA 4— B9 rank & <
FHS AT F dEE ) ‘Choose D'9F ‘Operation’ 35S 43| sk 7

Abe ARE oA 98 Fa glo] tekd date] rhsslt
Sage @AA= F 309 FPAdS AFdh 1 F dHE A¥Ed # 339
o

31 Al

2t} o] Sage FAAAI Y 71 2 EAL gE At Sage A=} O]U
] A
3]

%N' ok

= =
Aslol Q7] whel, o] Aske AE FAAL AskA B ANE AT
ke Zolth, o2 A5 FEAW A AW Aue] FFuT o B AL A

S Aol ek ANTE Ause] A8 4 Ak

Ak AA d8=EE @ A3
Dt N BN
rank(D) &4 rank() JH 9| A9 (rank)
D! & inverse() o] o (inverse)
kD k+34 g9 el
det (D) 89 determinant() 9] &4 (determinant)
adj (D) 33 adjoint() o] Futed
Dt &2 transpose() 39| 2] 8= (transpose)
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Ak AA gEEE & A3
charpoly(D) &) charpoly() gH o] Egrhats
LU DL U=3=.LU() e o] LU 3|
SVD US,V=84.5VD() P o] SVDE
QR QR=3%.QRO FE o] QREA
LSE P A\l APAREA Y &
eigenvalues 33 eigenvalues() EEE A, 243
eigensystem & eigenvectors right) | #E <] LA
= A7E2 Sage
=5 ol&std & dx
23 YA E 4

5
e (&
H:

7) http://galois09. skku. ac. kr/sage-spt/quickref-linalg-kor. pdf
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import pylab

Operation = ['<span class="math">D" {n }',
'rank(D)',
'<span class="math">D" {-1 }',
'<span class="math">kD',
'det(D),
‘adjD',
'<span class="math">D" {T }',
'tr(D), '[D:v]', ‘nullity(D)’,
‘charpoly(D)=', % 5 Sage WO FIt9 o
'<span class="math">Proj {a }']

if Operation == 'rank(D)"
Al1=A.rank()
show("rank(A)=%s"%A1)

if Operation == 'nullity(D)":
AI=A.nullity()
show("nullity(A)=%s"%(latex(A1)))

T 4 AL FIHe| of

Linear Algebra with Sage
<Cramer's Rule>

Solv folowing LSE using Cramer's Rul.
+2:=9

2

: 2o ay—32=1
Eigenvalues(vectors) =
Disgonalaton 32 46y-5:=0
Recurance Rastons
:
M meor WA <Cramer's Rule>
Linsar

e 1, the th system has aunque souton  det(4) 7 O in which case
QuataticFoms

Jordan Canonical Form
Jostan eanricalfom

o Visualizations

Sage Math

Hatnt Saer
a2 Sanver
Haih3 Sener

a8 6 MYtSe ¥ 2ex 5 32of @A

8) http://matrix. skku. ac. kr/2012-sage/sage-1la
(HAAskd AHEA S5 A §) 2EtAs IF (Chrome) o] AHE-S AR )
http://www. google. com/chrome
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a9 62 AFUFE 9 2az 3 shil md YA nelFd aga ¥ 2
W27k 2Eea Qi AFUeee AR e E 45 2
ANE 7% AFUFLS] AES ol S 5

Vector

System of Linear Equations
Introduction RREF

LU Factorization
Interpolation

Cofactor Expansion
Determinant Cramer’s Rule

Inverse Matrix

Matrix Representation

Linear Transformation Graphics
Projection Matrix
Diagonalization
Linear Algebra with Sage
Eigenvalues Matrix Power
(-vectors) Matrix Exponential

Linear Differential Equations
Quadratic Forms
Jordan Canonical Form Jordan Canonical Form

EENEREERE S RIGT ESUE RIS DR BRI G Db R
of ael o WA AnEE ol% ANE 5 9l Sage WO $A Utk 2

H
=
dn E dzdA o
ol

452 7 3 S
Sage MlE2 F7} alSith o5 Fall d5d WES deHor thA Aol &
9laL, ofn sigsh= Sagedl WHol= FoIA 7] Wil F7tE Z2afHs A
gote 7|Ee] A ol A2 EAE AT = vk ol High W82 o
AAFE ZEl=1De] A st Sle T3S Sokol FAT ¢ Unt

9) =™ WA : http://matrix. skku. ac. kr/2012-sage/sage-1a/2-2. htm
10) http://matrix. skku. ac. kr/2012-sage/sage—1a/1-2. htm
11) How to use (o] &H) : http://matrix. skku. ac. kr/2012-LAwithSage/interact/
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. e
B Introduction if you want to publish tris, Cick TGS

) ) Salve following LSE using inverse matrx.
Linear Algebra with Sage

<Linear System of Equations>

The following commands work for the first 2 cases.

s and input equations (¥14- 41210l W74 @12))

ag 7 dYA- YA 2= 1 8 Sage A& of

oy e
oo

ro,
2 © oo rff o

o

HN

au}

=

4 H

r &
ko
W e
my o L
£ fd T o

2

5o B A8 S A4 FBAATE ekl
13) B dAelES] WHAS A Loole dhu, 9 202 9 hFAINS ATHE shpel &
o= o

AFome] dd s ARk o= MY Fel, T2 dEHE= JHY 84

12) SNS(Social Network Service) : AF&2} 7+o] AHE$ oA AEH AR T4, gz W I
o

14) WEEA9 93], Bl o] -&Ae] SNSo]-&-A B AL, 2009.
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T | EEE
71.2 57 4 76.8
I I I ] 47.4 58,0
\
T2y A5YY e AZ016 L E={)f-4

mebA B ATdAE S AHU FelA e Sads HhFom ofEeuy)

o] ‘Publish(F7H) MES Fshd 28 103} 2o] Sagez 253 W&o
2) 1% 109 Ado] SNS WE F s ZFEshd 3E HolAE vE AEE
3) & So] Fo]AE(Facebook)S Z8atd WA 2719 34

o =

— Q)
Al ool 219 s7l a7 113} ol WAFH'E & & Y=E Aol
dehiT YA E FYSE AN dolsRe )

g

CLA-LSE1332836602.38

AT EH -

Y02 sa0e B LI BT (test)

CLA-LSE1332836602.38 {Sage)
Ptto: math.skiu at.kr b/ 108/

2235 B

>
O
40
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IV. Sages] 4544 F58 o438 AP435 2

o Ao|Mi= Saged| Hzzg 45 o] g3ty st A
Agtth AAE ¢ FABE B3 AFEAE Saged] HHold 9
sto] AUe e stse = gk aY 2= AEae
o165 Ho]FET,

c@

update

Egsneysion

Ungar Eisenyslus poectonin B Vachor Sum 168,101, 1,), (1,1 =171
e 5 etey GRAAS B EEEE

A= Sage Hlﬂoﬂ 7tz 209l & g9
T Ak 2 AL AR HYE 9fgte] =
S5 A7tttk o)A 9] Worksheet ¥18)0] A Sage =AM A e} Sage

ar At
25 ASWET W AN FUATHIY 14 #R). AEAE AnARAA FEelg

15) http://matrix. skku. ac. kr/2012-LAwithSage/interact/

16) http://matrix. skku. ac. kr/2012-LAwithSage/interact/1. html

17) http://matrix. skku. ac. kr/2012-LAwithSage/interact/1/vech. html © <38kl ‘Run” & S35}
Wz geld & gt

18) http://matrix. skku. ac. kr/2012-LAwithSage/interact/worksheet. html
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5

a2 st gAY Apxlo] FRIE FFFAE o & odllE £ Jdes I 5 9l
tt.

I 5 3 T7(Sage)E AESH oMol sHME9l HEZ (Feedback)
ot ABCDEFGH]JKLM‘NOPQRSA\IR
1. =80 B350 = FHoiotHct 415|3|4|4(5(3[5(5|5]|3|4|4|4(4(4(2|2|3]| 3.84
2. us BE0 5HE USO8 =oFE Y 3|5|4|5(4(5(5|5|5|5|4|5(5|5(5|5|5|4|5| 468
3. 0| I E S5t EofiM MER Z4E ES0A D XATF0| TE R 415|5|4|4|5[5|5|5|5]|4|5|5|5(4(5([4]3|4]| 453
4. 0| IFHE Sotol FEIEE FusiYck 2|5|5|4(4 (543|544 4(4(5(4]3(|4]|3]|3| 3985
5 0| IHE B 7 |IFCE T57(28 S50 415|3|414(5(4]4[5|5]|4|5|5|5(4(5(3]3|4]| 426
6. o] YL Soto EAHEIEZ|I&E S56H0TH 4|5|5|5|4(5(4|4(5|5]|4|5|5|5|4|5(3|3|4]| 442
7.0 IFEE EOIW SR F7I=E S5O 315(4|4|4|5|5|4(5(5(4|5]|5|5]|3|3(3|3([4]416
6. o] oFEE Soto] MEdo| PRk 3|4|4|5(4(5(4|4]|5|5|3|4|4|5(3(4|3|3|4| 4
8. 0| J—}ﬂ: "'Zﬂ SIS RAGIRICE 1|4|14|3(4(5(42|4|5|4|5|4|5(4(3(4|3|5|384
10, SERCH 4|5|5|5|4|5(5|4|5|4|4|4|5|/4|3|5(5]3|4]|437
11, MESTHE o B 24 =%k A415|5|5(4|5|4(4|5|5(4|5(5|5(|3|5|5|3(4]| 447
1 ST BEE 2L oML 50| 0| R0 412|13|5|4(4(3|4(4|5]|4|5|5|5|5|5[1]3|4]| 395
13 SIEEAE B8 MEHUTE 313(3|5(4|5|5/4|5|5[4|5]|5|5|4|5(1|3|4|411

[\)

T (Sage) S A&

FHANNY 18

17

3

3 7HGroup Evaluation)

E 67 o] 15 Hrbel disiA FAEY v BE g4 v)gold e T4
Aol AdE At 53] FAN LAE FEH =TE olgstd TREN 2ol dF
sk B4E Fote Aol wg dAARE AYHASS AT A @6
-3, 1 wj$-5A4)

¥ 6 S8 T (Sage)E ARESH YoM el 2F HIHGroup Evaluation)
i ABC.DEFGH]JKLMNOPQR AVR
1 2210l-2=80 E42 FEEo = 51%0H 6|5|5|5|5[5|6[6|5(6(6[6|6|5|6(6]|5|6 5.56
2.QnAl HSXHo = FosrRIch 503|4|4|5|6|4|6|4|[6|06[6|06(5(6|5|06(5 511
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