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WEAK CONVERGENCE FOR MULTIPLE STOCHASTIC
INTEGRALS IN SKOROHOD SPACE

YooN TAE KiMm

ABSTRACT. By using the multidimensional normal approximation
of functionals of Gaussian fields, we prove that functionals of Gauss-
ian fields, as functions of ¢, converge weakly to a standard Brown-
ian motion. As an application, we consider the convergence of the
Stratonovich-type Riemann sums, as a function of ¢, of fractional
Brownian motion with Hurst parameter H = 1/4.

1. Introduction
Let u(t, ) denote the solution to the stochastic heat equation

1 .
U = U + W (t,x), with initial conditions «(0,x) = 0,

where W is a space-time white noise on [0,00) x R. Then the solution
u(t, x) is given by

u(t,x) = / p(t —rx —y)W(dr x dy),
[0,t] xR
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where p(t, ) is the heat kernel
1 22
e 2.
V2t
For fixed z € R, let us set F(t) = u(t,x). In [7], author studies the

convergence of the sequence J,(t) of the following Stratonovich-type
Riemann sums:

p(t,x) =

wo e SR ()

In this paper, we extend the above problem (1) to the sequence F,
belonging to the gth Wiener chaos. For this, we use central limit the-
orems of multiple stochastic integrals, being the recent results proved
by using the techniques of Malliavin calculus (see [4], [5] and [4]). The
purpose of this paper is to study the convergence in distribution of a
sequence of random functions of the form F, = I,(f,), where I, is the
multiple stochastic integrals, by using Theorem 3.1. Here I,(f,)(w) is
a function in in the Skorohod space D = D([0,1]) and I,(f,)(t) is a
random variable.

As an application, we consider the convergence of the sequence I,(t)
of the following Stratonovich-type Riemann sums:

e = 30 [ () (2]

where B is a fractional Brownian motion with Hurst parameter H =
1/4. That is, let B be a standard Brownian motion independent of BX.
The sequence I,, weakly converges to I in the Skorohod space D, where

@) T=~(B"2-9B 2=2+ i(—l)f@\/%— Vi—1-Vi+t 1)

2

2 2

2. Preliminaries

In this section, we briefly review some basic facts about Malliavin
calculus for Gaussian processes. For a more detailed reference, see [3].
Suppose that H is a real separable Hilbert space with scalar product
denoted by (-,-)3. Let X = {X(h),h € H} be an isonormal Gaussian
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process, that is a centered Gaussian family of random variables such that
E[X(R)X(g)] = (h,g)s. If X = B¥ then

1

E[BH(t)BH(S)] = <1[0,8}7 1[07t]>7'l — 5 <t2H _|_ S2H _ |t - S|2H).

For every ¢ > 1, let H, be the gth Wiener chaos of X, that is the closed
linear subspace of L?(Q) generated by {H,(X(h)) : h € H, ||kl = 1},
where H, is the nth Hermite polynomial. We define a linear isometric
mapping I, : H® — H, by 1,(h®?7) = ¢!H,(X (h)), where H®" is the
symmetric tensor product. The following duality formula holds

(3) E[FI,(h)] = E|[(D'F, hyy .

for any element h € H®? and any random variable F' € D%2. Here D2
is the closure of the set of smooth random variables with respect to the
norm

q
|FI2, = EF? + > E[|D*Fl3e]
k=1
where DF is the iterative Malliavin derivative. The linear isometric map-
ping I, satisfies I,(f) = I,f) and

(1) E[L(f)I,(9)] = { 0 ifp#q

PUf, G mer it p =g,

where f denotes the symmetrization of f.
If f e H, the Malliavin derivative of the multiple stochastic inte-
grals is given by

(5) D.14(fq) = alg-1(f4(", 2)) for z € [0,1].
Let {e;,l > 1} be a complete orthonormal system in H.

If f e H® and g € H®, the contraction f ®, g, 1 <r < pAg, is the
element of H®®+4=2") defined by

[e.o]

6) fRrg= > (fren,® - @e)yer ®(g,e, @ D ey, )per.
Iy =1

Notice that the tensor product f® g and the contraction f®,g, 1 <r <

pAq, are not necessarily symmetric even though f and ¢ are symmetric.

We will denote their symmetrizations by f®¢ and f®,g, respectively.

The following formula for the product of the multiple stochastic integrals

will be frequently used to prove the main result in this paper (see [3])
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PROPOSITION 2.1. Let f € H®? and g € H®? be two symmetric
functions. Then

) B0 = S r(7) (e a7 200

r
r=0

3. Main results

Let us recall the following result in [2], which is a collection of some
of the results contained in [4] and [6].

THEOREM 3.1. Fixd > 2 and let ¥ = (k; j); j=1,..a be ad x d positive
definite matrix. Fix integers 1 < ¢ < -+ < qq. For any n > 1 and

i=1,....d, fi(n) € H®%. Assume that
Fo= (I, (™), Iy (£57)), no> 1,
is such that
lim B[L,, (£")1,,(

2
n—o0

f](n))] = K/i,j; 1 S Z,j S d

Then the followings are equivalent:

(i) For every 1 <i < d, the sequence {Iqi(fi(n)), n > 1} converges to a
normal distribution N(0, k; ;).
(ii) For every 1 < i < d, limy o0 E[(L, (f))*] = 32,
(iii) Forevery 1 <i<d andevery 1 <r <¢; — 1,

nh_{{.lo ”fl(n) ®7‘ fi(n)‘|7-[®2(qi7r) e O

(iv) The random vector F,, converges in distribution to a d-dimensional
Gaussian vector Ny(0,Y).

We consider the Skorohod space D = D([0, 1]).
THEOREM 3.2. Suppose that for t,s € [0,1],
(®) i E{L(Fu(0) L, (fu(s))] = 1A,

where f,(t) € H®? for each t € [0,1]. For fixed t € [0, 1], the sequence
{I,(fn(t)),n > 1} converges to a normal distribution N'(0,t). We further
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assume that forp=1,...,q,

(9) [(fn(t) = fu(t1)) @q—p (fn(t) = fult1)) e
X[[(falt2) = fu(t)) @q—p (fu(t) = fultr))llroo
< GlF(t) — F(t))
forty <t <ty and n > 1, where ¥ > 1, and F' is a nondecreasing,
continuous function on [0,1]. Then we have

(10) I,(fa) = B,
where B is a standard Brownian motion on [0, 1]

Proof. We first show that the finite-dimensional distributions of I ( f,,)
converge to those of B. For any tq,ts,...,t; € [0,1], £ > 1, let us set

Fo = (I(fa(t1), - Ig(fu(ti)-

By the assumption (8) and {I,(f,.(¢)),n > 1} 2 N(0,t), we obtain, from
Theorem 3.1, that the random vector F;, converges in distribution to a k-
dimensional Gaussian vector Ny (0, X), where ¥ = (t;At;), 1,5 =1,..., k.
For t; <t <ty and n > 1, the formula for the product of the multiple
stochastic integrals and (4) yield

(10 EL(LUa0) = LU (02U altz)) — L0
- ) (ﬁ) (20— 20)1 x {(Fult) — Fult)) @y (alt) — Fultr)):

fa(tz) = fu(t)) @p (Fulta) = fo(t))po @iz
By using (9), the Cauchy-Schwartz inequality and || f ®, f|lyoi-2» =
1f ®q—p [fllnom, we get

E[(Iy(fa(t) = Lo(fa(£1)))* Ug(fa(t2)) = Lo(fu(1)))’]

q

< o) @ (20 — 2)(Fult) — Fult2)) Dgmp (Fult) — Fultr)) s

p=0
X[ fa(t2) = ful(t)) @q—p (fult) = ful(t)ll2o
< ¢ Ft2) = F(t)]”,
which implies that a sequence of cadlag processes {I,(f,.()),t € [0,1]} is

relatively compact in the Skorohod space D([0,1]). From Theorem 15.6
in [1], the result follows. O
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4. Applications

By using our main result, we study the convergence of the sequence
I,,(t) of the following Stratonovich-type Riemann sums over a uniformly
spaced time partition ¢; = j/n in the case when H = 1/4.

0=3 (L) (X))
wmo = S{EE) )]
L))}

THEOREM 4.1. Let o be as in (2) and B be a standard Brownian
motion. Then

(13) F, 2 B,

where the notation — denotes the convergence in distribution on the
Skorohod space D([0, 1]).

Proof. Using the formula for the product of the multiple stochastic
integrals, we write

[nt/2]

Fn(t) = Z {[2(1([%3 1,23}) _]2(1([2)2 2 251 1])}
j—]_ n n n n
[nt/2]

+ Z {||1 2 2113, — Hl[y,Ln—l]H?{}

= Fn,l( ) + Fa(t).
If n =2k for k =1,2,..., the sequence {F,(t)} can be written as

[nt]

Foa(t) = Z(—l)jé(l?fl i)

. n n
Jj=1
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If n=2k+1for k=1,2,..., the sequence {F,1(t)} becomes

[(n=1)4] '
FL) = Y ((1PLAT, ).
When n = 2k for k =1,2,..., it is clear that
[nt]
1) EEL0 = 23 C0TE, L, e
Z] 1 n n ’'n
[nt]—1
2[nt] nt] —1—r .
= T > (714—1{ (=1)"p(r)?,
r=1

where p(r) = 2r[* — |r + 117 — |r — 1]*#. Since Y = p(r)? <
for H = 1/4, we obtain, by dominated convergence theorem, that the
right-hand side in (14)

i 5 (B o i3

From this, we have

(15) Tim E[F, (1)°] = ¢(2 + Z p(r)?).

Let us set 02 = 2+ > °2 (=1)"p(r)®. By using Theorem 3.1, we will

prove that %Fn,l 2, B, where B is a standard Brownian motion. Fix
t € 0,1]. The Malliavin derivative of F,,1(t) is given by

[nt]

—22 W1 (Lazt )Lzt 2.
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Hence, by the formula for the product of the multiple stochastic integrals,
we have that for 0 <t <1,

E[([|DFar ()7, — 2t0®)?]
[nt]
= 16 3 (DD M g Lo w (L gy Ly, 1))
4,9,k 0=1
XE[IQ(].[Z 1 z] ®1[] 1 ]]).[2(1[k 1 k] ®1[Tl })]

1
n

+16 Z l"l‘] k‘+l<1[1n1 :L]71[J 1 ]]) <1[Tl’§},1[l—71’%]>’2}_l
4,5,k 0=1
[nt]
—16t0- Z Z+] '—1’1],1[] 1 ]]> +4t2 2
i,j=1 !
= An(t) + Bu(t) + Cp(t) + 420
The equation (4) yields
[nt]
Au(t) = 16 > (=1)7( ~ 1) g, Lo ap)u
i,7,k,1=1
X (Lt gy, Ly ap)ae(Lyims g Tt ap)pedRpaz gy, st )
[nt] o
+16 Z (_1)Z+j(_1)k+l<1 %,%]71[%,%]%‘-{
i,7,k,l=1
X<1 k:L :]7 ]_[ :L n}> <1[z 1 Z]’ 1[ :L ’,lL]>7.[<1[%7%}7 1[k;1yﬁ]>H
= Apa(t) + A, ().

For the first sum, we decompose the sum Zz ki1 as follows:

Y <Z+ Z>+<Z+Z+Z>

i=j=k=l i=j=k j=k=l i=pk=l i=kg=l o =lj=k
i#] ki i#j i#j
TV
four sums
+< g +--+ g ) + E
i=j,k#1 k#L ki i,5,k,l are all dif ferent
kAL I kg i ]

-~

SIX sums
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For the convergence of the above sums, we need to estimate
(17) ﬁﬂ[%%]’l[%%ﬁﬂ‘

= (V=i -V 10) - (Vi—i+ 1= Vi l)|

Let f(z) =+vx 41— +/z. Fix j —i > 2, the mean value theorem shows
that for some \ € [0, 1]

(18) V(s 1 s

i — 1
R R RNt

In the case when j —i = 1, since 2 — v/2 < 1/4/2, the inequality (18)
holds. Hence

(1 ) )< (L] [*J;l:%])?"‘

Let us set

Bn(z7jak7l) = <1[%,%]71[%7%]>’H<1[ﬂ %}71[1 1

= =1 1)y
X<1[%7%’], 1{@ ﬁﬂ%(l[@ i, Lia 1)
For the first sum, it follows from (19) that for each 0 <t <1

]
‘16 Z (=)™ (=1)*"'B, (i, 4, k, l)‘ c[n—t] — 0.

i=j=k=I

For the second sum, we have, from (19), that

‘16 Z DT (=) B, (i, 4, k, 1) ‘ Zl?’ — 0,

mkl 1

where Al = {1 <4,5,k, 1l < [nt] :i=j =k, | #i}. For the third, the
fourth and the fifth sums, we can proceed analogously and we obtain
C'/n for bound. For the sixth sum, we have

16 Z H_] k+an(i7jak7l>‘ S - 73 07
n

Az]kl,Q
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where A7y, o = {1 <4, j,k,l < [nt] :i=j,k =1k i} For the seventh
and the eighth sums, we can proceed analogously and we obtain C'/n for
bound. For the ninth sum, we have

(20) ‘16 > (=)= B, (i, 4, k. 1)

n
'Aijkl,3

c 1 1 1
n? g ke — 1372 [k — 32 |1 — 3%’
k#l,llyéi

where Al 5 = {1 < 4,5,k 0 < [nt] i =jk#ik#I[1#i} Wecan

decompose the sum Y  x into six sums
[

1,140
(21) DAED D>
k>1>1 k>i>1 i>k>l1

Since k — i > k — [, we have

c 1 1 1
n2 Z k=132 |k — P2l — 32

n>k>1>1
n n
c 1 1
< n Xl
= 1=

These arguments give the same bound for the other sums in (21). By
using the same way as for the ninth sum, we can show that the other
sums in the fourth part in (16) have the bound C'/n. For the last sum

in (16), we can decompose the SUm >, i1 o it dif ferens 060 4! sums

(22) DD
k>1>i>5 k>1>j>i

For the first sum, we have

c 1 1 1 1
n2 Z i — (372 [k — 1|32 [k — i/2 |l — i[3/2

k>1>i>j
Com 1l e~ 1 «— 1

By using the same as for the first sum in (22), we can show that the same
bound also holds for the other sums in (22). By combining the above
results, we can show that A, (¢) — 0. By using the same arguments as
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for A, 1(t), we have that A, »(t) — 0, and hence A,,(t) — 0. From (15),
we can show that B,(t) — 4t?c* and C,(t) — 8t?c?. Hence we have
that t € [0, 1]

(23) DF, (t) — 2to® in L*.

When n = 2k + 1 for k = 1,2,..., it is obvious that (23) also holds. It
is immediately check that the sequence {F, »(t)} converges to zero as n
tends to infinity. The result in [4] proves that For every t € [0, 1],

(24) ZFua(t) 2 B(1),

where B is a standard Brownian motion. If we show that
(25) lim E[F, 1 (t)F,1(s)] = (t A s)o?,
n—oo

we obtain, from Theorem 3.1, that for ¢,ts,...,t, € [0,1], 1 > 1,

(26) %(Fm(tl), o (1) 2 (B(t),. .., B(ty)).

Indeed, for s < t, it is clear that

(27) E[Foi1(t)Foa(s)] = 2[25] + ) (W]_%y—wp(r)?
— s0°. :
For s < t, we estimate, from (19),
(28) [(Fo1(t) = Fo(5) @1 (Fa(t) = Fua(5)) 302
= 9 2 ([nt] — [ns]\”
< (Zoor) (M),

r=1

By a similar estimate as for (28), we get

(29) 1(Fn () = Fua(s)) ® (Foa(t) = Foa(s)l302
= 9 > nt] — [ns]\
< (eor) (M)

The estimates (28) and (29) prove that (9) holds. Hence by Theorem
3.2, the result (13) follows in the case when n = 2k. It is clear that the
result (13) follows in the case when n = 2k + 1. O
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LEMMA 4.2. Let F,, be defined as in (12). Then
(30) (B", F,) 25 (B",B),
where B is a standard Brownian motion independent of BY.
Proof. Fix 0 < t; < --- < t;. Then the random vector
((B" (t:))r<izt, (I(Lji=1 5))1<5<n)

is a | + n-dimensional normal distribution with mean vector 0 and co-

variance matrix
Y11 X2
Y
(221 Yoo )

where 211 = (E[BH<ti)BH(tj)])1§Z‘7]‘Sl, 212 = (E[BH(tZ)](l[%7%]>D 1<i<l

1<j<n
and 222 = (p(i_j))lgi,jgn- Then (I(l[%7%]>>1§j§n_2212;11 (BH(ti))lgigl
and (B (t;))1<i<; are independent. Using the formula for the product
of the multiple stochastic integrals, we write

[nt]

Fa(t) = (-1 (1 ) = (172
Define
[nt]
RO = R0 -2) (DAL ) S an (0
j=1 k=1
[nt] 9
P (S w)
j=1 k=1
where Y9, 37 = (ajk)1<<n,1<k<i- Note that
o e e[ 0w () - 5 ()] <
s s o () -8 ()] < o
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Then, from (31) and (32), we get
(33)  E[ sup |F.(0) - (0]

<t<

C C

n l
< At Sy ’E[Il(l[%%])BH(tk)} ] 0 asn — 0o

j=1 k=1
Thus it follows from (13) and (33) that

(B (t)1<ict, Fr(s1)s - Fx(s1)) —= (B (t))1<i<t, B(s1), .., B(sx)).

Since (B (t;))1<i<; and F* are independent, and the sequence (B F,,)
is relatively compact, the proof is complete. O

THEOREM 4.3. Let o be as in (2) and and B be a standard Brownian
motion. Then
(34) I, = S(B") - %B,

where B is a standard Brownian motion independent of BY.

Proof. Using a®> — b* = (a + b)(a — b), the sequence {F,} in (12) can
be written as

2[nt/2]\2
(35)  Fu.(t) = —zfn(t)+BH(%> — B (t)* + B (t).
From (35), we write
1 2|nt/2]\2
I.(t) = 5BH(t)2 + {BH (%) — BH(t)Q] — F,(1).
It is clear that
2[nt/2]\2
]E[ sup BH<M> —BH(t)ﬂ 0.
0<t<1 n
By Lemma 4.2, the proof is complete. O
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