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THE POSITIVITY OF THE HYPERGEOMETRIC
TRANSLATION OPERATORS ASSOCIATED TO THE
CHEREDNIK OPERATORS AND THE
HECKMAN-OPDAM THEORY ATTACHED TO THE
ROOT SYSTEMS OF TYPE B, AND (),

KHALIFA TRIMECHE

ABSTRACT. We consider the hypergeometric translation operator
associated to the Cherednik operators and the Heckman-Opdam the-
ory attached to the root system of type By. We prove in this paper
that these operators are positivity preserving and allow positive in-
tegral representations. In particular we deduce that the product
formulas of the Opdam-Cherednik and the Heckman-Opdam ker-
nels are positive integral transforms, and we obtain best estimates
of these kernels.

The method used to obtain the previous results shows that these
results are also true in the case of the root system of type Cs.

1. Introduction

In [1], Cherednik introduced a family of differential-difference opera-
tors that nowadays bear his name. These operators play a crucial role in

Received February 6, 2013. Revised March 13, 2013. Accepted March 13, 2013.

2010 Mathematics Subject Classification: 33E30, 33C67, 51F15.

Key words and phrases: Cherednik operators, Heckman-Opdam theory, Root sys-
tems of type By and C5, hypergeometric translation operators, Opdam-Cherednik
kernel, Heckman-Opdam kernel, product formula.

This research was supported by Incheon National University Research Grant,
2013-2014.

© The Kangwon-Kyungki Mathematical Society, 2014.

This is an Open Access article distributed under the terms of the Creative com-
mons Attribution Non-Commercial License (http://creativecommons.org/licenses/by
-nc/3.0/) which permits unrestricted non-commercial use, distribution and reproduc-
tion in any medium, provided the original work is properly cited.



2 Khalifa Trimeche

the theory of Heckman-Opdam’s hypergeometric functions, which gener-
alize the theory of Harish-Chandra’s spherical functions on Riemannian
symmetric spaces (see [2,3,5]).

To study in [7,8] a harmonic analysis associated with the Chered-
nik operators and the Heckman-Opdam theory, the author has intro-
duced the hypergeometric translation operators. In many situations to
solve problems of this harmonic analysis we need the positivity of these
operators, and the product formulas of the Opdam-Cherednik and the
Heckman-Opdam kernels are given by integrals with positive measures.
These properties are not yet proved in the general case, they are obtained
only in the one dimensional case (see [9]), and in the multidimensional
case under some conditions on the root system and the multiplicity func-
tion (see [10]).

This paper is a contribution towards these questions in the case of
the Cherednik operators and the Heckman-Opdam theory attached to
the root system of type Bs.

We prove in this paper the positivity of the hypergeometric transla-
tion operators T,, TV, x € R?, associated respectively to the Cherednik
operators and the Heckman-Opdam theory, and we deduce that for all
z,u € R? there exist positive measures m, ,,, mgvu on R? with compact
support and of norm equal to 1, such that

- For all C*-function g on R? we have

T0)(w = [ gl (o) )

- For all C*°-function g on R? invariant by the Weyl group W, we
have

V(00 = [ alyiml(o) &)

From the relations (1), (2) we deduce the following product formulas for
the Opdam-Cherednik kernel G(z), A € C?, and the Heckman-Opdam
kernel Fy(x), A € C?:

Vo,u € R Gy(2)Gy(u) = . Gi(z)dmy . (2), (3)
YV x,u € R? F\(2)Fy(u) = /R2 Fy(z)dm)),(2). (4)
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These formulas imply the following estimates for the functions G,(z)
and F)(x) :
Vo, e R2V A eR?|Gy(7)] <1, (5)
Vo, e REVAER?|Fy(z)] < 1. (6)
Our proof of the positivity of the hypergeometric translation operator
T.,x € R? uses essentially the properties of the heat kernel p;(z,y),t >
0, associated with the Cherednik operators and the positivity of the
transmutation operators associated with the Cherednik operators proved
n [11]. We deduce the positivity of the hypergeometric translation op-
erator TV, x € R?, from the previous result and the relation between
T, and TV.
We remark that the method employed in this paper can be applied
to the Jacobi-Cherednik operator on R, and to the Cherednik operators

and the Heckman-Opdam theory attached to the root system of type
C.

2. The Cherednik operators on R? and their eigenfunctions

We consider R? with the standard basis {e;, es} and inner product
(.,.) for which this basis is orthonormal. We extend this inner product
to a complex bilinear form on C2.

2.1. The root system of type B; and the multiplicity function.
The root system of type By can be identified with the set R given by

R = {£e1, fea} U{te; e}, (2.1)
which can also be written in the form
R ={xa;, tas, tas + as},
with
ap = e, = €9, a3 = (€1 — €3), 0y = (€1 + €9). (2.2)
We denote by R, the set of positive roots
Ry =A{a1, ag, as, as}, (2.3)

and by R the set of positive indivisible roots i.e, the roots a € R such
that § ¢ R,. Then we have

RS =R,. (2.4)
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For o € R, we consider

2
ro(z) =z — (&, x)a, with & = ﬁ, (2.5)
o
the reflection in the hyperplan H, C R? orthogonal to o. The reflections
re, € R, generate a finite group W C O(2), called the Weyl group
associated with R. In this case W is isomorphic to the hyperoctahedral
group which is generated by permutations and sign changes of the e;,7 =
1,2,
The multiplicity function k : R —]0, 400 can be written in the form
k = (ki, ko) where k; is the value on the roots «y, ae, and ks is the value
on the roots ag, ay.
The positive Weyl chamber denoted by a* is given by

at ={reR*;VaecR,, (a,z) >0}, (2.6)

it can also be written in the form
at = {(21,75) € R? ;21 > 29 > 0}, (2.7)
we denote by at its closure. Let also R?_ be the subset of regular

reg
elements in R?, i.e., those elements which belong to no hyperplane H, =

{z € R%{a,z) =0}, € R.
Let Ay denote the weight function

e’ o
Ve R Ay(z) = g \smh<§,x>|2k< ). (2.8)
act

REMARK 2.1. The root system of type Cy can be identified with the

set R given by
R = {£2e1,£2e2} U {£e; L e},
which can also be written in the form
R = {xa1, tas, tas, +ay},
with
ap = 2ey, a0 = 2e9, i3 = (€1 — €3), a4 = (€1 + €2).
The set of positive roots is the following
Ry ={a1, s, a3, ay}.

If we denote by W (C5) the Weyl group associated to the root system R
of type (s, then we have

W(Cy) = W(B).
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We denote also by k& = (kq, ko) the multiplicity function of the root
system R of Cy, where kp is the value on the roots aq, as, and ks is the
value on the roots as, ay.

In the remainder of the paper we shall give the results and their proofs
only for the root system of type By. It is easy to obtain the analogous
of these results in the case of the root system of type Cj.

2.2. The Cherednik operators on R2 The Cherednik operators
T;,7 = 1,2, on R? associated with the Weyl group W and the multiplicity

function k are defined for f of class C' on R? and z € Rreg = R2\ U H,

a€R
by
0 k(a)al
Tif(z) = %f(if) + ) m{f@?) — f(rax)} — pif(2), (2.9)
J aER 4
with .
pj = §QGZR+ k(a)a?, and o = {a,e;). (2.10)

These operators can also be written in the following form

9 x) — flro,z ) — [(Tas®
Tyf(0) = pom (o) + iy LD g [0 = F )
(R ] )
(2.11)
3 xX) — 7“02{23'
Lf(z) = @f(f) + kl{f(l )_ @Lf(gxzx) !
f(l’) - f(rcmx) f(l’) — f(Ta4JI) 1
+hy [ T e T T e | gk /@)
(2.12)

2.3. The eigenfunctions of the Cherednik operators. We denote
by Gy, A € C?, the eigenfunction of the operators 7,7 = 1,2. It is the
unique analytic function on R? which satisfies the differential difference
system
T;G\(z) = —i\Gy(z),z € R? j =1,2,
{ GA(0) =1

It is called the Opdam-Cherednik kernel.

(2.13)
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We consider the function Fy, A\ € C?, defined by

Vo eR? Fy(z) = ﬁ Z Gi(wz). (2.14)

weW

This function is the unique analytic W-invariant function on R?, which
satisfies the partial differential equation

{ B ZyEB, e eR .15

for all W-invariant polynomials p on R? and p(T') = p(T}, Tz). It is called
the Heckman-Opdam kernel.
The functions GG, and F) possess the following properties

i) For all x € R? the function A — G, (z) is entire on C>.
ii) We have

Ve eR% VAeC? Giz)=G_x(z). (2.16)

iii) We have
Va eR? VAeC? |Gy(2)] < Gimpy(2). (2.17)

iv) We have
VaeR? VAeR|Gy(z)| < W[V (2.18)
VzeR? VAeR?|F\(z) < W[V (2.19)

v) For x E_RQ, we denote by 2™ the only point in the orbit Wa which
lies in at. Then we have

Ve R? Gy(r) < [] (+ (a, z))e P, (2.20)
aER 4+
(a,x)>0
vi) The function Fy satisfies the estimate
Vo ear, Fo(zr) < e T 1+ (o, 2)). (2.21)
a€ER

vii) Let p and ¢ be polynomials of degree m and n. Then there exists a
positive constant M such that for all z € R? and A € C2, we have

0 0
—_ — < n m maxy,cw Im(w,z)
P(53)a(5)GA@)] < ML+ AN (1 + 2l Fola)e .

(2.22)
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viii) The function Gy, A € C?, admits the following Laplace type repre-
sentation

VreR:Gy(z) = / e‘i<A7y>dux(y), (2.23)
RQ
where p, is the positive measure on R? with support in ' =
conv{wz,w € W} (the convexe hull of the orbit of z under W)
given by the relation (4.33) of [11].
ix) From (2.14), (2.23) we deduce that the function Fj, A € C?, pos-
sesses the Laplace type representation

Vo R R ) = [ e du ), (2.24)
R2
where 1!V is the positive measure with support in T’ given by
1
weW

3. The transmutation operators associated with the Chered-
nik operators

NoTATIONS. We denote by
- £(R?) the space of C*-functions on R2. Tts topology is defined by
the seminorms

Qn,K(go): sup |Du90(‘r)|>

ki
where K is a compact of R?, n € N, and
p olxl )
Dr = Tl (h1, p2) € N, |l = pa + pao-

- D(R?) the space of C*®°-functions on R? with compact support. We

have
D(R?) = | Du(R?),
a>0
where D,(R?) is the space of C*™-functions on R? with support in the
closed ball B(0,a) of center 0 and radius a. The topology of D,(R?) is
defined by the semi-norms
)= s DY), neEN.

<
z€B(0,a)



8 Khalifa Trimeche

The space D(R?) is equipped with the inductive limit topology.
- S(R?) the classical Scwartz space on R?. Its topology is defined by
the seminorms
Qual(f) = sup (L+|z|*)|D"f(2)], n.leN.

lul<n
z€R?

- SQ(RQ) the generalized Schwartz space of C*°-functions on R? such
that for all £,n € N, we have

Pon(f) = sup (1+ |[]*) (Fo(w)) D" f(w)] < +oo,
Lo

where Fy(z) is the Opdam-Cherednik kernel corresponding to the eigen-
value zero.
It is topologized by means of the seminorms F;,,,¢,n € N.

By using for x € R?, the positive measure u, given by (2.23), we
define the transmutation operator called also the trigonometric Dunkl
intertwining operator V; on £(R?) by

Va R Vi) = [ o), (31)

The operator V; is the unique linear topological isomorphism from & (R?)
onto itself satisfying the transmutation relations

Vo R Vo)) = Vily o)) J =12 (32
and the condition
Vi(9)(0) = g(0). (3.3)

The dual 'V}, of the operator V} is defined by the following duality
relation

Lo = [ vee @Ak G

with f in D(R?) and g in £(R?).
This operator is given by

Vy e R, Vi(f)(y) = . f(@)dv,(z), (3-5)

where v,y € R?, is the positive measure on R? given by the relation
(4.29) of [11], and verifying

v, (K) < +oo, for every compact K C R?, (3.6)
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The operator 'V}, is a linear topological isomorphism from
- D(R?) onto itself,
- $,(R?) onto S(R?),

satisfying the transmutation relations

0 .
Yy e R Vil(T;+5)f)(y) = a—yth(f)(y)a i=12 (37
j
where S is the operator on D(R?) (resp. S»(R?)) given by
Vo R Si(h)(x) = ) k(a)ah(rez). (3.8)
aER 4

The operator 'V} possesses also the following property : for all f in
D(R?) we have

suppf C B(0,a) < supp'Vi(f) C B(0,a), (3.9)

where B(0, a) is the closed ball of center 0 and radius a > 0.

REMARK 3.1. By using the measures p)¥, @ € R?, and v, y € R? given
by (2.25) and (3.5) we have defined and studied in [8] the trigonometric
Dunkl intertwining operator V¥’ on £(R*)" (the subspace of functions
of £(R?) which are W-invariant) and its dual 'V} on Sy(R*)" (the
subspace of functions of Sy(R?) which are WW-invariant), and we have
given some properties of these operators.

4. The hypergeometric Fourier transform associated with
the Cherednik operators

NOTATIONS.

For a > 0 we denote by PW (C?), the space of functions h which are
entire on C? and satisfying

¥m e N,sy(f) = sup (1+[|A%)"[a(A) e < fo0.
AeC?

Its topology is given by the seminorms s,,, m € N.

We consider the space PW (C?) of entire functions on C? which are
rapidly decreasing and of exponential type. We have

PW(C?) = Uasg PW(C?),.
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It is equipped with the inductive limit topology.

DEFINITION 4.1. The hypergeometric Fourier transform H is defined
for f in D(R?) by

VAeCLH()N) = 5 f(2)Gx(z)Ag(x)dz. (4.1)

THEOREM 4.2. The transform H is a topological isomorphism from
i) D(R?) onto PW(C?).
ii) S»(R?) onto S(R?).

The inverse transform H ! is given by

Vo eR,H ' (h)(z) = /R h(N)GA(—z)Cr(N)dA, (4.2)
where
VAER,C(N) =GV [T 1+ zgaéﬂ' (4.3)
with ¢ a normalizing constant and o
e @ = IT g™ e
a€ER ¢ ’
We have
VA€ R? |Cu(N)]* = Ce(NCr(=A) = Ce(N)Cr(N). (4.5)

REMARK 4.3. The function Cy()\) is continuous on R? and satisfies
the following estimate

VA eR?|Cu(N)] < const (1+ [|A*)° (4.6)

for some b > 0.

5. The hypergeometric translation operator and its dual and
the hypergeometric convolution product associated with
the Cherednik operators

5.1. The hypergeometric translation operator and its dual. The

hypergeometric translation operator 7.,z € R?, (see [7]), is defined on
E(R?) by

Yy € R To(f)y) = (Vi)e(Vi)y [V ' (F) (@ + y)]. (5.1)
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We give the following some properties of the operator 7,,z € R2.

1. For all z € R?, the operator 7, is continuous from &(R?) into itself.
2. For all f in £(R?) and x,y € R?, we have

T.()0) = f(z) and 7(f)(y) = T,(f)(). (5.2)
3. For all z,y € R? and X € C?, we have the product formula
T:(GA)(y) = Ga(z)GA(y), (5.3)

where G (z) is the Opdam-Cherednik kernel given by (2.13).

For each x € R?, the dual of the hypergeometric translation operator

7T is the operator T, defined on D(R?) (resp. S»(R?)) (see [7]) by
Yy € R () = (Vi)o(Vi D[ Vi(£)(y — 2)]. (5.4)

It satisfies the following properties.

1. For all z € R?, the operator 7T, is continuous from
- D(R?) into itself.
- S$»(R?) into itself.
2. The operator !T,, x € R?, is related to the operator T,,x € R?, by
the following two relations
i) For g in £(R?) and f in D(R?) (resp. S3(R?)) we have

[ m@er@aeE= [ s TOwALdy.  65)

R2

ii) For f in D(R?) (resp. S2(R?)) we have
¥,y € R:TL(N)(y) = Ty(f) (), (5.6)
where f is the function given by
VaeR? f(z) = f(—x).
3. For all f in D(R?) (resp. S2(R?)) and = € R?, we have

VA ERLH(T(S))(N) = Gax)H(f) (). (5.7)
4. For all f in D(R?) (resp. S2(R?)) and z,y € R?, we have
To(Fy) = g GA(@)GA(=y)H(F)(N)C(A)dA (5.8)

5. For all f in D(R?) (resp. S2(R?)) and z,y € R?, we have
Ta(N)y) =Ty () (=) (5.9)
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6. For all f in D(R?) with support in the closed ball B(0,a) of center
0 and radius @ > 0, and = € R?, we have

supp' T (f) € B(0,a + [|=). (5.10)

5.2. The hypergeometric convolution product. By using the op-
erator ‘7.,z € R?, we define the hypergeometric convolution product
f *# g of the functions f, g in D(R?) (resp. S2(R?)) (see [7]) by

Vy e R fy gly) = / To (1) )9 (x) As (). (5.11)

RQ
The hypergeometric convolution product x4 satisfies the following prop-
erties.

1. It is commutative and associative.
2. For all f, g in D(R?) (resp. S»2(R?)) the function f x4 g belongs to
D(R?) (resp. S2(R?))
3. For all f,g in D(R?) (resp.S3(R?)), we have
VA€ R:H(f #3 9)(N) = H(F)(N)-H(g) (V). (5.12)

4. For all f,g in D(R?) (resp. S2(R?)), we have
Vil #39) = "Vi(f) = Vilg),

where * is the classical convolution product on R2.

6. The heat kernel associated with the Cherednik operators

DEFINITION 6.1. Let ¢ > 0. The heat kernel p;(z,y) associated with
the Cherednik operators, is defined for z,y € R?, by

pirg) = [ IEPRG@G(GMN. (61)

NoTATIONS. We denote by
- Hj the heat operator associated with the Cherednik operators given
by
0 2
Hi = Lr = 5 = Il (6.2)
where £}, is the Heckman-Opdam Laplacian defined for all f of class C?
on R? by
Lpf=(T1+Ty)f. (6.3)
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It has the following form : For all z € R?

reg)

Lif(@) = Af() + ¥ ,er, k(o) coth(52)(Vf(z).a)
+&%j@%wm><»ﬂwﬂ»

where A and V are respectively the Laplacian and the gradient on R2,
- E;,t > 0, the fundamental solution of the operator Hj, given by

YV r € R? Ey(x) = py(z,0). (6.5)

(6.4)

PROPOSITION 6.2.

i) For all t > 0, the function E; belongs to Sy(R?).
ii) For all t > 0 and x € R?, we have

Ei(w) =t | T Malt,z)| elolt=een=15E (65)

aER 4+

where x* denotes the unique conjugate in a;,

1= 3 k) (6.7)
aER4
and
Mo (t, @) = 2777 (1 + Ko, 2) ) (1 + 2t + (o, 2) )] (6.8)
iii) For all t > 0, we have
VA e R H(E)(N) = e U (6.9)

iv) The function (z,t) — E;(x) is strictly positive on R?x]0, 4+o0.
v) For all t > 0, we have

/R B @) Au(r)dr =1 (6.10)

vi) We have
HyE(z) =0, onR*x]0,+oo|. (6.11)
PROPOSITION 6.3.
i) For all t > 0 and x € R?, the function y — p;(z,y) belongs to
S (R?).
ii) For all t > 0 and z,y € R?, we have
pi(z,y) ="To(E)(y). (6.12)

iii) The function p;(z,y) is strictly positive on R? x R?x]0, +o0].
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iv) For allt > 0 and x € R?, we have

| pie ) Astyy =1 (613)
R2
v) For all y € RY, the function (x,t) — p,(x,y) satisfies

Hypi(x,y) =0, on R*x]0, +o0]. (6.14)

DEFINITION 6.4. The heat semigroup {F;}:>o associated with the
Cherednik operators, is defined for f in Sy(R?) by

VaeR2Pf(z) = @pt(ﬁy)ﬂyMk(y)dy =0 (515
f(x) if t =0.
(See [5]).
REMARK 6.5. The function P, f(z) can also be written in the following
form

Vo eR, Pf(x) = B+ f(—2), (6.16)
where x4 is the hypergeometric convolution product given by the relation
(5.11), and f is the function defined by

VzeR? f(z) = f(x).

We consider the Cauchy problem : Given a continuous bounded func-
tion on R Find a function u(x,t) of class C? on R*x]0, +oo], such
that

{ Hyu(z,t) =0, on R*x]0,+oc], (6.17)

u(z,0) = f(z)
PROPOSITION 6.6.

i) {P}i>0 is a strongly continuous semigroup on Sy(R?).
ii) Let f be a continuous bounded function on R?. Then the function
u(z,t) = P.f(z) solves the Cauchy problem (6.17).

(See [5]).

7. Positivity of the function "7, (p;(u,.)(y)

PROPOSITION 7.1. Let t > 0 and = € R%2. We have
Vu,y € R T (p(u,.))(y) =
e—t(“>\||2+||f’||2)GA(J;)G)\(u)G)\<—y)Ck()\)d/\.

R2
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Proof. From Proposition 6.1 i), for all v € R?, the function z —
pi(u, z) belongs to Sy(R?). Then by using (5.8) we obtain

Vou,z € R To(pe(u, ) (y) = /RQ GA(2)Gr(=y)H(pe(u, -))(A)Ch(A)dA.

On the other hand from (6.12), (5.7), we have 72
Vu, A € RE H(pi(u, )(N) = H(Tu(E))(A) = Ga(u)H(E)(N),
thus from (6.9) we obtain
Vu, A€ R2, Hp(u, ))(N) = e HIAPHIID G (). (7.3)
We deduce (7.1) from (7.2), (7.3). O

COROLLARY 7.2. Lett > 0 and x € R%. We have
Vu,y € R (py(u, ) (y) = e el / Upo(—y, 2)dfi(2), (7.4)
2

R
where i, is the measure given by (2.23) and ji, is the measure on R?
defined by

@) = [ fdn), FeE®), (1)
R R
and
Ualr2) = [ e PFG@GEAICGNa (T6)
R2
Proof. We deduce (7.4) from (7.1), (2.18), (2.23), the positivity of the
measure i, and Fubini’s theorem. O]

In this section we prove first that for ¢ > 0 and = € R?, the func-
tion (y,2) — U;(y,2) is positive on R? x R?, and next we deduce the
positivity of the function *T,(p;(u,.))(y).

PROPOSITION 7.3. Let t > 0 and x € R?. The function U, ,(y, z) is of
class C* on R? x R? with respect to the variables y and z and satisfies
the equation

0
Vy,zeR (T;+ 5 Uely,2) =0, j=1,2. (7.7)
J
Proof. We obtain the results by derivation under the integral sign

with respect to the variables y;,2;,7 = 1,2, in the relation (7.6) by
using (2.22), (2.19), and by applying the relation (2.13). O



16 Khalifa Trimeche

PROPOSITION 7.4.

i) Let t > 0 and x € R?. There exists a positive function My(t) such
that
Vy,z € R |Ua(y, 2)| < Mo(t) T] (1+ [awy)l)e @™, (78)

aER 4

where y* is the only point in the orbit Wy which lies in a*.
ii) Let t > 0 and x € R%2. We have
VyeR? lim Uy, z)=0. (7.9)

[zl =00

iii) Let t > 0 and x € R?. The function (y, z) = U, .(y, 2) is bounded
on R? x R? and we have
lim U ,(y,2) =0. (7.10)

I (w,2) | =400
Proof.
i) We deduce (7.8) from (7.6), (2.17), (2.20).
ii) By using (7.6) and the fact that from (2.18) the function
e NP Gy (2)G(y) is for all z,y € R?, integrable with respect to the
Lebesgue measure on R? | we deduce (7.9) from Riemann-Lebesgue
Lemma.
iii) - The relations (7.6), (2.18) imply that the function (y, z) — Uy .(y, 2)
is bounded on R? x R2,
- We deduce (7.10) from (7.8), (7.9).
[l

PROPOSITION 7.5.
i) Let t > 0 and « € R?. For all y,z € R? the function Uy ,(y, z) is

real.
ii) Let t > 0 and x € R%. The function U, ,(y, z) is strictly positive
on the set
Y ={(y,2) eR* xR*:y € R? 2z = 0}.
Proof.

i) We obtain the result from the relations (7.6), (2.16), (4.3), (4.5)
and a change of variables.
ii) By using the relation

VA€ R? GA(0) =1,
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we deduce from (7.6), (7.4), (3.1), (3.3), (6.1) and Proposition 6.2 iii),
that ,
¥y € R Uo(y,0) = e 1P py(2,y) > 0.
O

PROPOSITION 7.6. Let t > 0 and x € R2. For all « € R, and
y, 2z € R%, we have

Ut,m(raiy7 Z) - Ut,x(y> Z) = _<d7 y> <VUt,x(y7 Z>7 Oé>
+%(<day>)2atD2Ut,x(€7Z)a7

with some & on the line segment between y and r.y.

Proof. We obtain (7.11) from the relation (2.5) and Taylor’s formula.
O]

PROPOSITION 7.7. The Weyl chambers attached to the root system
of type By are the following

(7.11)

at ={reR%{a;,z) >0,i=1,2,3,4}
{a:_a+ (7.12)
+ 2 -
a, ={zeR*(w,x)>0,i=1,3,4; (s, x) <0}
{ai:_q (7.13)
a; ={z € R {a;,x) >0,i=1,2,4;{(asz,z) <0} (7.14)
a; = —a; '
+ 2 : :
a; ={r e R*(a,x) >0,i=24;{a;,z) <0,i=1,3}
{agz_@ (7.15)

Proof. We determine the Weyl chambers corresponding to the four
roots of R, and next by applying the relations

{041—062 = (O3

a1+ 0y =0y
we obtain the Weyl chambers (7.12), (7.13), (7.14), (7.15), the others
are empty. O
NoTATIONS. We denote by Cyp, ¢ = 1,2,3,4, the Weyl chambers
+ 4t ot

at,al, a5, a3 and by Cyp, £ = 5,6,7,8, the Weyl chambers a=,a;,a;, a5 .
Then we have .
R* = JC.,
=1

where C, is the closure of C,.
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THEOREM 7.8. For all t > 0, and x € R? we have
Vy,z€R?* U,(y,z) > 0. (7.16)

Proof. The proof is made up in two steps.

In the first step we obtain some results concerning the positivity of the
function U, ,(y, z) given by (7.6) on each of the step Cy xR? ¢ = 1,2, ..., 8.

In the second step we use the fact that R? x R? = (U5_,Cy) x R?
and the result of the first set to deduce the positivity of the function
Ui (y, z) on R?* x R?.

1sT STEP
We consider the set Y, defined by

Vi={(y,2) eR*xR*; yeCzeR}.

We denote by
Vi, 2) = Uia(y, )1y, (4, 2),

where 1y, is the characteristic function of the set Y,. From Proposi-
tion 7.5 ii) the function Vf_(y, z) is strictly positive on the set Y. We
shall prove that it is positive on the set Y,\Y. If not we suppose by
using Proposition 7.5 i) and Proposition 7.4 iii) that it attains a strictly
negative absolute minimum at (y*, 2%) € Y,\Y ..

Vﬁx(ye,zé) = inf Vﬁx(y, z) < 0. (7.17)

(y,2)€Ys

There are two possibilities : The point (y*, z%) is in the open subset
(Y,\Y)? of the set Y;\Y, or in the set

Y ={(y,2) eR*xR*; yeaCzecR. (7.18)

We suppose that (y*, 2%) € (Y,\Y)?. As the point (y*, z%) is an absolute
minimum, then we have

9 4 L L 9 4 L L .
8yj Vt,m(y )y % ) azj Vt,x(y ) # ) 07 J ) (7 9)

By using the fact that

Vae R—H (Ta?/£> Zé) ¢ }/Za



The positivity of the hypergeometric translation operators 19

and by applying the relations (7.7), (2.11), (2.12), (7.19), we get

1 1
Gl =t
1 1 1

b (e~ 2) + (e - ) et =0,

(7.20)
%(ﬁ - %)*

1 1 1 N Yaer o o :
ks [ B (1 — e—lasal) 5) + (1 _ e—(aazl) 5)] }V5<x ) =0,
(7.21)
Using the fact that from (7.17) the function V¢(x¢ uf) is different from
zero and that ko > 0, the equations (7.20), (7.21) can also be written in
the form

ki

k—le + X+ XE=0, (7.22)
2

k

k—;xg ~-Xi+xi=o0, (7.23)

with
¢
),g 1 + 6—(0@@ )

[ 1 — 6_<ai7xz> )

i=1,2,3,4. (7.24)

Then the X!, i = 1,2, 3, 4, are solutions of the system of linear equations
(S) on R* :

X+ X3+ X, =0
ko M1 3 4 )
(5) { BXy—Xs+ X, =0 (7.25)
On the other hand from (7.24) we obtain
N ¢
e {a >:Xf+1,z:1,2,3,4. (7.26)
We consider the function f defined on R\{—1} by
_y-1
we have
0< fly) <1leye]l, +ool, (7.28)

fly) >1 & ye€]—o0,—1], (7.29)
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From the relation (7.26), we have

el = f(XY), i=1,2,3,4. (7.30)
As the first member of (7.30) is strictly positive, then from (7.27) the
Xfi=1,2,3,4, are not in the interval | — 1, 1[. They are in the interval

| — 00, —1[U]1, +00[. We consider two cases
1sT CASE

1. If 2 € Cp 0 = 1,2.
From the relations (7.12), (7.13) we have {a;, 2°) > 0 for i = 1,3, 4.
Then by using (7.30), (7.28) we obtain

X €l +oo], i=1,3,4. (7.31)
By applying (7.31) we get
k k
Axtext4 x> 2420
ks ks

Thus from (7.22) we obtain an absurdity, and then the X} i =
1,2,3,4, are not solutions of the system (S) given by (7.25).

2. If 2t € Cp, 0 = 3,4.
From the relation (7.14),(7.15) we have {a;, z°) > 0 for i = 2,4, and
(a3, 2%) < 0. Then by using (7.30), (7.28), (7.29), we obtain

X! €1, +oo,i = 2,4, and X§ €] — oo, —1]. (7.32)
By applying (7.32) we get
ky
ko
Thus from (7.23) we obtain an absurdity, and then the X} i =
1,2,3,4, are not solution of the system (S) given by (7.25).
2ND CASE : If 2f € Cy,0 =5,6,7,8.
The same proof as for the first case shows that when 2¢ € Cy,¢ =

5,6,7,8, we obtain an absurdity, and then the X i = 1,2,3,4, are not
solutions of the system (.5) given by (7.25).

k
Xﬁ—X§+Xf>k—1+2>0.
2

From the first and second cases we deduce that our supposition that
the function Vﬁx(y, z) attains a strictly negative absolute minimum at
(v*, 2%) in (Y;\Y)? is absurd. Then the point (y*, z) does not belong to
(Y,\Y)" and it is in the set Y.
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2ND STEP

From Proposition 7.5 ii) the function U, ,(y, z) is strictly positive on
the set Y.
We shall prove that the function Uy, (y, z) is positive on the set R? x
R2\Y. If not we suppose by using Proposition 7.5.i) and Proposition
7.4 iii) that it attains a strictly negative absolute minimum at (yo, z9) €
R? x R2\Y.
From the first step and the relation R? = US_,C/, the point (1o, o) is in

the set
8
YO _ U Y£07
(=1

with Y given by (7.18). We have
YO={(y,2) ER*xR*;Va € Ry, (a,y) =0,z € R?},
then
Vae R—l—v <04,y0> =0.

We shall prove in the following that the point (o, z0) is not in the set
YO
As the point (o, 29) is a strictly negative absolute minimum, then we
have the following relations

Uts(Yo,20) = inf  Ui,(y,2) <0, (7.33)

(y,2)ER2 xR?

and
iU( z)—iU( 2p) =0 (7.34)
8y1 t,z\Yo, 20) = 821 t,z\Y0, 20) = . .
We write the relations (7.6), (7.7), (2.11) for y, 29, and we get
) 0 U (Y, 20) = Ura(ra,y, 20)
— — ke — e
B U2 (y, 20) +821 Ui2(y,20) + k1 1 — o—levo) +
L [Ut,x(ya ZO) - Ut,x<7na3y7 ZO) + Ut,x(ya ZO) - Ut,:r:(rou;ya ZO)]
2 1 — e{as2) ] 1 — e(eam
= (§k1 + k2)Ut. (Y, 20)-

(7.35)
Then by passing to the limit in (7.35), when (a, y), for all & € R, goes
to (a,yp) = 0, and by using Proposition 7.6 and the relation (7.34), we
obtain

1
(51451 + ko) Uy (o, 20) = 0.
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As k1 > 0, and kg > 0 then
Ut,x<y07 ZQ) =0. (736)

Thus (7.33) and (7.36) imply a contradiction, and the point (yo, zo) is
not in the set Y°.

Then the function Uy ,(y, 2) is positive on the set R? x R*\Y. We de-
duce the relation (7.16) from this result and the fact that the function

Ui .(y, z) is positive on the set Y. O
THEOREM 7.9. Let t > 0 and x € R?. Then we have

V,u,y € R:To(pi(u, ) (y) = 0. (7.37)

Proof. We deduce (7.37) from the relation (7.4), the positivity of the

measure i, given by (7.5) and Theorem 7.8. O

8. Positivity of the hypergeometric translation operator and
of its dual

THEOREM 8.1. For all positive function g in £(R?), we have
Vo, u € R T.(g)(u) > 0. (8.1)

Proof. |
- Forz =0
From the relation (5.2) we have

To(g)(u) = g(u) = 0.
- For z € R*\{0}

We consider tow cases.
18T CASE : We suppose that the function g belongs to D(R?).
Let t > 0 and u € R?. From Proposition 6.2 i) the function z — p;(u, 2)
belongs to Sy(R?). On the other hand by using the properties of the
operators 7, and 7, and the relations (5.6), (5.5), we obtain

/R 27;(9)(2)@(%2)«%(2)612: / 9(W)' Te(pe(u, ) (y) Ax () dy.

R2
As from (7.37) the second member of this relation is positive, then we
have

| @) Az =0
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By using (6.15) this relation can also be written in the form
Fi(Tz(9))(u) = 0. (8.2)

As the function T,(g) belongs to D(R?), then from Proposition 6.5 ii)
we obtain

fim PAT:(9)(w) = Te(g)(u) = 0.

2ND CASE : We suppose that the function g is in £(R?). Let ¢ be a
positive function in D(R?) radial such that supp ¢ C B(0,2),p(y) = 1
for all y € B(0,1), and for all y € R?, 0 < (y) < 1. We consider the

sequence {@y }nen oy defined by

VyeR ou(y) = 90(%)-

As the function gg, belongs to D(IR?), then from the first case, we have

Vz,u e R T.(gpn)(z) > 0. (8.3)
We obtain (8.1) by using (8.3) and the fact that the sequence { gy }nem (03
converges to the function g in £(R?). m

COROLLARY 8.2. For all positive function f in D(R?) (resp. Sz(R?)),
we have

V,y e R:T(f)(y) > 0. (8.4)
Proof. We deduce (8.4) from the relation (5.6) and Theorem 8.1. [

THEOREM 8.3. There exists a o-algebra m in R? which contains all
Borel sets in R?, and for each z,u € R?, there exists a unique positive
measure m,, ,, on R? with compact support such that for every g in £(R?),
we have

T0)w = [ alhdm., (o) (55

Proof. We obtain the results from the relation (8.1) and Theorem
2.14, of [4] p.42. 0

REMARK 8.4. By using the relations (5.6), (8.5), we obtain for all
f in D(R?) and u,y € R? the following integral representation of the
function *T,(f)(y) :

TuH)y) = [ f(2)driny —u(2). (8.6)

RQ
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where m,, _, is the positive measure on R? given by
@iy, () = | f(2)dm, _u(2), f€ER?). (8.7)
R R

COROLLARY 8.5. The product formula (5.3) can also be written in
the form

Vao,ueR* Ve CHGh(x)Gy(u) = | Gi(2)dmy.(2). (8.8)

R2
Proof. We deduce the relation (8.8) from Theorem 8.3 and the fact
that for all A € C?, the function G, (z) belongs to £(R?). O

COROLLARY 8.6. For all x,u € R?, we have
1Ml = Maewu(l) = 1. (8.9)

Proof. From the relations (2.9), (2.13) the function f(z) = G_;,(z) is
the unique solution satisfying f(0) = 1 of the system

5, k(a)ad :
D pwy e Y O ) - S} =0, =120 B
€5 1—e )
a€ER4
But the constant function f(x) = 1 is also a solution of this system.

Thus

VazeRG_y(r) =1 (8.10)
we obtain (8.9) by taking A = —ip in the relation (8.8) and by using
(8.10). O

COROLLARY 8.7. The Cherednik-Opdam kernel Gy(x) admits the
following estimate

VzeR? VAeR|Gy(z)| <1 (8.11)
Proof. From the relations (8.8), (2.18), for all A € R? we have

(s sl ) (sup icatl) < [ (s 1651 ) drca(o)

Thus by applying (8.9) we get

sup |Ga(z)| < / dmy.(2) = 1.
Rd

rER2

We deduce (8.11) from this relation. O
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PROPOSITION 8.8. For all z,u € R?, we have
suppmg, C {2 € R? ||| = lull] < [[2]| < [lafl + Jull}- (8.12)
To prove this Proposition we need the following Lemma.

LEMMA 8.9. Let x,u € R? and f be in D(R?). if the support of f is
contained in the closed ball B(0, |||z|| — ||u|||), we have

To(f)(uw) = 0. (8.13)
Proof. Set n = |||z|| — ||u|||- By the relation
To(Ny) = Ty(F)(2),

we may suppose that ||z|| < |Ju]|. Let y = n + ||z||o, with ¢ in the unit
sphere S' of R2.
From (5.6), (5.10), we deduce that

To(f)(y) = 0.
By replacing 7 by its value in y, we obtain y = ||u|lo. Thus
Te(f)(u) = 0.

PROOF OF PROPOSITION 8.8
For all z,u € R?, the relation (8.8) can also be written in the form

V€ C? Hime,)(N) = Ga(x)GA(u), (8.14)

where H is the hypergeometric Fourier transform of the measure m,,,
which is of compact support.

On the other hand from the relation (2.22), (2.19) there exists a positive
constant My such that

VA e Ch|Ga(x)Ga(u)] < MyelllzlI+uhiimAl
and thus (8.14) implies
VA€ C2 [H(ma,) (V)] < MoellelHlDitmAlL
From this relation and Theorem 2.4 of [7] , we deduce that
suppmy ., C B(0, ||| + [Ju]]). (8.15)
We obtain (8.12) from Lemma 8.9 and (8.15).
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9. Positivity of the hypergeometric translation operator and
its dual associated with the Heckman-Opdam theory

We consider the trigonometric Dunkl intertwining operator V' and
its dual "V} associated with the Heckman-Opdam theory, defined re-
spectively on the spaces £(R?)" and D(R?)V (resp. S2(R*)™) and sign-
posted to Remark 3.1 (see also [8]).

The hypergeometric translation operator TV, x € R?, associated with
the Heckman-Opdam theory, is defined on &(R?)" by

Vy e RETV(N)y) = (Vi) e +y)l (97)
(see [8]).
The dual ‘T,z € R?, of the operator TV, x € R?, is defined on
D(R*)™ (resp. Sy(R*)W) by
Vy e RAITY(fly) = T," (f)(—x). (9.2)

The main properties satisfied by the operator TV, x € R? are the
following.

1. For all z € R?, the operator T,V is continuous from
- D(RH)W into itself.
- S5(R?)W into itself.
2. For all z,y € R? and A\ € C?, we have the product formula

To(Fx)(y) = Fx(x)Fx(y). (9-3)

for the Heckman-Opdam kernel F)\(z) defined by (2.14).
3. For all f in D(R?)W (resp. S»(R?)") and z,y € R?, we have

T = [ B@REHTOWCE M (0.0
RQ
where
CY (V) = |G (V)] 72,
with ¢ is a normalizing constant, |Cy(\)| ™ the function given by (4.4),
(4.5), and H" is the hypergeometric Fourier transform associated with
the Heckman-Opdam theory defined on D(R*)W (resp. S»2(R?)) by
VAERELHY (N = | f(@)Fa(2)Ax(z)dz. (9.5)
RQ

By using the results of section 8, we deduce the following results.
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THEOREM 9.1. For all z,u € R? and g in £(R?)" we have

V(o)) = [ alpimt(o) (9.6

with

m? L Z Moz s (9.7)

w,w'eW
where m,,, is the measure given by (8.5).

PROPOSITION 9.2.
i) The product formula (9.3) can also be written in the form

Vao,u€ RV AeC? F\(x)Fy(u) = / F,\(z)dmg’/u(z). (9.8)
RQ
ii) For all z,u € R?, we have
[l = mg, (1) = 1. (9.9)
iii) For all z,u € R?, we have
suppm,, C {z € R* s [[z]| — [[ull] < ||2]| < [Jz]| + [[ul]}. (9.10)

PROPOSITION 9.3. The Heckman-Opdam hypergeometric function
F\(x) admits the following estimate

Ve eREVAER? |Fy(z)| < 1. (9.11)
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