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NONEXISTENCE OF POSITIVE VECTOR SOLUTIONS FOR
QUASILINEAR SCHRODINGER SYSTEMS WITH VANISHING
POTENTIALS AT INFINITY

OHSANG KWON

ABSTRACT. We study a class of quasilinear Schrodinger systems arising in non-
linear optics, plasma physics, and Bose—FEinstein condensates, in which the quasi-
linear term A(u?)u induces density-dependent dispersion. Combining a change-
of-variables technique for scalar quasilinear equations with the spherical-average
method for elliptic systems, we prove that a nonexistence result for positive vec-
tor supersolutions of the corresponding semilinear system extends, under the same
decay assumptions on the potentials, to the quasilinear system.

1. Introduction

We study the nonexistence of positive vector supersolutions for the following quasi-
linear elliptic system with potentials Vi(x), Va(x) decaying at infinity:

Au+ A(u?)u — Vi(z)v + 0P =0, in RY,

1.1
(1.1) Av + A(v?)v — Va(z)u +u? =0, in RY.

System (1.1) is the natural two-component analogue of the scalar quasilinear Schrédinger
equation

(1.2) Au+ A(w)u — V(z)u+u? =0, in RY,

for a complex-valued standing wave ¢(t, x) = e~ *Ftu(x) of the quasilinear Schrodinger
equation
i¢r + A — W(x)p + o U'(|9*)Al(10*) + p(|of*)e = 0,

where V = W — E. Depending on the choice of [, this equation models a variety of
physical phenomena: the type I(s) = v/1 + s describes the self-channeling of a high-
power ultrashort laser pulse in matter [5,6,10,12,26]; I(s) = /s arises in the study of
dissipative quantum mechanics [15]; and further instances occur in plasma and fluid
dynamics [14,20], in the theory of Heisenberg ferromagnets and magnons [4], and in
condensed matter theory [23]. The case I(s) = s treated here, for which (1.2) is the
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standing-wave equation, arises from the superfluid film equation in plasma physics and
from models of self-trapped electrons on quadratic or hexagonal lattices [7,8,16-19].

For the semilinear equation Au—V (z)u+u? = 0 (i.e. (1.2) without the quasilinear
term), Bae and Byeon [2] found an almost optimal threshold on the decay of V' at
infinity separating existence from nonexistence of positive solutions; this threshold
is what condition (V) below generalizes to the vector setting. For the quasilinear
scalar equation (1.2) itself, existence of positive solutions has been obtained by a
perturbation method [11], by constrained minimization [21,24], under Ambrosetti—
Rabinowitz type conditions with vanishing potentials [1], and with potentials singular
at the origin [27], as well as on smooth bounded domains [29]. On the nonexistence
side, results have so far been limited to almost linear or critical growth: under linear
growth of the nonlinearity and a nonvanishing potential [9], and via the Pohozaev
identity [28]. The change of variables ¢ in (1.4), which removes the quasilinear term
at the cost of a transformed nonlinearity, was introduced by Liu—-Wang—Wang [22] and
used by Kwon [17] to prove a subcritical-growth nonexistence theorem for the scalar
equation (1.2), matching the threshold of [2]; the present paper extends that result,
together with the spherical-average method of Bae and Kwon [3] for the semilinear
System

(13) Au — Vi(z)v+ 0P =0,
’ Av — Vo(z)u +u? =0,

to the quasilinear system (1.1). Our goal is to show that the nonexistence result of [3]
for (1.3) extends to (1.1), and to determine exactly how much (if at all) the hypotheses
must be strengthened.

The two basic difficulties compared with [3] are: (i) the spherical average does not
commute with the product A(u?)u, so the argument of [3], which relies crucially on the
identity Au = @+ ¥=14’, cannot be applied directly to (1.1); and (ii) a naive attempt
to control the resultlng gradient term 2u|Vu|* by an a priori decay rate is circular,
since that decay rate is itself a conclusion of the very spherical-average argument one
is trying to run. We resolve both difficulties by using, componentwise, the change of
variables introduced by Liu-Wang-Wang [22] and used by Kwon [17] for the scalar
equation (1.2): this substitution removes the quasilinear term ezactly (Lemma 2.1
below), reducing (1.1) to a system in which the spherical average commutes with
the principal part, at the cost of a multiplicative perturbation of the nonlinear terms
which we show, by explicit estimates, does not weaken the hypotheses of [3].

Let g be the smooth odd function defined by

1

gt)=(1+2¢%t))"2 ift>0,
(1.4) 9(0) =0,
g(t) = —g(—t) it ¢t <0.
This is the change of variables used in [17,22] to treat the scalar equation (1.2).
Assumption (V). We impose the decay bounds used in [3], together with the
nonnegativity of the potentials required in the comparison estimates below.
o Vi,Vo € C(RY) and Vi, V5 > 0.

e When N > 3, there exist > 0 and 6 > S(NN — 2) such that
tim sup V() || 2 (log ) ™ (log log ) ¢ = 0

|z| =00
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and
(N -2 N(N-2) )

‘7 2 1 < _
(r)rlogr < 2 4logr log(log )

in a neighborhood of oo, where

V(r) = max{Vi(x), Va()}:

e When N =2,

‘7(7”)7”2(1055 r)2 log(logr) < B+ %

in a neighborhood of oo for some 3 > 0.
e When N =1,

V(r)r* < B(B+1)
in a neighborhood of oo for some 0 < 8 < qi—l. Here r = |z, but it suffices to
consider the problem near +o0, so we write r = .

We call (u,v) € C%(Q)? a positive vector supersolution of (1.1) in an exterior domain
Qifu,v > 0in Q and

Au+ A(u?)u — Vi(z)v + 0P <0, Av + Ao — Va(x)u +ul <0

pointwise in 2. The decay at infinity needed in the proof is stated separately in
Theorem 1.1.
Our main result is the following.

THEOREM 1.1. Let N > 1. Assume (V) with 1 < p < q and
2(g+1) =2 (N =2)(pg = 1).

Then (1.1) has no positive C* vector supersolution (u,v) in any exterior domain
satisfying u(z),v(x) — 0 as |z| — oo.

Thus the same quantitative decay bounds on the potentials as in the semilinear
argument of [3] suffice for the quasilinear system (1.1); in particular, no strengthening
of ¢ is needed. We additionally assume V;, V5 > 0 explicitly, since this sign is used in
the transformed comparison estimates. This is proved in Section 2.

REMARK 1.2 (Reduction to the critical scalar case). Take N = 4, p = ¢ = 2,
Vi = Vo = V(z) = |z|?(log |z])~! for || > 2 (smoothly cut off near the origin).
Then (N — 2)p = N (the critical exponent) and

N —2)?
V(z)|z*log|z| =1 < % =2,
so (V) holds. The symmetric ansatz u = v = w reduces (1.1) to the scalar quasilinear
equation

Aw + A(wHw — V(z)w +w? =0,
which is exactly the quasilinear analogue, in the sense of [17,22], of the scalar equation

treated in the critical case (N — 2)p = N by Bae and Byeon [2]|; Theorem 1.1 shows
this reduced equation also has no positive supersolution in any exterior domain.
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REMARK 1.3 (An explicit (super)solution in the existence regime). Outside the
range of Theorem 1.1, positive supersolutions of (1.1) do exist. Take N =4, p = ¢ = 3,
Vi =V, =0; then

2(¢+1)=8< (N —2)(pg—1) = 16,
so the hypothesis of Theorem 1.1 fails. With the symmetric ansatz v = v = w(r)

c¢/r, and using A(r=') = —r~3 and the fact that =2 is harmonic in R* (so A(w?)w
identically), a direct computation gives

Aw + A(wHw +w? = ¢(c? — 1)r>.

0

Hence u(z) = v(x) = ¢/|z| is an exact solution for ¢ = 1 and a genuine positive su-
persolution for 0 < ¢ < 1, consistently with Remark 1.2 and the threshold identified
in Theorem 1.1; compare the analogous explicit family of solutions for the semilinear
system (1.3) constructed in [25] and recorded in [3, Remark 1.3]. Note that at this par-
ticular scaling exponent the quasilinear correction term A(w?)w vanishes identically,
so the system coincides with its semilinear counterpart along this example.

2. Proof of Theorem 1.1

Let g be as in (1.4). We record the elementary properties of g used below; see
[17,22].

LEMMA 2.1. Let w € 02(9) Q C RY open, and set u = g(w). Then

(2.1) Au~+ A(u)u = /14 2¢%(w) Aw in €.

Proof. Since u = g(w), Au = ¢'(w)Aw+g"(w)|Vw[* and A(u?) = 2uAu+2|Vul? =
2g(w)g' (w)Aw + 2[¢'(w)?* + g(w)g” (w)]|[Vw|?, so that

Au+ Au?)u = g'(w) (1 + 292(w))Aw + [g”(w)(l +2¢%(w)) + 29(w)g' (w)* | [Vw/.

From (1.4), ¢'(w)(1 + 2¢*(w)) = y/1 + 2¢2(w). Differentiating ¢'(¢)?(1 + 2¢*(t)) = 1
in t gives 29’ "(1+2¢%) + 4g(g) =0, ie. g”(l + 2¢%) = —2¢(g¢’)?, which cancels

exactly against the term 2g(w)g’(w)? in the bracket above. Hence the coefficient of
|Vw|? vanishes identically, and (2.1) follows. O

Lemma 2.1 is the key mechanism of the paper: unlike a formal a priori gradient
estimate, (2.1) holds pointwise with no error term, for any w € C?, independently of
any decay information. Applying it to each component of (1.1), if (u,v) is a positive
C? supersolution of (1.1) in an exterior domain |z| > Ry, and we set

W =g '(u), Z =g (),
then (W, Z) € C? and, by Lemma 2.1 applied with w = W and w = Z,
(2.2)
1 1

AWS—[V:L’ Z—pZ}, <

Tragqn) L A=) 1+2¢2(2)
in [x| > Ry. In (2.2), AW and AZ are ordinary Laplacians of single functions, so their
spherical averages satisfy the exact identity AW = W”+2=LIW7 (see [13, Section 2.2])
used throughout [3].

V(g (W)—g*(W))
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Suppose, for contradiction, that (1.1) has a positive C? supersolution (u,v) in an
exterior domain. By Lemma 2.1, (W, Z) = (¢~ (u), g '(v)) satisfies (2.2). We first
record explicit, non-asymptotic bounds on g.

LEMMA 2.2. For every t > 0,
(2.3) g(t) < t.
Moreover, for 0 <t <1,

and, for p > 1,
(2.5) tp<1 . gﬁ) < gP(t) < 1P,

Proof. Since ¢'(t) = (14 2¢%(t))"*/? < 1 and g(0) = 0, integrating gives (2.3). By
convexity of z — (1+z)~"/% on [0, 00), the tangent line inequality (1+z)""/?>1—£
holds for all # > 0; with x = 2¢g(¢)? < 2¢? (using (2.3)) this gives ¢/(t) > (1+2t3)71/2 >
1 —t*for 0 <t < 1. Integrating over [0,¢] yields the lower bound in (2.4). Finally,
(2.5) follows from (2.4) and Bernoulli’s inequality (1 — x)? > 1 — px for x € [0, 1],
p=>1. 0

LEMMA 2.3. For every t > 0,
(2.6) (1+26%)712 < (1+2¢%(%))
Proof. Immediate from (2.3) and monotonicity of (1 + 2s)~%/2. O

—1/2 <1

By the decay assumption in Theorem 1.1, u(z),v(z) — 0 as |z| — oco. Since g~*
is continuous and ¢~1(0) = 0, we also have W, Z — 0. Choose R; > Ry so large that,
for |z| > Ry,

~ max{p,q}
3
For |x| > Ry, apply Lemma 2.2 to bound the potential term and Lemmas 2.2-2.3
together to bound the nonlinear term from below:

0<W(x),Z(x) <1, 1 p(|z])? > 0.

p
_ 2 (1 - gz?) (1+2W2) V2 20 = A\ (2) 27,
1+ 2¢%(W)
and analogously As(x) with (W, ¢) in place of (Z,p). Then (2.2) yields, for |z| > Ry,
(2.7) AW <Vi(2)Z — M\ (x) 2P, AZ < Vo(z)W — Aa(x) W4,

where A\ (z), A2(z) € (0,1]. Note that the potential coefficients Vi, Vs are unchanged;
only the nonlinear terms acquire the multiplicative factors A, Ay < 1. Setting p(r) =
sup|, =, max(W, Z) — 0 as r — oo and

M) = (1= PP ) 44 gy,

we have A\ (x), Aao(z) > A(|z|) for |z] > Ry, and A(r) — 1 as r — oo.
Case N > 3:
Set t = logr and let

N—-2 ﬁ

o(r) == rN’z(logr)T(loglogr)’ . S =W+ 7,
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where Wi(t) = o(r)W(r) and Zi(t) := o(r)Z(r), exactly as the weight used in
3, Section 2, Case 1]. Since AW = W” + 2=’ spherically averaging (2.7) and
adding the two resulting inequalities gives, after bounding Vi, V5 < V/(r) and applying
Jensen’s inequality to the convex maps t +— t7, ¢t +— t? (so that ZP > ZP Wi > W),
N —-1. o~ L L
(2.8) "+ ——5"—V(r)S+Ar) (2" + W) <0, S:=W+Z.
r

This is precisely the system analogue of [3, (2.1)], with the nonlinear term carrying
the extra factor A(r) € (0, 1] coming from the change of variables.

Writing r = €’ and differentiating S; = ¢(r)S(r) in t (using 4 = r-) gives, exactly
as in [3, Case 1],

N -2 15} N—2 -
= (N -2 - ) N=2%52 (1og 1) =8 1§
S ( + 5 Togt Si+r 7 (logt)™" rSs’,
and differentiating once more,
N -2 15} I}
st = |- ]
! 22 Plogl | 2(log1)2) "
N—-2 8 N _
N-2 — L) (28— (V-2 N=2 252 (Jog 1) =#y2G"
F (N =2 T = ) (28]~ (N = 2)8)) 4 (log t) 7123
Substituting S” and 7S’ from (2.8) and simplifying yields
N-—2 23 _
0 =8/~ (N-2 — ) Si 4+ O(t) S — V(r)r?s
(2.9) = Q1 + ; tlogt 1 +0O(t) 5 (r)r S
+ rNty(log t)(Z7 + WIA(r).
where

N—-2)2 N(N -2 N -2 N -1 -1
oo W=D N -2 BN-2) SWN-1) pE-1)

2t 4t2 tlogt t2logt t2(log t)?
Multiplying (2.9) by the integrating factor u(t) := exp(—(N —2)t) t~ V=2 (log t)?® and
integrating over [T, t) for T large produces,

H(0S1(0) < u@SIT) ~ [ [005) = Vr()r(s) ] uls)Si(5)ds

T

t

t
— / (s) r(s)Ng% (log s)"@)\(r(s)) (Zp + Wq) ds.
T
The bracket O(s) — Vr? is nonnegative for s > T once T' is large, by hypothesis (V),
and the last integral is nonpositive since A > 0 and ZP + W? > 0; both integrals may
thus be discarded to obtain the upper bound

t

s < explV -2 -1 (%) (1) sy

Because the right side is increasing in ¢ (as N > 3), if S7(T") < 0 for some large T
then S; would reach a finite zero, contradicting S; > 0; hence S7(¢) > 0 for all large
t,i.e. Sy is non-decreasing. This gives, as in [3],

(2.10) W)+ Z(r) > Cr¥*2(logr) "z (loglogr)?

for some C' > 0 and all r large. Note that this step used only that the last integral in
the displayed inequality is < 0: multiplying the nonlinear term by any \(r) € (0,1]

logt
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preserves this sign, so (2.10) holds with exactly the hypothesis (V) of [3], with no
strengthening.

We first record the analogue of [3, Lemma 2.1]. The proof is included because the
extra factor A(r) has to be tracked explicitly.

LEMMA 2.4. For N > 3,

(27 + W) < (N— 2)2 1

lim inf —
2

r—00 W —+ Z
Proof. Assume to the contrary that the liminf is strictly larger than ((N—2)/2)?+1.

Set
X(t) = exp< — wﬁ_v(logt)ﬁ&(t).

A direct differentiation, exactly as in [3, Lemma 2.1], and (2.9) give
r2(ZP + W) (N—Q
W+ Z 2

X+ A )2 ~V(?)x <.

Because A(r) — 1 and ‘7(7“)7"2 — 0, the assumed strict inequality implies that, for all
sufficiently large t, the coefficient in brackets is larger than 1. Multiplying by sint
and integrating over [2kw, (2k + 1)x], with k large, yields

(2k+1)m 2(7p 4+ W4 N —2\2 ~
/ [)‘(T)r(— +W)—< ) —V(T)T2—1]Xsintdt
e W+ 2z 2

< —X(2km) — X((2k + 1)) < 0.

The integrand on the left is strictly positive, a contradiction. This proves the lemma.
m

Notice that, in contrast with the semilinear proof in [3, pp. 4029-4030], we do not
need a separate argument to deduce W + Z — 0: this is already part of the decay
hypothesis on the supersolution, and hence follows from W, Z — 0 pointwise. We now
adapt [3, Lemma 2.2], keeping the factors \; in every estimate.

LEMMA 2.5. Let N > 3. There is no positive supersolution (W, Z) of (2.7) such
that

W(r)>ep(r) or Z(r)> cp(r)

for all sufficiently large r, where
U(r) == rV2(logr) "z (loglogr)’.

Proof. We give the argument when W > c1); the other case is symmetric. After
spherical averaging the second inequality in (2.7), using Va(r) := max,—, Vo(x) and
Jensen’s inequality, we obtain

_ N—1_ ~ - -
7"+ ——7" < Vo(r)W — X(r)W1.
r
The first condition in (V) is precisely Va(r) = o(¢(r)4~1). Hence W > ¢t and
A(r) — 1 imply, for all large r,

Va(r)W <

1 _ _ 1. -
AW 27 7' < =AW <0,
T



484 Ohsang Kwon

Thus »V~=1Z’(r) is nonincreasing. Since Z(r) — 0, it is negative for all sufficiently
large r, and integration gives

(2.11) Z(r) > cr N2,

Moreover, the standard integration used in [3, Lemma 2.2] gives, for every a > 1 and
all large r,

(2.12) (ar)N"2Z(ar) > vV 2 Z(r).

We next show that the first equation is eventually superharmonic as well. The
exponent assumption implies

(2.13) (N-2)(p—1) < 2.
Indeed, if (N —2)(p — 1) > 2, then p > N/(N — 2) and, since g > p,
(N=2)(pg —1) =2(¢+1) =q((N -2)p—-2) =N >0,

(
contrary to 2(¢+1) > (N —2)(pg—1). From (V), Vi(r) = O(r~2(logr)~*). Combining
this with (2.11) and (2 13) yields Vi (r) = o(Z(r)P~1) (also in the equality case because
of the factor (logr)™!). Therefore, for all sufficiently large r,

—y N-—1_ 1. .5
W+ TW/ < —§A(r)ZP <0.

N+2.

)

Consequently V1TV’ is eventually nonincreasing and negative, and W (r) > cpr~
also

(2.14) (ar)N2W (ar) > N EW(r), a> 1,

for all large r.
We now repeat the quantitative part of [3, Lemma 2.2]. Since A(r) — 1, after
increasing the initial radius we may use A(r) > 1/2. From (2),

(TN_1W'(T))’ < —erNT 2 ()P

Both VT{ and 7 are eventually decreasing. Integrating this inequality over [r/2,7] and
using W'(r/2) < 0 and Z(s) > Z(r) for s € [r/2,r], we obtain

PN () > C/ sMZ(s)Pds = eV Z(r)?,
r/2
and therefore
—W'(r) > csrZ(r)P.
Next, integrating from r to 2r and using (2.12), Z(s) > Z(2r) > 2-WV=2Z(r) for
s c [r’ 27“], gives
2r

W(r)>W(r)—W(2r) = —W'(8)ds > ey Z(r)P.

r

Applying the same argument to (2), together with (2.14), yields
(2.15) Z(r) > csr*W(r)4.
(The constants may change from line to line.) Combining (2)-(2.15),

_ 2(p+1) _ 2(g+1)

(2.16) W(r) <Cr= vt Z(r) < Cr= w1,
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Comparing the second estimate in (2.16) with (2.11) and using 2(¢ + 1) > (N —
2)(pg — 1) forces

20 +1) = (N=2)(pg—1),  Z(r)=0(""").

Indeed, strict inequality would make the upper bound in (2.16) decay strictly faster
than the lower bound (2.11). In the equality case, (2) and Z(r) > c;r~ V2 give

W(r) > cgr2=W-2p,

Using this in the second transformed inequality and the already established potential—
nonlinearity dominance, we obtain

—rN 7 () > 07/ s MW (s)1ds — C > 08/ sNAF20=(N=2pa g _ (.
o o

The critical identity gives N—14-2¢g—(N—2)pq = —1, and hence —rN~1Z'(r) > ¢ologr

for large r. Since Z(oc0) = 0,

Z(r) = / ~7'(s)ds > 010/ s*NMlogsds > ciir N2 logr.

contradicting Z(r) = O(r~V*2). If instead Z > cy for all large 7, one first uses
Vi(r) = O(r—2(logr)™) = o(1h(r)?~1), which follows from (2.13), to obtain AW <
—cZP < 0. Since W(r) — 0, the same radial monotonicity argument then yields
W(r) > er=*2 for all sufficiently large r. Because (1) = o(r~"*2), this implies
in particular W (r) > 4(r). Thus the first case already proved applies, and gives
a contradiction. Notice that this reduction is preferable to simply interchanging the
two components, since the assumption on V5 in (V') is stronger and the hypotheses

are not completely symmetric. This proves the lemma. O]

Since S; = W; + Z; is non-decreasing, if W (r) > Z(r) for all sufficiently large
r, then S; < 2W; eventually, so W(r) > cr—V+%(log r) ="z (loglogr)? for r large,
contradicting Lemma 2.5; symmetrically if Z(r) > W(r) eventually. Hence neither
inequality can hold for all large r, and there must exist a sequence {r;};en, r; — 00,
with
W(r;) = Z(r;), W(r) > Z(r) for r € (rojy1,7a540), Z(r) > W(r) for r € (ra;,r2j41)-
Fix such a j and consider r € [ry;,79;41]. On this interval Z > W. After spherical

averaging, the estimate must be written with the radial majorant V' rather than the
pointwise coefficient. Thus

AW < V(r)Z — Nr)ZP.
The nonlinear term does dominate the potential term under (V). Indeed, the exponent
condition implies
(N=2)p-1) <2
To see this, if p > 1+ 2/(N — 2), then, using ¢ > p,
(N=2)(pg—1) —2(¢+1) =q((N—=2)p—2) - N >0,

contrary to the hypothesis. Moreover, equality (N —2)(p — 1) = 2 forces p = ¢ =
N/(N —2). Since Z > S/2 on the present interval, (2.10) yields Z > cp. On the
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other hand, (V) gives V(r) = O(r—2(logr)™). If (N — 2)(p — 1) < 2, this is o(¢?"});
in the equality case,

W(r)P~t = r2(log )" (log log 1)/ =2),

SO again ‘7(7") = o(¢?71). Since A\(r) — 1, for all sufficiently large crossing intervals,

V(r)Z < 5A(r) 27,
and hence AW < —2A(r)ZP < 0.

On an interval where W > Z, the second equation is used instead. There W >
ctp, and the first decay condition in (V) says precisely Va(z) = o(v(|z])?"1); hence
Va(r)W < SA(r)W4 for large r and AZ < 0. Comparing Z with ¢t) on that interval
gives Z > ¢ there; since W > Z, it follows that W > ci) there as well. Thus the two

types of crossing intervals together imply the same lower bound for W throughout
the whole tail. The endpoint values on an interval of the first type satisfy
Wi(ry) > ¢ rz_jN“(log 7“2]-)’¥ (log log 75;)”
and B v
W(ryjn) = cry{i2(logryi)” 7 (loglogra)’.
Since the comparison function v (r) := r=N*2(log 7")’¥ (loglog r)? satisfies Ay (r) >
0 for r large, the classical comparison principle on the annulus 79; < |z| < 79,41 yields

W(r) > cy(r), T € [raj, T2j41)-

As j was arbitrary, this shows W (r) > c1(r) for all sufficiently large r, which contra-
dicts Lemma 2.5. This contradiction shows that no such crossing sequence {r;} can
exist, completing the proof for N > 3.

Cases N =1,2:

We now carry out the computations for N = 1,2 explicitly, following [3, Theo-
rem 1.4], with (2.7) in place of [3, (1.4)].
Case N = 2: Let t = logr and S;(t) := (logt)’S(r), where S = W + Z. As
in [3, Case 2],

26 [ B B(B+1)
tlogt t2logt  t*(logt)?
By (V') the bracketed coefficient is nonnegative for large t. The same integrating-factor
argument as in [3, Case 2| shows that S is eventually nondecreasing, and therefore

(2.17) S(r) > C(loglogr)~".
Since W, Z — 0 and p < ¢, for all large r,

7P+ W > 294+ W > 21 9(W + Z)°.
Consequently (2.17) gives

VAL

TQ;M{ > cer?(loglogr) P — 0.
W+ Z

Now set X(t) := (logt)™#Si(t) = S(r). Since S”(r) + r=1S'(r) = r~2X"(t), the
averaged inequality (2.8) becomes

"
Sl -

= V()r2]S1 + 1 (1og A1) (27 + W) < 0.

7p L We o ~
X"+ /\(7‘)7”2% —V(r)yr?*| X <.
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By (2), A(r) — 1, and (V), the coefficient in brackets is larger than 1 for all sufficiently
large t. Multiplication by sint and integration over [2km, (2k 4+ 1)7] gives the same

contradiction as in [3, Lemma 2.1, Case 2]. Hence no positive supersolution exists for
N =2.

Case N = 1: We work on the half-line » = x > Ry and put ¢t = logr. Choose the
number S from (V'), so that 0 < f < 1/(¢ — 1), and define

Si(t) :=7rPS(r), S(r):=W(r)+ Z(r).
Since d/dr = r~'d/dt, the one-dimensional averaged inequality gives
ST — (28 +1)S; + [B(B+1) — V(r)r?] Si + 772 (r)(27 + W) < 0.

This is the corrected form of the computation in [3, Case 3|. By (V) the coefficient of
S, is nonnegative for large . Multiplication by e~(#*D? shows that if S}(T) < 0 at
some sufficiently large 7', then S; reaches zero in finite time. Hence S is eventually
nondecreasing and

(2.18) S(r)=W(r)+ Z(r) > Cr".
As above, since W, Z — 0 and p < ¢,

ZP + W > 2179(W + Z)4.
Thus (2.18) and 5 < 1/(¢ — 1) imply

Z° + We
_ 22 T s ap2-B(-)
(2.19) Wiz 2 — 00
Finally set
206+ 1)t
x(t) = esp( - W5

Using (2),

ZP L We 1 ~
2 2

— - -V X <0.

Wz 1 o } =

Here the cancellation (8 + 1) — (28 + 1)?/4 = —1/4 is exactly the one used in [3,
Lemma 2.1, Case 3]. By (2.19) and A(r) — 1, the bracket is larger than 1 for large ¢.
Multiplying by sint on [2k7, (2k + 1)7] again gives a contradiction. Hence no positive
supersolution exists for N = 1. This completes the proof of Theorem 1.1.

X"+ [/\(r)r

3. Concluding remarks

Theorem 1.1 shows that the quasilinear correction A(u?)u in (1.1), while it ob-
structs a direct spherical-average argument, does not change the nonexistence thresh-
old for decaying supersolutions once the exact change of variables (1.4) is applied
componentwise: the quantitative decay bounds in (V) are unchanged from [3], while
the nonnegativity of the potentials is stated explicitly. It would be of interest to deter-
mine the precise existence/nonexistence threshold (in the spirit of Remark 1.3 of [3])
for the quasilinear system (1.1) in the regime 2(¢ + 1) < (N — 2)(pg — 1), extending
the explicit example of Remark 1.3.
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