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STATISTICAL CONVERGENCE FOR GENERAL BETA
OPERATORS

NAOKANT DEO, MEHMET ALI OZARSLAN, AND NEHA BHARDWAJ

ABSTRACT. In this paper, we consider general Beta operators, which
is a general sequence of integral type operators including Beta func-
tion. We study the King type Beta operators which preserves the
third test function z2. We obtain some approximation properties,
which include rate of convergence and statistical convergence. Fi-
nally, we show how to reach best estimation by these operators.

1. Introduction

Three classical operators L, (Bernstein operators, Szdsz-Mirakjan
operators and Baskakov operators) preserve e;(z) = z'(i = 0,1), i.e.,
Ly(eo;x) = eo(z) and Ly (er;x) = e1(x),n € N. For each of these opera-
tors, L,(ez;2) # ex(x) = z2. In the year 2003, J. P. King [10] presented
a non-trivial sequence of positive linear operators V,, : C[0, 1] — C[0, 1],
given as follows:

v =3 (1) era -y (£ ose <,

k=0
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where 7} (z) : [0,1] — [0, 1], are defined by

n=1,

2
() :{ S \/_x2 b, =23,

This sequence preserves the test functlons e, €2 and V,, (f,z) = r*(x)
holds. Replacing 7} (x) by e;, then we obtain classical Bernstein opera-
tors.

Beta operators were introduced by Lupag [11] and further modified
and studied by Khan [9], Upreti [15], Divis [5] and others.
The Beta approximation 3,(f) to a function f : [0,1] — R is the
operator:
1

L) Blfin) = gy [ 0=

where B(u,v) is the well-known beta probability density function

1
B(u,v) = / (1 — 6 dt; u,v > 0,
0

with the support (0, 1) such that ¢ denotes a value of the random vari-
able T, where n € N, x € (0,1) and f is any real measurable, Lebesgue
integrable function defined on [0,1]. When = 0 or x = 1, then
Bn (f,x) = f(x) for all n.

Now the following Lemmas follow from [16], for the operators /3, men-
tioned by (1.1).

LEMMA 1.1 ( [16]). Let e;(z) = 2*, @ = 0,1,2. Then, for each 0 <
x <1 and n € N, we have

(2) 5n(€0;x) = 1:

(17) Bn(er;x) = x,

c. z(14+nx
(i) Bo(en; ) = 20202,

LEMMA 1.2 ( [5]). Foreach 0 <z <1 andn € N and ¢,(t) =t — z,
we have 3, (p2;x) = x(nl—;f)

The aim of this article is to construct a general Beta type opera-
tors including the King type Beta operators which preserves the third
test function 2. We study some approximation properties, which in-
clude rate of convergence and statistical convergence. Finally, we show
how to reach best estimation by these operators than the original Beta
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operators 3, (f,z). Note that rate of convergence and statistical con-
vergence of many other approximation operators are available in litera-

tures(See [1], [2], [4], [6], [7], [8], [12], [13], [14]).

2. King Type Beta operators

Let {a,(z)} be a sequence of real-valued continuous functions defined
on [0,1] with 0 < a,,(x) < 1. Now consider a sequence of positive linear
operators:

(2.1)
3, (f,z) = 1 " non(@)—1(q _ pyn(—an(@)-1
B (1) = Frm o . C f(it,

where z € [0,1], f € [0,1] and n € N(set of natural numbers). If o, (z)
is replaced by eq, then we obtain original beta operators (1.1). Note that

LEMMA 2.1. For each 0 < x <1 andn € N and ¢,(t) ==t — x, we
have

A

(1) @n(eoﬂv) =1,
(i1) Buler;z) = an(x), 1
(iid) Bples;z) = o () —i-nozn(.yz:))7

" @)= an@)
(iv) 5n(§092m$) = (ap(x) — $)2 + —= 1 - .

Now, if we replace a,(x) by
1+ /1+4n(n+1)a?
B 2n ’
then the operators /3, defined in (2.1) reduce to the operators
(2.2)
1 v .

* . — tnan(m)fl 1 _t n(l_an(‘r))_l t dt

) = ey =i = 1

These operators are the King type Beta operators. Furthermore, the
following Lemma hold:

o ()

z € [0,1] and n € N,

LEMMA 2.2. The operators defined by (2.2) verify the following iden-
tities

(i) Br(eoix) =1,
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—14+4/1+4n(n+1)z2

(i) Brler;x) = o ,
(i11) B (eq; x) = 2°.
LEMMA 2.3. For each 0 <z <1 andn € N and @,(t) =t — x, we
have

1+4n(n+1)z2—(142nz)

(1) Brpaiw) = o :
(ZZ) 5* (@2, $) _ (14+2nz)z—2+/1+4n(n+1)22 .

3. Rate of Convergence

In this section we study the rate of convergence of the operators
B, (f;z) to f(z) by means of the modulus of continuity and Peetre’s
K-functional . For f € Cla,b], the modulus of continuity of f, denoted
by w (f;9), is defined to be

w(f;0)=  sup  [f(y) = f(z)].

Iy_$‘<67$7y6 [avb}

It is known that for any 6 > 0 and z,y € [a, b], we have

) — f(@)] < (f:0) (‘yg—‘ N 1) |

THEOREM 3.1. For every f € C[0,1] and 0 < z < 1, we have
B (fi2) = [(2)] < 2w (f,6na)

an (@) (1 — an(z))
n+1

where 0, 5 1 = 1/ (an(z) — 2)° + and w (f,0,.) is the

modulus of continuity of f.
Proof. Let f € C[0,1] and z € [0,1]. Since S,(eq,z) = eo(z), from

Cauchy-Schwarz inequality for linear positive operators, we obtain for
every 0 > 0 and n € N, that

Bu(fi2) = fla)| < {mem 0+ 5 (Buller -2 x))%] w0 (f, 0

Choosing 6, , = \/Bn ((er — ), r) = \/(an(x) et Oén(x)glljzlan(x))

we obtain
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Bu(fy2) = ()| < 20 (f,0na) -
Il

For the King type Beta operators we have the following Corollary at
once:

COROLLARY 3.2. For every f € C[0,1] and 0 < x < 1, we have

16, (f;2) = f(@)] < 2w (f,0nz)

(1+2nz)z—2 \/1+4n(n+1):p2

where 6, , = \/ -

Now we give the rate of convergence for the operators Bn (f;x) by us-
ing the Peetre’s K-functional in the space C?[0,1]. We recall some defi-
nitions and notations. The classical Peetre’s K —functional of a function
f € C|0,1] is defined by

K (f,8) =inf {I1f = gllegou+3 119" ey 9 € C20. 11}, 3> 0
where C?0,1] = {g € C[0,1] : ¢, ¢" € C?[0,1]}.

and the norm
||f||02[0,1] = ||f||c[0,1] + ||f,||c[o,1} + ||f”||c[0,1]'
THEOREM 3.3. For each f € C]0,1]
Bu (1) = f(@)
< & (£ (Jaute) — 1 +

(an(e) — )" + 2

e

Proof. Applying Taylor expansion to the function g € C?[0, 1], we get
. . 1.
Bnlg,2)=9(x) = g'(@) Bul(er =), 2) 45 b (¢"(€)(er — )% x) ;€ € (t,2).

Hence
B (g5 ) — g(l’)‘
Buller = 2),2)| + 119" g

(an() = )" +

Bul(er — o), )
aawu—aumW.

< ||9/||0[0,1]

= Hg/HC[O,l] | () — 2] + Hg”HC[O,I] n+1
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For each f € C]0,1], we can write

Bulf,2) = f=)|

B (F:2) = B (9,2)| + |ug,) = 9(w)| + 19 — £
B (g;7) — g(fc‘)‘

<

<2lg- f“c[o,l] +
<2|lg - f”C[O,l]

+ (]an(x) — )+

(an() —2)° +

an(2)(1 — an(z)) D 19"l 00,13

n+1

<2 (Hg = Fllog .+ len(@) — 2|

+ |(ap(x) — x)2 +

Ozn(l')(]. — ozn(x))‘ ”gIIHC[O . )

n+ 1
Taking infimum over g € C?[0, 1], we get
Bulf.2) = S (@)

< & (£ (Jonte) — +

(an() = 2)" +

(0l o) ),

]

For the King type Beta operators we immediately have the following
Corollary:

COROLLARY 3.4. For each f € C|0, 1]
B (fr2) = f(-%)‘ <K (fi7na) -

where v, . = 5= (22 — 1) (2na — V4n?a? + 4na® + 1+ 1) .

4. Statistical convergence

In this part of the paper, we use concept of statistical convergence
and study the Korovkin type approximation theorem for the operators
Bn. Before we present the main results, we shall recall some notation on
the statistical convergence.
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Let M be any subset of N. The density of M is defined by
NS .
§ (M) = lim > 3™ ()
j=1

provided the limit exists, where yxj; is the characteristic function of M.
A sequence z = () is said to be statistical convergence to the number
L,

0{keN: |z, —1| >} =0
for every € > 0 or equivalently there exists a subset K C N with § (K) =

1 and ng(e) such that k > ng and k € K imply that |z — | < e. We
write

st—limx, =1

Assume that for each = € [0,1],(cn(x))nen is a sequence in (0,1)
satisfying

(4.1) st — lim o, (z) = .
Then we have
(4.2) st —lim |x — a,(z)] =0,
and
1—
(4.3) st — lim |22 = (@)}

Such a sequence (a,()), oy can be constructed as follows. Choose

o (1) = 2 ,if n =m? (m € N)
"] ak(x) o, otherwise
where
—1 1+4 1)z?
ar(x) = 1+ dn(n+ e x € [0,1] and n € N.

on ’

It is clear that (4.1) is satisfied.

THEOREM 4.1. For each x € [0, 1] and for every f € C|0, 1], we have

Bn(fam)_f(x) = 0.

st — lim
n
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Proof. For a given r > 0 choose € > 0 such that ¢ < r. Now define
the sets:

U={n:6.,>r},

Ul::{”‘@—%(fr)lz ;}
U, = {n an(2)(1 —an<x>>' § _}

2
where 0, = 1/ (an(z) — 2)* +
U C U; U U,, which gives

(4.4) D_xw() £ 3 xen()+ Y xa (i)

an(r)(1 = an(z))

. Then it follows that

1

Multiplying both sides of (4.4) by — and letting n — oo, we get using
n

(4.2) and (4.3) that

T}LI&Z;XU(]) = 0.
]:

This guarantees that st—lim,, 6. , = 0 which implies st—lim, w(f, bp..) =
0 .Using Theorem 3.1 completes the proof. O

REMARK 4.2. If we choose the sequence (a,,(x))nen as in (4.1), then
our statistical approximation result (Theorem 4.1) works; however its
classical version does not work since

an(x) » x

in the usual sense.

5. Best Error Estimation

Let 1, be the first central moment function defined by v, (y) = y — .
In order to get a better error estimation on a subinterval I of [0,1], in
the approximation by means of the operators 3, , we are aimed to find
a functional sequence (s,), s, : I — A, satisfying

(5.1) Op g = \ B (25 un () < \/Ba(02; 1) =: 6, forz eI
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By Lemmas 1.2 and 2.1 (d), (5.1) takes the form

(5.2) — 32(27)—1—(

n+1"
Let

1 2 n n 1
A, (z) = -2 4 — 2)2? .
(z) <n—|—1 x) * n—i—l{(n—i—l )z +n—|—1x}

Then it is clear that

(5.3) Ay(x) >0
and

1
(5.4) l'—l-ﬁ—%E[Ol]

hold for every z € I = [, 2] and for every n > 1. Therefore, from (5.2),
(5.3) and (5.4), we get

27 — = — /A, (z 27 — —— + /A
n+1 ( ) S Sn(l‘ S n+1
2n+1 2n+1

Then s, (z) takes its minimum when

T 1
Sn(w) : o

Therefore, for all x € [}l, %], we define a new Beta type operator by

5Z(f7x) = Bu(f;sa(x))

B 1 /1 tnsn(m)71(1 B t)n(l_Sn(x))—lf(t)dt
~ B(nsa(2),n(1 = su(2))) Jy '
Then, for all z € [, 3] and n > 1, we have
1 1 1-—-
i) = ™ n o I+ 1) xgwrlx) BSR

which shows that the operators 82 (f;x) provides the better estimation
than the operators (3, (f; ).
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