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SOME PROPERTIES OF EXTENDED ORDER
ALGEBRAS

YoNG CHAN KiM* AND JuNGg M1 Ko

ABSTRACT. We study the properties of extended order algebras. In
particular, we investigate the properties of adjoint, Galois pair in
commutative extended-order algebras.

1. Introduction

Wille [8] introduced the structures on lattices which are important
mathematical tools for data analysis and knowledge processing. MV-
algebra was introduced by Chang [2] to provide algebraic models for
many valued propositional logic. Recently, it is developed in many di-
rections (BL-algebra, residuated algebra) [1,3,4,6,7]. Recently, Guido
et al. [5] introduced extended order algebras as the generalization of
residuated algebras.

In this paper, we study the properties of extended order algebras.
In particular, we investigate the properties of adjoint, Galois pair in
commutative extended-order algebras.
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2. Preliminaries

DEFINITION 2.1. [5] A triple (L, =, T) is called a weak extended order
algebra (shortly, w-eo algebra) iff it satisfies the following properties:

(O1l) a = T =T (upper bounded condition),

(02) a = a =T (reflexive condition),

(03)ifa=b=Tand b= a =T, then a = b,

(O4)ifa=b=Tandb=c=T,thena=c=T.

A triple (L,=-,T) is called a right w-eo algebra if it satisfies (O1),
(02), (03) and

(05)ifa=b=T,then (c=a)= (c=b)=T.

A triple (L,=, T) is called a left w-eo algebra if it satisfies (O1), (02),
(03) and

(06)ifa=b=T,then (b=c¢)= (a=c)=T.

A triple (L,=-,T) is called an eo algebra if it is a right and left w-eo
algebra.

A w-eo algebra is called a right distributive w-eo algebra if

(O7) a= N\;bi = \,(a = b).

A w-eo algebra is called a left distributive w-eo algebra if

(08) V,a; = b= \,(a; = D).

(1) A w-eo algebra has an adjoint pair (=, ®) if there exists a binary
operation ® such that

aGOb<cif b<a=c

(2) A w-co algebra has a Galois pair (=, —) if there exists a binary
operation — such that

b<a=c ifa<b—c

(3) A w-eo algebra has symmetrical if it has a Galois pair (=, —) and
(L,—, T) is a w-eo algebra.

(4) A w-eo algebra has an adjoint triple (=,®, —) if there exists
binary operation ® and — such that a©b < ciffb < a = ciffa < b — c.

(5) A w-eo algebra is called a w-ceo algebra if L is complete.

REMARK 2.2. We define that a w-eo algebra has a Galois pair ( adjoint
pair, adjoint triple) without the complete condition in [5].

THEOREM 2.3. (1) If (L,=-,T) is a right w-eo algebra, then it is a
w-eo algebra.
(2) If (L,=-,T) is a left w-eo algebra, then it is a w-eo algebra.
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Proof. (1) Let a = b =T and b = ¢ = T. Since (a = b) = (a =
c)=T,then T = (a=¢)=T and (e = ¢) =T =T from (O1). By
(03), a = c=T. It satisfies (O4).

(2) Let a =b=Tandb=c=T. Since (b=¢) = (a=¢) =T,
then T = (a =¢) =T and (a = ¢) = T =T from (O1). By (03),
a = c=T. It satisfies (O4). O

THEOREM 2.4. [5] Let (L,=, T) be a right-distributive w-ceo algebra
and ® be defined by

a@w:/\{yEL|x§a:y}.

Then ® and = form an adjoint pair,i.e.

rQy<ziff y<z= z.

THEOREM 2.5. [5] Let (L,=,T) be a left-distributive w-ceo algebra
and — be defined by
ga(y):y%a:v{xEL\ygx:a}.

Then (=, —) forms a Galois pair,i.e.

y<z=aiff t<y—a.

3. Some properties of extended order algebras

We prove the properties of w-eo algebra having an adjoint pair without
the complete condition in [5].

THEOREM 3.1. Let (L,=,T) be a w-eo algebra having an adjoint
pair (=,®) and < be defined by

a=b=Tifa<b

For each a,b, c,a;,b; € L, the following properties hold.
(HDaeb<aanda® (a=b)<b<a=a®b

(2)a®T=ua;

Bac®l=160a=1;

(4) Ifb<c, thena®b<a®c.

(5) (L,=, T) be a right w-eo algebra.

(6) If (L,=, T) is a complete lattice, (L,=-, T) is a right distributive

w-eo algebra and a © (\/,cp b)) = \,;er(a © b;).
(7) (L,=,T) is a left w-eo algebra iff a © ¢ < b® ¢ for a < b.

3
4
>
6
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(8) If (L,=, T) is a left w-eo algebra, then (L,=-, T) be a right w-eo
algebra.

(9) If (L,=,T) is a left w-eo algebra and a ® (b®¢) = (a ®b) O c,
then

(a:>b):><(c:>a):>(c:>b)>:T.

(10) If (L,=,T) is a complete and left w-eo algebra, then (L,=,T)
is a left distributive w-eo algebra and (\/,cp a;) © b= \/,cp(a; © ).

(11) If T = a =a, then T®a =a, a = \,(b = (b®a)) and
a=\, 000 (b= a)).

(12) If (L,=, T) is a left w-eo algebra and T = a = a, thena®b < b
anda= (b=a)=T.

Proof. (1) Since b= T = T, then b < T = (a = a). By an adjoint
pair, a ®b < a. Since a = b < a =band a®b < a ® b, we have
a®(a=b)<b<a=a®b.

(2)Since T=a=a,a®T <a Since T<a=a0T,a<a®T.
So,a® T =a.

(3) Since a < (L= 1)=T, wehave L ®a= L. Since L. <a= 1,
we have a © L = L.

4 Ifb<c,thenb<c<a=a®c So,a®b<abGec.

(5) Let b < ¢ be given. Since a®(a = b) < b < ¢, thena=b<a = c.

(6) By (5), A\;,(a=b;) >a= A,b. Sincea® \;,(a=b;) <a®(a=
b;) < b, then a © A\,;(a = b;) < A\, b; iff \;(a = b)) <a= A,b. Hence

Since a ® b; < a ® \/; b, we have \/, (e © b;) < a® (Vo bi)-

Since b; < a = \,cp(a ® b;), then \/, . b; < a =\, .p(a ®b;). Thus,
a® (Vier bi) < Vier(a © ).

(7) (=) Let @ < b be given. Sincec < b=bOc<a=bOec, then
a®c<b®eec

(<) Let a < b be given. Since a® (b= ¢) < b® (b= ¢) < ¢, we have
b=c<a=c Thus (b=c¢)=(a=c)=T.

(8) It follows from (5) and Theorem 2.3(2).

(9)
cO((c=a)0(a=b)=(cO(c=a)®(c=Db)
=(coO(c=a)o0(a=b)<ad(a=b)<b
iffc=a)0(a=b)<c=bifa=b<(c=a)= (c=0D).
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(10) By (7), (Vierai) ©b > V,cp(a; © b). We have (\/,.pa;) ©b <
Vier(a; ©b) from

Vai=\/(a:0b) = N =\/(e;©b)) >b.

il il ier il
(11) Since T = a = a, then T®a < a. Sincea < T = TOa=TOaq,
then a < T ®a. Sincea < A\,(b= (b®a)) <T = (T ®a)=a, then
a=N\b=(b®a)).Sincea=ToO(T=a) <V,0b0O(b=a)<a,
then \/,(b® (b= a)) =a
(12) By (11), a© b < T @ b = b. Moreover, a = (b = a) = T iff
a<b=aif bOa<a. O

THEOREM 3.2. Let (L,=,T) be a w-eo algebra having a Galois pair
(=,—). For each a,b,c € L, the following properties hold.

(Ha<(a—b)=banda < (a=b) —b.

(2) T — a = a. Furthermore, if (L,=,—,T) is a symmetrical w-eo
algebra, then T = a = a.

B)IfT=a=a,thena—b=T iffa <b.

(4) (L,=,T) is a left w-eo algebra. If T = a=a, (L,—,T) is a left
w-eo algebra.

(5) (L,=,T) is a right w-eo algebra iff (L,—,T) is a right w-eo
algebra.

(6) a=A,((a=b) = b). If T = a=a, thena= \,((a —b) =b).

(7) If (L,=,T) is a complete lattice, \/,a; = b = )\,(a; = b) and

Proof. (1) Since a — b < a — b, we have a < (a — b) = b. Since
a=b<a=0b, wehavea < (a=0)—b.

(2) Since T <a = a,a < T = a Since T - a< T — q
T<(T—=a)=a Thus (T —-a)<a. So,a=T —a.

Let (L,=,—, T) be a symmetrical w-eo algebra. Then (L,—, T) be
a w-eo algebra. Similarly, T = a = a.

(3) Let a < band b = T = b be given. Then T < a — b. Let
a—>b=T. Thena<T=0b=0.

(4) Let a = b = T be given. Since a < b
b=c<a=c Let a— b=T be given. By (2)
a<b<(b—c)=c thenb—c<a—c

(Ol)a— T =Thecause T<a—Tiff a<T —->T=T.

(O2) a—a=T because T <a—aif a <T = a=a.

< (b = ¢) = ¢, then
and (3), a < b. Since
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(O3) Let @ - b=T and b — a = T be given. Since T < a — b iff
a<T=b=band T<b—aiff b< T = a=a, thena=>.

(O4) Let @ - b= T and b — ¢ = T be given. Since T < a — b iff
a<T=b=band T<b—ociff b<T=c=c¢c,thena<c=T =c¢
iffa—=c=T.

(O6) Let a - b=T. Then T <a — biff a < T = b =10>. So,
a<b<(b—c)=cimpliesb—c<(a—c)=(T= (a—c)). Thus
b—c)—=(a—c)=T.

(5) Let (L,=-,T) be a right w-eo algebra. If a — b = T, then

a)=>a<(c—a)=0b Thenc—a<c—biff (c—a) = (c—>0b)=T.
(6) Since a < (a = b) > band (a = a) > a =T — a = a from
(2), we have a < A\j((a=b) =2 b) <(a=a) 2a=a If T = a=a,
(L,—,T) is a left w-eo algebra. By Theorem 2.3(2), the result hods.
(7) V,ai = b < A\,(a; = b). Since a; < (a; = b) = b < A\,(a; =
b) — b, we have \/;a; < A\;(a; = b) = b. Hence A\,(a; = b) <V, a; =
b. ]

THEOREM 3.3. Let (L,=-, T) be a w-eo algebra having adjoint triple
with ® and —. Then the following properties hold.

(1) (L,=,T) is an eo algebra;

(2) If T = a = a, then (L,—,T) is an eo algebra;

(3) Ifa<b, thena®c<b®candc®a<c@®b.
4) IfT=a=a, then T ®a=a.

Proof. (1) Let a < b be given. Since a < b < (b = ¢) — ¢, then
b=c<a=c Sincec® (c=a)<a<b thenc=a<c=0b.

(2) (Ol)a— T =Thbecause T <a—Tifa<T=T=T.

(O2) a—a=T because T <a —aif a <T = a=a.

(O3) Let @ - b=T and b — a = T be given. Since T < a — b iff
a<T=b=band T<b—aiff < T = a=a, thena=0>0.

(O4) Let @ - b= T and b — ¢ = T be given. Since T < a — b iff
a<T=b=band T<b—=>ciff b<T=c=cthena<c=T =c¢
iffa >c=T.

(O5) Let @ - b =T. Then T
(c = a)®c<a<bimplies c — a
(c—=a)—(c—=b)=T.

(O6) Let @ — b =T. Then T
a<b<(b— c¢)= cimplies b — ¢
b—c)—=(a—c)=T.

a—biff a < T =b=> So,
(¢ —=b) = (T = (c—10)). Thus

IAIA

a—biff a < T = b=>5 So,
(a—c¢)=(T = (a—c)). Thus

INIA
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(3) If a < b, thena <b<c¢—b®cimpliesa®c < b c and

a<b<c=cObimpliesc®a<c®b.

(4) Since T = a =a, then T ®a < a. Since T <a — T ® a, then
a<T®a. Thus, T®a=a. O

DEFINITION 3.4 (5). A w-eo algebra (L,=-,T) is commutative iff it
satisfies

=b=c)=Tifb=(a=c)=T

THEOREM 3.5. Let (L,=-, T) be a w-eo algebra having adjoint triple
with ® and —. Then the following statements are equivalent:

(1) (L,=, T) is commutative;

(2) (L,®,T) is commutative;

(3) (L,—, T) is commutative eo algebra with ==—.

(4)a—>b<a:>bfora]]a be L.

(5)a=b<a—bforallabe L.

(6) a _(aéb):bfora]la be L.

(7) a < (a—b) — b forall a,be L.

(8) (a:>b) a <0 for all a,b € L.

(9) a® (a—b) <bforallabe L.

(10)b<a=bGa for all a,b € L.

(11) a<b—b®a foralla,b e L.

Proof. (1)< (2) Since L is commutative, thena < b = ciff b < a = c.
Thus,
boOa<boa iff a<b= (b®a) ( by adjoint triple)
if b<a= (b®a) (bycommutative)
ifa®b<boa.
Similarly, a ©b > b ® a.
Conversely, a < b=cif bOa <ciffa©b < ciff b < a = c. Hence

L is commutative.
(1)< (3) We have a — b < a = b from:

a—b<a—0b iffa<(a—b)=>b(byadjoint triple)
iff a —» b < a = b ( by commutative).

We have a = b < g — b from:
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a=b<a=10b iffa<(a=b)=b(bycommutative)
iff a = b <a — b ( by adjoint triple).

Since T = a = a and it is commutative, we have a < T = a. On the
other hand, since T = a < T = a, by commutativity, T < (T = a) =
a. So, T = a < a. Thus T = a = a. By Theorem 3.3 (2), (L, —, T) is
a commutative eo algebra.

Conversely, it is trival.

(1)< (4) By the above proof, a — b < a = b.

Conversely, let a = (b = ¢) = T. By a adjoint triple, a < b = ¢ iff
b<a—c So,b<a—c<a= c;ie. b= (a=c)=T. Other case is

similarly proved.
()= (4)< (7) < (9) are follows from:

a—b<a=bifa<(a—0b) —-bifa® (a—b) <b.
(1)< (5)< (6) < (8) are follows from:
a=b<a—bifa<(a=0b)=biff (a=0)©a<b.
(2)< (10) < (11) are follows from:

b<a=boOaiffa<b—=0bOa.

EXAMPLE 3.6. (1) Let ([0, 1],=) be a unit interval defined as

p— 1, if a<b,
¢ ~ | b, otherwise.

We easily show that ([0,1],=,1) is an eo algebra having \/.z; = y =
N;(z; = y). Put fy(z) =x = b. Define go(y) =y = b=V{zreL|y<
fo(x)}. Theny < fp(x) iff x < gy(y). We obtain:

L1t as<h,
@ | b, otherwise.

Since 1 = b =10, ([0,1], —, 1) is an eo algebra. Furthermore, ([0,1], —
. 1) is commutative with a = b = a — b from:

1, if a<e, b<c

a—=(b—=c)=b—(a—c)= { c, otherwise.



Some properties of extended order algebras 71

(2) Let ([0,1],=") be a unit interval defined as

{1, if a<b,
a=>b= b

2 otherwise.

We easily show that ([0,1],=,1) is an eo algebra having \/,z; = y =
N:(z; = y). Put fy(x) =x = b. Define go(y) =y = b=V{zreL|y <
fo(x)}. Theny < fp(x) iff x < gy(y). We obtain:

{1, if 2a <0,
a—b= b

otherwise.

Sincel=b=2%anda —a=a+#1,([0,1],—,1) is not an eo algebra.

Fora#1,$=a= (1=a)#1= (a=a)=1 Thus ([0,1],=,1)
is not commutative.

EXAMPLE 3.7. Let K = {(x,y) € R*| x > 0} be a set and we define
an operation ® : K x K — K as follows:

(z1,91) ® (T2, 42) = (1122, T1Y2 + Y1).

Then (K, ®) is a group with e = (1,0), (z,y)™' = (2, -%).

We have a positive cone P = {(a,b) € R* |a=1,b>0 ,ora > 1}
because PN P~ = {(1,0)}, PO P C P, (a,b) ' ® P ® (a,b) = P and
PUP =K. For (z1,y1), (z2,y2) € K, we define

(x1,11) < (22, y2)
& (21,11) " © (22, 42) € P, (%2,y0) © (w1,51) " € P
X < Ty Or Ty =T, Y1 < Yo

Then (K, < ®) is a lattice-group. (ref. [1])

We define the structure (L,®,=,—,(3,1),(1,0)) where L = (1,1)
is the least element and T = (1,0) is the greatest element from the
following statements:
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1

(@1,91) © (22,52) = (21,91) ® (22,2) V (§, 1)
= (122, 2192 + Y1) V (%, 1),

(@1,91) = (22,92) = ((z1, yl) L ® (22,92)) A (1,0)
= (P A0),

(@1,51) = (%2,92) = ((532792) (21,91)7") A (1,0)
— ( T2 L) A (L, 0).

T

The structure (L, ®, =, —, (%, 1), (1,0)) is a w-eo algebra having an ad-
joint triple as follows:

(@1, 91) © (22,52) < (ws,y3) M (22,52) < (21,41) = (73,43)
it (z1,y1) < (w2,y2) = (73,93)

Since \/,cx(3,n) and N\, o (3, —n) does not exists, (L, ®, =, —) is not
a w-ceo algebra. A w-co algebra (L,®,=,—,(3,1),(1,0)) is not com-
mutative because

GD=(CH=G-1) = Gh=(G-2)=0L-7)
CH=(N=C-1) = Co=0C-)=0-2)
4 ) g ) 4 2
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