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DIRICHLET BOUNDARY VALUE PROBLEM FOR A
CLASS OF THE NONCOOPERATIVE ELLIPTIC
SYSTEM

TACKSUN JUNG* AND Q-HEUNG CHOI'

ABSTRACT. This paper is devoted to investigate the existence of the
solutions for a class of the noncooperative elliptic system involving
critical Sobolev exponents. We show the existence of the negative
solution for the problem. We show the existence of the unique neg-
ative solution for the system of the linear part of the problem under
some conditions, which is also the negative solution of the nonlinear
problem. We also consider the eigenvalue problem of the matrix.

1. Introduction

Let Q be a bounded domain of R™ with smooth boundary 02, n > 3,
a, 3, v be real constants and ¢;, ¢ > 1, be the normalized eigenfunctions
associated to eigenvalues \; of the eigenvalue problem —Au = Au in
Q, ulsgo = 0. We note that ¢, is the positive normalized eigenfunction
associated to A\;. In this paper we investigate the existence of the solu-
tions for the following class of the systems of the noncooperative elliptic
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equations with Dirichlet boundary condition

—Au —au+ﬁv+ u+ v++f in

Av - BU’ + v+ +qu+v+ + 7] in Q, (11)
u =v=0 on 012,
where u, = max{u, 0}, p, ¢ > 1 are real constants, p+q = 2*, 2* = %,

n > 3 and we may write f, g as

f=7¢1+ f, g=to1+g,

where 7, t are real constants and f, g € L*(Q) with

/Qf¢1:/gg¢1:0-

Our problems are characterized as Ambrosetti-Prodi type problems.
Since the pioneering work on the subject in [1], these problem have
been investigated in many ways. For a survey on the scalar case we
recommend the paper [3] and the references therein. In the last decades,
some works on the matter were published focusing some other obsta-
cles added to this kind of nonlinearities problems having critical growth
and the case involving systems. Ambrosetti-Prodi type problems for the
critical growth case were studied in [4] and in [5]. For systems, these
problems were firstly investigated in [7], and lately, in [2].

Let H}(2) be the Sobolev space and H = Hj(Q2) x Hy(Q2). Then H
is a Hilbert space endowed with the norm

I o) = el ) + ol 0

We are looking for the weak solutions of (1.1) in H. The weak solutions
in H satisfy

/Q[(_A% Av) - (z,w) — (au + pv, fu+ yv) - (2, w)
—(7¢1 + f,td1 + g) - (z,w)]dx =0 V(z,w) € H.

We observe that the weak solutions of (1.1) coincide with the critical
points of the the associated functional

J:H— ReC"Y,

H:0) = Quis (u0) = [ |

(1.2)

Y quﬁvi +7o1u+ fu+tdv+ gulde, (1.3)
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where

1
Qapy(u,v) = 5 /Q[|Vu|2 — |Vo]? — au® — 2Buv — yv?]dz.

Let B be ( g g ) € Msyo(R) and pf and gy be the eigenvalues of

the matrix
/\i —

—f

uf, = 51— ot V7 = o~ A{0% — @) — 1)~ T,

_/\l __g ) € M2><2<R), 1. e.,

_ 1
iy, = 5= == V(=7 = a)? = (N — a) (=X = 7) = B}}-
We note that if —y = a, then p = py =0,
if —v>aand 4{(\ —a)(=A\ —7) — 5°} >0, then 0 < i, < pif,,

if —v<aand 4{(\ —a)(=A\ —7) — 57} >0, then py, < puf <0,
and
if 4{(\i —a)(=Ai—7) = °} <0, i >2, then py, <0< pj.

In this paper we show the existence of the unique negative solution for
the system of the linear part of the problem under some conditions, which
is also the negative solution of (1.1). We also consider some property of
the eigenvalue problem of the matrix.

The outline of the proofs of main results are as follows: In section 2,
we show the existence of the unique negative solution of the linear part
of (1.1), which is also a negative solution under the conditions (B1)-(B3)
and some condition for 7 and tso. In section 3, we obtain some result
for the eigenvalue problem of the matrix.

2. A negative solution

LEMMA 2.1. Assume that the conditions (B1), (B2) and (B3) hold.
Let Nog, : H — H be the operator defined by Nyg,(u,v) = (—Au —
au — v, Av — fu — yv). Then the operator

-1 .
N :H—H
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is well defined and continuous, and the system

—Au =au+pv+f in €,
Av = pu+yv+yg, in Q, (2.1)
u =v=>0 on 0f2

has a unique solution (uyg,vys,), which is of the form

_ (_)‘m_7>fm+5gm
o= zm:<(>‘m —a)(=An —7) — 62)¢m7

Ufg = Z(O‘ ()‘m — a)gm i Bfm )¢m7

m — @) (=Am — gamma) — B2
where f = > fubm with > f% < +o00 and g = Y., Gm®m with
> 92, < +00.

Proof. let us take (f,g) in H. We can write f = Y fn¢, with
oo fA < 4ocand g =Y, gmdm with > g2 < +oo. We define, for
m integers,

(=X = V) fin + Bgm v — (A — @) gm + Bfm
(A — @) (A — ) = B T A ) (A — ) = B
which make sense since (\,, — a)(=\,, —7) — 3% # 0 for every m. We
have

Um =

C
|| < m(|fm| + |gml),

from which it follows that

Nt < Cr(f + 9m)
for suitable constants C', C'; not depending on m. We apply the same in-
equality for v,,,. Soifusy =" U@, Vg = Y Um®Pm, then (uys,, vsy) €
H. We can check easily that

Nagy (g vig) = (f, 9)-
So N=': H — H is well defined, so the lemma is proved. n

Using Lemma 2.1 we can derive the following Lemma 2.2.

LEMMA 2.2. Assume that the conditions (B1), (B2) and (B3) hold.
Then the system

—Au = au+ fv in Q,
Av = fu+ vy, in €, (2.2)
u =v=>0 on Of)
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has only the trivial solution (0, 0).

LEMMA 2.3. Assume that the conditions (B1), (B2) and (B3) hold.
Then for any (7,t) with 7 < 0 and t < 0, the linear system
—Au  =oau+ v+ TP in €,
Av = pbu+ yv + tpy in €, (2.3)
u =v=0 on 02
has a unique positive solution (w4, v;¢) € H, which is of the form
u o [ 62T+6t(A1 —O[)
T M —a) () (M=) =
67' + t()\l — Oé)
Vg = < 0.
P T vy Iyl
Since for any (7,t) with 7 < 0 and t < 0, uy < 0 and vy < 0, we

can choose (1y,ty) such that for any (7,t) with 7 < 19 and t < ty,
Ug :ufg+u7t <0 andvo :Ufg+UTt < 0.

)—i-

Proof. We note that (u,¢, v-4) is a solution of system (2.3) with u,; < 0
and vy < 0 for any (7,t) with 7 < 0 and ¢ < 0, and the uniqueness is
the consequence of Lemma 2.1. n

Combing Lemma 2.1 with Lemma 2.3, we obtain the following lemma.

LEMMA 2.4. Assume that the conditions (B1), (B2) and (B3) hold.
there exist constants 79 < 0 and to < 0 such that for any (7,t) with
T < To and t < ty, the linear system

—Au =au+pv+TP+ f in €,
Av  =pfu+yv+tp+g in Q, (2.4)
u =v=0 on Of)
has a unique negative solution (ug,vy) € H with ug < 0 and vy < 0,
which is of the form

w = D et e,

m a)(_)‘m - 7) - 32

2 _
BT + Bt(A — ) N T 61,

o —a)h =) =) h—a

_ (Am — @) gm + Bfm BT +t(A — )
D 0y T w24 B ey s v L8

m
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where [ = > fobm with > f2 < 400 and g = Y., Gm®m Wwith
> 92 < +oo.

Proof. Since for any (7,t) with 7 < 0 and ¢ < 0, u,; > 0 and v, < 0,
we can choose (79, 1) such that for any (7,¢) with 7 > 75 and t < t,
Uy = Usg + U < 0 and vy = vyg + v < 0. ]

THEOREM 2.1. Assume that

(B1) det( A __g Y __5 ) >0,

(B2) det( A __g _A'__f) <0 for i>2,

(B3) a>0, >0 v<0, A\—a>0.

Then there exists (1o,ty) with 19 < 0 and ty < 0 such that for any
(1,t) with 7 < 19 and t < to, (1.1) has at least one negative solution

(u,v).

Proof. We note that the negative solution (ug,vg) with uy < 0 and
v < 0 of (2.4) is also a negative solution of (1.1). O

3. Eigenvalue problem of the matrix

Let us set
E\, =span{¢;| \; = \;}.
Let us denote by (€5 7y ) and (£, 7, ) the eigenvectors of ( g b ) €

Y
Ms,5(R) corresponding to ,LL;;_ and p). respectively. Let us also set

Dy, = {(a,B,7) € R} (\ — ) (=M —v) — 8% > 0},

D>\i = {(0476,7) GR?" ()‘1_05)<_)‘i_7)_52§0} for i > 2,
D;\Z - D)\zm{_,yga}a
D;{Z = D;V.ﬂ{—'yzoz},

Hy, = {(o.n0) € H| (&,1) € R*, ¢ € By},
Hy = {(§no,n¢) € H| ¢ € By,
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X+(O'/7B 7) = (EBM;;>0H)—C) D (@,u;i>0H)\_¢)’
X_(Oé,,87’}/) - (@ML<OH}—:> D (®N;i<OH;L)’
X%, 8,7) = (@M;Z_:OH;:) D (D, —oHy,)-

Then X (o, 8,7), X~ (a, 3,7) and X°(a, 3,7) are the positive, negative
and null space relative to the quadratic form @,ps, in H. Because
(AZ - Oé)(—/\z - 7) - 52 7é 07 Xo(a7677) = {0}

The following theorem can be obtained by easy computations.

THEOREM 3.1. Assume that the conditions (B1), (B2) and (B3) hold.
Let (o, B,v) € R® and i € N. Then
(i) Hy and Hj are the eigenspaces for the operator N g, No g (u,v) =
(—Au —au — v, Av — fu — yv) associated with Q. s, with eigenvalues
“51 and H)i_i respectively.
(ii) H, and H; generate H.

(iii)

If (a,B,7) € Dy,, py, <y, <0,
if (o, B,7) € DY, 0< py, <y,
if i>2, py <0< pf,

- +
lim 2 = _p, lim 22 =1 fori> 2,

lim piy (o, B,7) = iy, (@0, Bo, 70)

(a7677)_>(a07607"/0)

and
im T, B,7) = 1l (ao, Bo, o)
(a,,@,v)—>(a0,ﬁoﬁo)ﬂ/\l( f.1) MAZ( 0: Fo:%0)

uniformly with respect tot1 € N.

Assume that the conditions (B1), (B2) and (B3) hold. Let us choose
(a0, Bo, ) € D), and U be an any neighborhood of (ag, 50,7). Then
U= (UnD)a(\D),

if (a, B,7) € UN D4, then gy, < puf, <0, so X ¥ (e, B,7) = 0.
if (a, 8,7) € U\D},, then 0 < py, < ,u;, so X (o, 8,7) =0,
if ©>2and (a,f3,7) €U, then py <0< puf, so X (a,83,7)#0,
X (e, 8,7) # 0.
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Thus for all ¢ € N and («, Bo, 70) € OD,,, there exist a neighborhood
U of (v, 5o, Y0) such that for all («, 8,v) € U, X («, 3,7) can be split
as an orthogonal sum

X, 8,7) =Ya(a,B,7) @ Ys(er, B,7)  with dim(Ya(a, 8,7) < +00.
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