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APPROXIMATE ADDITIVE MAPPINGS IN 2-BANACH

SPACES AND RELATED TOPICS: REVISITED

Sungsik Yun

Abstract. W. Park [J. Math. Anal. Appl. 376 (2011) 193–202]
proved the Hyers-Ulam stability of the Cauchy functional equation,
the Jensen functional equation and the quadratic functional equation
in 2-Banach spaces. But there are serious problems in the control
functions given in all theorems of the paper.

In this paper, we correct the statements of these results and prove
the corrected theorems.

Moreover, we prove the superstability of the Cauchy functional
equation, the Jensen functional equation and the quadratic func-
tional equation in 2-Banach spaces under the original given condi-
tions.

1. Introduction and preliminaries

In 1940, Ulam [1] suggested the stability problem of functional equa-
tions concerning the stability of group homomorphisms as follows: Let
(G, ◦) be a group and let (H, ?, d) be a metric group with the metric
d(·, ·). Given ε > 0, does there exist a δ = δ(ε) > 0 such that if a
mapping f : G → H satisfies the inequality

d(f(x ◦ y), f(x) ? f(y)) < δ
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for all x, y ∈ G, then a homomorphism F : G → H exits with

d(f(x), F (x)) < ε

for all x ∈ G?
In 1941, Hyers [2] gave a first (partial) affirmative answer to the ques-

tion of Ulam for Banach spaces. Thereafter, we call that type the Hyers-
Ulam stability.

In the 1960’s, Gähler [3,4] introduced the concept of linear 2-normed
spaces.

Definition 1.1. Let X be a real linear space with dimX > 1 and let
‖·, ·‖ : X × X → R≥0 be a function satisfying the following properties:
(a) ‖x, y‖ = 0 if and only if x and y are linearly dependent,
(b) ‖x, y‖ = ‖y, x‖,
(c) ‖αx, y‖ = |α| ‖x, y‖,
(d) ‖x, y + z‖ ≤ ‖x, y‖+ ‖x, z‖
for all x, y, z ∈ X and α ∈ R. Then the function ‖·, ·‖ is called a 2-
norm on X and the pair (X , ‖·, ·‖) is called a linear 2-normed space.
Sometimes the condition (d) called the triangle inequality.

We introduce a basic property of linear 2-normed spaces.

Lemma 1.2. ([5]) Let (X , ‖·, ·‖) be a linear 2-normed space. If x ∈ X
and ‖x, y‖ = 0 for all y ∈ X , then x = 0.

In the 1960’s, Gähler and White [6–8] introduced the concept of 2-
Banach spaces. In order to define completeness, the concepts of Cauchy
sequences and convergence are required.

Definition 1.3. A sequence {xn} in a linear 2-normed space X is
called a Cauchy sequence if

lim
m,n→∞

‖xn − xm, y‖ = 0

for all y ∈ X .

Definition 1.4. A sequence {xn} in a linear 2-normed space X is
called a convergent sequence if there is an x ∈ X such that

lim
n→∞

‖xn − x, y‖ = 0

for all y ∈ X . If {xn} converges to x, write xn → x as n → ∞ and call
x the limit of {xn}. In this case, we also write limn→∞ xn = x.

Triangle inequality implies the following lemma.
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Lemma 1.5. ([5]) For a convergent sequence {xn} in a linear 2-normed
space X ,

lim
n→∞

‖xn, y‖ =
∥∥∥ lim

n→∞
xn, y

∥∥∥
for all y ∈ X .

Definition 1.6. A linear 2-normed space in which every Cauchy
sequence is a convergent sequence is called a 2-Banach space.

Definition 1.7. A 2-Banach space X is called a normed 2-Banach
space if X is a normed space with norm ‖ · ‖.

Remark 1.8. The left sides and the right sides of the inequalities
(2.1), (2.4), (3.1), (3.8), (4.1) and (4.4) in [5] are not well-defined, since
the left elements of the left sides are elements of Y and the right elements
of the left sides are elements of X , and the real numbers ‖z‖r of the right
sides are not defined in Y , which is not a normed space. So to define the
right sides, the space Y must be a normed space.

In this paper, we correct the statements of the results given in [5] and
prove the corrected theorems. We moreover prove the superstability
of the Cauchy functional equation, the Jensen functional equation and
the quadratic functional equation in 2-Banach spaces under the original
given conditions.

Throughout this paper, let X be a normed linear space and let Y be
a normed 2-Banach space.

2. Approximate additive mappings

In this section, we prove the Hyers-Ulam stability of the Cauchy func-
tional equation in 2-Banach spaces.

Theorem 2.1. Let θ ∈ [0,∞), p, q ∈ (0,∞) with p + q < 1 and let
f : X → Y be a mapping satisfying

‖f(x+ y)− f(x)− f(y), z‖ ≤ θ‖x‖p‖y‖q‖z‖
for all x, y ∈ X and all z ∈ Y . Then there is a unique additive mapping
A : X → Y such that

‖f(x)− A(x), z‖ ≤ 1

2− 2p+q
θ‖x‖p+q‖z‖

for all x ∈ X and all z ∈ Y .
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Proof. The proof is the same as in the proof of [5, Theorem 2.1] for
the case r = 1.

Theorem 2.2. Let θ ∈ [0,∞), p, q ∈ (0,∞) with p + q > 1 and let
f : X → Y be a mapping satisfying

‖f(x+ y)− f(x)− f(y), z‖ ≤ θ‖x‖p‖y‖q‖z‖

for all x, y ∈ X and all z ∈ Y . Then there is a unique additive mapping
A : X → Y such that

‖f(x)− A(x), z‖ ≤ 1

2p+q − 2
θ‖x‖p+q‖z‖

for all x ∈ X and all z ∈ Y .

Proof. The proof is the same as in the proof of [5, Theorem 2.2] for
the case r = 1.

Now we prove the superstability of the Cauchy functional equation in
2-Banach spaces.

Theorem 2.3. Let θ ∈ [0,∞), p, q, r ∈ (0,∞) with r 6= 1 and let
f : X → Y be a mapping satisfying

(2.1) ‖f(x+ y)− f(x)− f(y), z‖ ≤ θ‖x‖p‖y‖q‖z‖r

for all x, y ∈ X and all z ∈ Y . Then f : X → Y is an additive mapping.

Proof. Replacing z by sz in (2.1) for s ∈ R \ {0}, we get

‖f(x+ y)− f(x)− f(y), sz‖ ≤ θ‖x‖p‖y‖q‖sz‖r

and so

‖f(x+ y)− f(x)− f(y), z‖ ≤ θ‖x‖p‖y‖q‖z‖r |s|
r

|s|
(2.2)

for all x, y ∈ X , all z ∈ Y and all s ∈ R \ {0}.
If r > 1, then the right side of (2.2) tends to zero as s→ 0.
If r < 1, then the right side of (2.2) tends to zero as s→ +∞.
Thus

‖f(x+ y)− f(x)− f(y), z‖ = 0

for all x, y ∈ X and all z ∈ Y . By Lemma 1.2, f(x+y)−f(x)−f(y) = 0
for all x, y ∈ X , i.e., f : X → Y is additive.
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3. Approximate Jensen mappings

In this section, we prove the Hyers-Ulam stability of the Jensen func-
tional equation in 2-Banach spaces.

Theorem 3.1. Let θ ∈ [0,∞), p, q ∈ (0,∞) with p + q < 1 and let
f : X → Y be a mapping satisfying f(0) = 0 and∥∥∥2f

(x+ y

2

)
− f(x)− f(y), z

∥∥∥ ≤ θ‖x‖p‖y‖q‖z‖

for all x, y ∈ X and all z ∈ Y . Then there is a unique additive mapping
A : X → Y such that

‖f(x)− J(x), z‖ ≤ 1 + 3q

3− 3p+q
θ‖x‖p+q‖z‖

for all x ∈ X and all z ∈ Y .

Proof. The proof is the same as in the proof of [5, Theorem 3.1] for
the case r = 1.

Theorem 3.2. Let θ ∈ [0,∞), p, q ∈ (0,∞) with p + q > 1 and let
f : X → Y be a mapping satisfying f(0) = 0 and∥∥∥2f

(x+ y

2

)
− f(x)− f(y), z

∥∥∥ ≤ θ‖x‖p‖y‖q‖z‖

for all x, y ∈ X and all z ∈ Y . Then there is a unique additive mapping
A : X → Y such that

‖f(x)− A(x), z‖ ≤ 1 + 3q

3p+q − 3
θ‖x‖p+q‖z‖

for all x ∈ X and all z ∈ Y .

Proof. The proof is the same as in the proof of [5, Theorem 3.2] for
the case r = 1.

Now we prove the superstability of the Jensen functional equation in
2-Banach spaces.

Theorem 3.3. Let θ ∈ [0,∞), p, q, r ∈ (0,∞) with r 6= 1 and let
f : X → Y be a mapping satisfying f(0) = 0 and

(3.1)
∥∥∥2f

(x+ y

2

)
− f(x)− f(y), z

∥∥∥ ≤ θ‖x‖p‖y‖q‖z‖r

for all x, y ∈ X and all z ∈ Y . Then f : X → Y is an additive mapping.
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Proof. Replacing z by sz in (3.1) for s ∈ R \ {0}, we get∥∥∥2f
(x+ y

2

)
− f(x)− f(y), sz

∥∥∥ ≤ θ‖x‖p‖y‖q‖sz‖r

and so ∥∥∥2f
(x+ y

2

)
− f(x)− f(y), z

∥∥∥ ≤ θ‖x‖p‖y‖q‖z‖r |s|
r

|s|
for all x, y ∈ X , all z ∈ Y and all s ∈ R \ {0}.

The rest of the proof is similar to the proof of Theorem 2.3.

4. Approximate quadratic mappings

In this section, we prove the Hyers-Ulam stability of the quadratic
functional equation in 2-Banach spaces.

Theorem 4.1. Let θ ∈ [0,∞), p, q ∈ (0,∞) with p + q < 2 and let
f : X → Y be a mapping satisfying f(0) = 0 and

‖f(x+ y) + f(x− y)− 2f(x)− 2f(y), z‖ ≤ θ‖x‖p‖y‖q‖z‖
for all x, y ∈ X and all z ∈ Y . Then there is a unique quadratic mapping
Q : X → Y such that

‖f(x)−Q(x), z‖ ≤ 1

4− 2p+q
θ‖x‖p+q‖z‖

for all x ∈ X and all z ∈ Y .
Proof. The proof is the same as in the proof of [5, Theorem 4.1] for

the case r = 1.

Theorem 4.2. Let θ ∈ [0,∞), p, q ∈ (0,∞) with p + q > 2 and let
f : X → Y be a mapping satisfying f(0) = 0 and

‖f(x+ y) + f(x− y)− 2f(x)− 2f(y), z‖ ≤ θ‖x‖p‖y‖q‖z‖
for all x, y ∈ X and all z ∈ Y . Then there is a unique quadratic mapping
Q : X → Y such that

‖f(x)−Q(x), z‖ ≤ 1

2p+q − 4
θ‖x‖p+q‖z‖

for all x ∈ X and all z ∈ Y .

Proof. The proof is the same as in the proof of [5, Theorem 4.2] for
the case r = 1.
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Now we prove the superstability of the quadratic functional equation
in 2-Banach spaces.

Theorem 4.3. Let θ ∈ [0,∞), p, q, r ∈ (0,∞) with r 6= 1 and let
f : X → Y be a mapping satisfying f(0) = 0 and

(4.1) ‖f(x+ y) + f(x− y)− 2f(x)− 2f(y), z‖ ≤ θ‖x‖p‖y‖q‖z‖r

for all x, y ∈ X and all z ∈ Y . Then f : X → Y is a quadratic mapping.

Proof. Replacing z by sz in (4.1) for s ∈ R \ {0}, we get

‖f(x+ y) + f(x− y)− 2f(x)− 2f(y), sz‖ ≤ θ‖x‖p‖y‖q‖sz‖r

and so

‖f(x+ y) + f(x− y)− 2f(x)− 2f(y), z‖ ≤ θ‖x‖p‖y‖q‖z‖r |s|
r

|s|
for all x, y ∈ X , all z ∈ Y and all s ∈ R \ {0}.

The rest of the proof is similar to the proof of Theorem 2.3.
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