Korean J. Math. 23 (2015), No. 3, pp. 409-425
http://dx.doi.org/10.11568 /kjm.2015.23.3.409

STRONG CONVERGENCE OF AN ITERATIVE
ALGORITHM FOR A MODIFIED SYSTEM OF
VARIATIONAL INEQUALITIES AND A FINITE FAMILY
OF NONEXPANSIVE MAPPINGS IN BANACH SPACES

JAE UG JEONG

ABSTRACT. In this paper, a new iterative scheme based on the
extra-gradient-like method for finding a common element of the set
of fixed points of a finite family of nonexpansive mappings and the
set of solutions of modified variational inequalities in Banach spaces.
A strong convergence theorem for this iterative scheme in Banach
spaces is established. Our results extend recent results announced
by many others.

1. Introduction

Let (E,|| - ||) be a Banach space and C' be a nonempty closed convex
subset of E. Recall that a mapping T : C' — C'is said to be nonexpansive
if

[Tz =Tyl < [lo —yll, Va,yeC.

We denote by F(T) the set of fixed points of T
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Let A,B : C' — E be two nonlinear mappings, I be the idnetity
mapping. We consider the modified system of nonlinear variational in-
equalities for finding (z*,y*) € C' x C such that

(11) (* — (I = MA)(az* + (1 —a)y*),j(z —2*)) >0, VzeCl,
where A;, Ay > 0 and a € [0, 1], J is the normalized duality mapping,
jeJ.

In the case a = 0, problem (1.1) reduces to the following general
system of nonlinear variational inequalities for finding (z*,y*) € C x C
such that

Vo e C,

(1.2) 0
0, VzxeCdl,

{<A1Ay* +at -yt (e — a)) >
) >

(Mo Ba™ +y" — ", j(x —y"))
which was considered by Wang and Yang [12], Yao et al. [13].

In particular, if A = B, then problem (1.2) reduces to the following
system of variational inequalities for finding (z*,y*) € C' x C such that

(1.3)

(MAY* + 2" —y* j(x—2*) >0, Vrel,
(MAz* +y* —ax* j(x —2%)) >0, VxeC(l,

which was studied by Qin et al. [6].
If z* = y* in (1.3), then (1.3) reduces to
(1.4) (Az*, j(x —x%)) >0, VYxeC,

which was considered by Aoyama et al. [1].

If E = H is a real Hilbert space and A, B : C' — H are nonlinear
mappings, then (1.1) reduces to finding (z*,y*) € C' x C such that

(15) (x* = (I = MA)(ax*+ (1 —a)y*),z —x*) >0, Vrel,
' (' = (I = XB)a*,x —a*) 20, Vel

Aoyama et al. [1] proved that an element z* € C is a solution of the
variational inequality (1.4) if and only if 2* € C' is a fixed point of the
mapping Qc(I — AA), where A > 0 is a constant and Q¢ is a sunny
nonexpansive retraction from F onto C.
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Recently, Qin et al. [6] studied the problem of finding a common
element in fixed point set of a nonexpansive mapping and solution set of
a variational inequality for a inverse strongly accretive mapping. More
precisely, they proved the following theorem.

THEOREM 1.1. Let E be a uniformly convex and 2-uniformly smooth
Banach space with the 2-uniformly smooth constant K, C' be a nonempty
closed convex subset of E and (Qc be a sunny nonexpansive retraction
from E onto C. Let A : C — E be an a-inverse strongly accretive
mapping and S : C' — C' be a nonexpansive mapping with a fixed point.
Assume that F = F(S) N F(D) # ¢, where Dx = Q¢[Qc(r — pAzx) —
MNQc(x — pAzx)| for all x € C. Let {x,} be a sequence generated in the
following manner:

(1.6)
1 =u € C,
Yn = Qo(zn — pAzy),
Tpt1 = A+ BpZyn + Ya[0Sx, + (1 = 8)Qc(yn — Ay,)], n> 1.

where 0 € (0,1), A\, u € (0, %) and {a.}, {Bn} and {7,} are sequences
in [0, 1] such that

(a) oy + B+ =1, Vn>1;

(b) lim,, 00 0y = 0, 77 | v, = 00;

(c) 0 < liminf, . 8, <limsup,_,. Bn < 1.

Then the sequence {x,} converges strongly to T = Qru and (Z,7),
where § = Q¢ (T — nAT), is a solution of the problem (1.3).

Motivated and inspired by the research work going on this field, in this
paper, we consider the problem of convergence of an iterative algorithm
for a modified system of nonlinear variational inequalities and a finite
family of nonexpansive mappings. We prove the strong convergence
of the purposed iterative scheme in uniformly convex and 2-uniformly
smooth Banach spaces.

2. Preliminaries

Let C' be a nonempty closed convex subset of a Banach space E with
its dual space E*. Let (-, -) denote the dual pair between E and E*. Let
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2 denote the family of all the nonempty subsets of E. For ¢ > 1,the
generalized duality mapping J, : E — 2% is defined by

Jo(@) ={f" € E": (a, f*) = |||, |.f*] = ="}, VzeF.
In particular, J = J; is the normalized duality mapping. It is known
that J,(z) = ||z]|]*2J(z) for all z € F and J, is single-valued if E* is
strictly convex or E is uniformly smooth. If £ = H is a Hilbert space,
J = 1, the identity mapping.

Let B = {z € F : ||z|| = 1}. A Banach space E is said to be
uniformly convex if, for any e € (0, 2], there exists 6 > 0 such that, for
any z,y € B,

Hx—szaimMEsufgﬁH§1—&

It is known that a uniformly convex Banach space is reflexive and strictly
convex. F is said to be smooth if the limit
T+ ty|| —
et tyll = e
t—0 t

exists for all x,y € B. The modulus of smoothness of E' is the function
pE : [0,00) = [0, 00) defined by

1
pﬂﬂzwmgwx+wkﬂw—ym—lﬂwﬂSLMHSﬂ-

A Banach space E is called uniformly smooth if lim;_,q pET(t) =0. Fis

called g-uniformly smooth if there exists a constant ¢ > 0 such that
pe(t) <ct?, ¢>1.
If E is g-uniformly smooth, then ¢ < 2 and E is uniformly smooth.

DEFINITION 2.1. Let A: C'— E be a mapping. A is said to be
(i) accretive if there exists j(x — y) € J(z — y) such that

(Az — Ay, j(x —y)) 20

for all z,y € C.
(ii) ¢-inverse strongly accretive if there exist j(x —y) € J(x —y) and
a constant ¢ > 0 such that

(Az — Ay, j(z — y)) = ([ Az — Ay|]®
for all z,y € C.
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DEFINITION 2.2. Let C' be a nonempty convex subset of a real Banach
space. Let {T;}¥, be a finite family of nonexpansive mappings of C' into
itself and let 0y, --- ,nny be real numbers such that 0 < n; < 1 for every
it=1,---,N. Define a mapping S : C' — (' as follows:

Uy=mTi+ (1 —m)l,
Uy = noToUy + (1 — o) Uy,

Us = n3T3U + (1 — n3)Us,

Un-1=nn-1TNn-1Uyn—2+ (1 = nn_1)Un_2,

S = UN = UNTNUNfl + (1 — UN)UNfl-
Such a mapping S is called the K-mapping generated by 71, --- , T and
M, 57N

Let D be a subset of C' and () be a mapping of C' into D. Then @ is
said to be sunny if

QQ(x) +t(x — Q(x))] = Q(),

whenever Q(z) +t(x — Q(z)) € C for x € C' and t > 0. A mapping @ of
C into itself is called a retraction if Q? = Q. If a mapping Q of C into
itself is a retraction, then Q(z) = z for all z € R(Q), where R(Q) is the
range of ). A subset D of (' is called a sunny nonexpansive retract of
C' if there exists a sunny nonexpansive retraction from C' onto D.

In order to prove our main results in the next section, we also need
the following lemmas.

LEMMA 2.1. ([10]) Let E be a real 2-uniformly smooth Banach space.
Then
Iz +ll* < ll=1* + 20y, j(2) + 21 Kyl*,  Voy € E,

where K is the 2-uniformly smooth constant of E.

LEMMA 2.2. ([5]) Let C be a closed convex subset of a strictly convex
Banach space E. Let {T,, : n € N} be a sequence of nonexpansive
mappings of C' into itself with N, F(T;) # ¢ and let n,,- -+ ,nx be real
numbers such that 0 < n; < 1 foreveryi=1,--- /N—1and0 < ny < 1.
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Let S be the K-mapping generated by Ty --- , T and 1y, --- ,ny. Then
F(S) = Nl F(T3).

REMARK 2.1. It is easy to see that the K-mapping is a nonexpansive
mapping.

LeMMA 2.3. (]9]) Let {x,} and {z,} be bounded sequences in a Ba-
nach space and let {3, } be a sequence in [0, 1] with 0 < liminf,, . £, <
limsup,, ., Bn < 1. Suppose that x,.1 = Bpx,+(1—f,)z, for all integer
n > 0 and

limsup(||zn41 — 2ol = [[T01 — 2a])) < 0.
n—oo
Then lim,, o ||2 — 2a]| = 0.

LEMMA 2.4. ([8]) Let E be a uniformly smooth Banach space, C' be
a closed convex subset of E and D : C' — C' be a nonexpansive mapping
with F(D) # ¢. For each fixed point u € C and every t € (0,1),
the unique fixed point x; € C of the contraction x — tu+ (1 — t)Dx
converges strongly ast — 0 to a point of F'(D). Define @ : C — F(D) by
Q(u) = limy_,o x;. Then Q) is the unique sunny nonexpansive retraction
from C onto F (D), that is, Q) satisfy the property:

(u—Qu),jly—Qu)) <0, VueC,yeF(D).

LEMMA 2.5. ([2]) Let C' be a nonempty closed convex subset of a
strictly convex Banach space E. Let {Sy} be a sequence of nonexpansive
mappings of C into E and {f} be a sequence of positive real numbers
such that > ;" B = 1. If N2, F(Sy) # ¢, then the mapping S =
Y rey BrSk is nonexpansive and F(S) = N2, F(Sy).

LEMMA 2.6. ([11]) Assume that {a,} is a sequence of nonnegative
real numbers such that

Ap+1 S (1 - an)an + ﬁna

where {«,}, {8,} satisfy the conditions
(a) {an} C[0,1], 3207 o = 00;
(b) lim sup,,_, g—z <0or) 2 |Bal < oo.
Then lim,,_,o a, = 0.

LEMMA 2.7. ([7]) Let C' be a nonempty closed convex subset of a
smooth Banach space E and let Qo be a retraction from E onto C.
Then the following are equivalent:
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(i) Q¢ is both sunny and nonexpansive;
(ii) {(x — Qc(x),j(y — Qc(x))) <0 for allx € E and y € C.

LEMMA 2.8. ([3]) In a Banach space E, the following inequality holds:
lz +yl* < ll=ll* + 2{y, j (@ + ), Yo,y € F,
where j(z +y) € J(x +y).

LEMMA 2.9. ([3]) Let C' be a nonempty closed convex subset of a
smooth Banach space E. Let QQc : E — C be a sunny nonexpansive
retraction, A,B : C — FE be mappings. For every Ai,\s > 0 and
a € [0,1], the following statements are equivalent:

(a) (z*,y*) € C x C is a solution of problem (1.1).

(b) x* is a fixed point of the mapping G : C'— C' defined by

G(r) =Qc(I — MA)(ax+ (1 — a)Qc(I — N B)x),
where y* = Q¢ (I — Mo B)zx*

Proof. (a)=-(b). Let (z*,y*) € C x C be a solution of problem (1.1).
For every A\, A\ > 0 and a E [0, 1], we have

(* — (I — MA)(ax* + (1 —a)y*),j(z — %)) >0, Vzel,
From Lemma 2.7, we have
= Qc(I — MA)(ax* + (1 —a)y*),
y = Qc(I — \oB)z”
It implies that
T =Qc(l — MA)(az" + (1 — a)Qc(I — Ny)x™)
= G(z").
Hence, we have z* € F(G), where y* = Qc(I — Ao B)x*
(b)=(a). Let z* € F(G) and y* = Qc(I — A2B)z*. Then, we have
= G(x")
= QoI = MA)(az" + (1 —a)Qc (I — X B)x7)
= Qc( — MA)(az” + (1 — a)y”).



416 J. U. Jeong

From Lemma 2.7, we have

(* — (I = MA)(ax* + (1 —a)y*),j(z — %)) >0, Vrel,
(y* = (I = XB)a*, j(x —y")) 20, Vzel.

Hence, we have (z*,y*) € C' x C'is a solution of (1.1). O

3. Main results

Now we state and prove our main results.

THEOREM 3.1. Let E be a uniformly convex and 2-uniformly smooth
Banach space with the 2-uniformly smooth constant K, C' be a nonempty
closed convex subset of E and (Qc be a sunny nonexpansive retraction
from E onto C. Let A,B : C — E be (1, (s-inverse strongly accretive
mappings, respectively. Define the mapping G : C — C by G(z) =
Qc(I — MA)(az + (1 —a)Qc(I — NoB)zx) for all z € C, A\, Ay > 0 and
a€0,1). Let S : C — C be the K-mapping generated by Ty, Ty, - -+ , T
and ny,m2, -+ ,mn, where n; € (0,1), fori =1,2,--- ,N — 1, and ny €
(0,1] with F = X, F(T;)NF(G) # ¢. Suppose that {x,} is the sequence
generated by

r1,u € C,
Yn = QC(I - )\23)33717

Tpt1 = A+ BnZyn + [0Sz, + (1 — 6)Qc(ax, + (1 — a)y,
—MA(ax, + (1= a)yn))], Vn =1,

(3.1)

where A\ € (0, 25), A2 € (0,+%) and {a,}, {Ba}, {7} are sequences in
[0,1]. Assume that the following conditions hold:

(i) ot + B+ Yn = 1,

(i) limy, oo v, = 0 and > 7 | @, = 00,

(iii) 0 < liminf, . B, < limsup,,_,. Bn < 1.

Then {z,} converges strongly to xy = Qru and (xg,yo) is a solution
of (1.1), where yo = Qc(I — Ao B)xg.

Proof. First, we show that Q¢ (I — A\ A) and Q¢ (I — A9 B) are nonex-
pansive mappings for \; € (0, %), Ay € (0, %) Let z,y € C. Since A

is an (j-inverse strongly accretive mapping and \; < %, we have from
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Lemma 2.1 that

(1 = Az — (I - )\2A)?J||2
<z —yl|* = 2\ (Az — Ay, j(x — y)) + 2K3X\3|| Az — Ay|]?
< oz —yl* = 2MG[[ A — Ay[|* + 2K°03 || Az — Ay|]®
= [lz =yl + 20 (M E? = () || Az — Ay]?
(32)  <lz—yl*

Thus (I — A\ A) is a nonexpansive mapping. So is (I — A\B). Hence
Qc(I — MA), Qc(I — X\2B) are nonexpansive mappings. It is easy to
see that the mapping G is a nonexpansive mapping. This show from
Remark 2.1 that F = F(S) N F(G) is closed and convex. Let z* € F.
Then we have x* = Sz* and

¥ = Gx*

= Q.1 —MA)(az" + (1 —a)Qc(I — \aB)x™).

Putting w, = Qc(I — M A)(az, + (1 — a)y) and y* = Qo(l — A B)a”,
we can rewrite (3.1) by

and z* = Qc(I — M A)(az* + (1 —a)y*). Since Qc(I — M A) and Q¢ (I —

A2 B) are nonexpansive, we have

(3.3)

[

= 1Qc(l = MA)(azn + (1 = a)yn) — QeI — MA)(az”™ + (1 —a)y’)||
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It follows from the definition of x,, and (3.3) that

@041 — 27|

= ||apu + Bntyn + Y (6Sx, + (1 = §w,) — x|

< apllu — 2% + Bullen — 2™ + [0l Szn — 27| + (1 = 6)[lwn — 2]
< agllu — 27| + Bullzn — 27| + Ww[ollzn — 27| + (1 = 0)[|zn — 27|]]
= apllu — 2" + (1 — o) [|zn — 27|

< max{|fu — 7], [lz1 — 2™}

So, {z,} is bounded. Hence {y,}, {w,} and {Sxz,} are also bounded.
And we have

(3.4)

[wn1 — wy|

= [|QcI = MA)(azns1 + (1 = Q)yns1) — QeI — AiA)(azy + (1 = a)yn) |
< allzne — 2ol + (1 = a)[ynsr — ynll

< allzni — 2ol + (1 = a)||zny — 20

= [|2ng1 — 24]].

Next, we will show that
(3.5) Tim |21 = @] = 0.
Let

(36) Tpy1 = (1 - 5n)zn + /anna Vn > 1a
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where z, = % for each n > 1. Since z,41 — Bpx, = ayu +
Yl0Sz, + (1 — 0)w,] and (3.6), we have

Zn+l — Zn

o Tn42 — ﬁn—l—lxn—&—l . Tn4+1 — ﬁnxn

1- ﬁn—&-l 1- Bn
1+ Y1 [05T g1 + (1= Swaya] a4+ a[0S2, + (1 — 0)w,)
N 1 — Bus 1 =P,
_ Yns1[0Szn + (1 = 6wy N Yrt1[0ST, + (1 — 0)w,]
1= Bna 1= Bpa

_ < Apt1 . (079 )U
1— Bn—l—l 1— ﬂn

+ L[(S(anﬂ — an) + (1 — 5)(wn+1 - wn)]

]- - Bn+1
Yn+1 N Yn o
+ <1 o 1o 5n> [0Sz, + (1 — 0)w,]

_ ( Opy1 . Ay, )U
11— Bn—i—l 1— Bn

+ L[&(an_,_l — Sa?n) + (1 - 5)(wn+1 - wn)]

I ﬁn+l
7% Ant1
+ (1 — 5 1= 5n+1) (05T, + (1 — 0)w,].

It follows from (3.4) that

|2n+1 — 2|
Q1 N Qap,
1— Bn—l-l 11— Bn

b §( S — S2a) + (1= 8) (wars — wy)]
11— ﬂn—i-l

Qn Qpt1

]-_Bn_l_/Bn—l—l

<

]

i

|0Sx, + (1 —0)w,||
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Ant1 Yn
S _ uwl| + Sz + ||wn
\1_5n+1 |+ 1Sl 4 o)
(81 gs — S| + (1= 0)l|wngs — wy]
1_/8n+1
Q1 Qnp,
< _ uwl| + Sl’n + ||wy
\1_%1 = ([l 18l + leon]
Tn+1
+ T llznes = 2all + (1= 8)#nsr — ]
_6n+1
Qpt1 Qp Tnid
_ - ull + 1Szl + [lwnll] + T—Z—llwn1 — 2n
‘1—6n+1 1—ﬁn [H || || || || ”] 1_Bn+1|| o ||
Ap41 Qi
< - ull + Szl + lwall] + lzns1 = 2all.
’1_5%1 |l 1Sl ol + s =

From the conditions (ii) and (iii), we have

lim sup([|znt1 = 2|l = [[2n41 — 2al]) < 0.
n—oo

From Lemma 2.3 and (3.6), we have
lim ||z, — z,|| = 0.
— 00

Since x,11 — x, = (1 — 8,)(2n — @), we obtain

(3.7) lim ||z,41 — x| = 0.
n—oo

Next, we will show that

thllp(u - xOuj(xn - .’L’(]>> < 07

n—oo

where o = Qru. To show this inequality, define a mapping D : C' — C'
by

Dz =65+ (1 —0)Qc(I — MA)(ax + (1 —a)Qc (I — Ao B)x)
=0Sz+ (1 -96)Gx, VexelC
From Lemma 2.2 and 2.5, we have D is a nonexpansive mapping with
F(D)=F(S)NF(G)
= NLF(T) N F(G)
(3.8) =F.
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From the nonexpansiveness of the mapping D and the definition of x,,,
we have

|20 — Dy || < |20 — Zpga || + [ 201 — Dy
< N@n = Zppal| + anllu — Dxy|| + Bullzn — Dy |

This implies that
(1 - Bn)Hxn - Dan S Hxn - «Tn+1|| + anHU — Dan
From the conditions (ii), (iii) and (3.7), we have

(3.9) lim |z, — Dz,|| = 0.
n—oo

Let ; be the fixed point of the contraction z +— tu + (1 — t) Dz, where
t € (0,1). That is,

From the definition of x;, we have

e — zal|* = [[t(u — 2) + (1 = 8)(Dzy — )|
= (1 = )((Dxy = Dy, j(21 — @) + Dy — T, (21 — 20)))
+t(u — xy, j(xp — x)) + {xy — 4, J (24 — T4))
< (1 =tz = all® + (| D2n — walllle — 20]])
+tH{u — 2y, j (2, — 20)) + t]|2r — 2,
= ||z — xn||2 + (1 =) Dxy — |||z — 20|
(3.10) + t{u — xy, j(xy — x,)).

(3.10) implies that

. 1-1
(3.11) (u =20, (@ = 20)) < ——|Dn — @alllwe — zal.
From (3.9) and (3.11), we have
(3.12) lim sup(u — x4, j(z, — x¢)) < 0.

n—oo
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From Lemma 2.4 and (3.8), we see that Qppyu = lim;_,o z; and F(D) =
F. It follows that lim; oz, = g = Q#(u). Since
(u — o, j(xn — T0))
= (u — x0, j(Tn — o)) — (U — 0, j(Tn — 7))
+(u = 20, j(Tn — 1)) — (U — 24, §(T0 — T4))
+(u — 4, j (T — 24))
= (u — 20, j(Tn — o) — J(Tn — 1)) + (¢ — @0, j(Tn — )
+ (u — xy, (2 — 1))
= |lu = wol[|lj(zn — xo) — j(an — x)|| + 2 — w0l — 24
+ (u =y, j(2n — 40)),
it follows that

lim sup(u — xg, j(x, — o)) < limsup ||u — xol|||7(zn — x0) — J(xn — 21)||
n—oo n—oo

+ [Jor — o[ lim sup ||z, — x|
n—oo

(3.13) + lim sup(u — @, j(x, — x¢)).

n—o0

Since 7 is norm-to-norm uniformly continuous on a bounded subset of
E, (3.12) and (3.13), we have

lim sup(u — xo, j(x, — o)) = limsup lim sup(u — o, j(z, — x¢))
n—r00 t—0 n—00

(3.14) <.
Finally, we will show that the sequence {x,} converges strongly to
xo € F. From the definition of z,, and Lemma 2.8, we have
[ 211 — o”
= [lan(u = 20) + Bu(z — 20) + Yu (D, — 20)|?
< ||Bn(@n — @0) + A (Dxn — 20) || + 200 (u — @0, j(Tns1 — 20))
< (Ballzn — oll + Yallwn — wol|)* + 20 (u — 20, j(wp41 — 20))
(3.15) < (1 —a)||zn — ol|* + 20 (u — 20, j(Tny1 — T0)).
From the condition (ii), (3.14) and Lemma 2.6 to (3.15), we obtain that
lim ||z, — o] = 0.
n—00

This completes the proof. O
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REMARK 3.1. (1) If we take a = 0, then the iterative scheme (3.1)
reduces to the following scheme:

(3.16)
x1,u € C),
Yn = QoI — A B)xy,
Tpi1 = QU+ Bn®y + Ya[0ST, + (1 — 8)Qc(yn — MAy,)], Vn>1,

From Theorem 3.1, we obtain that the sequence {x,, } generated by (3.16)
converges strongly to zo = Qv p(1,)nr (@)U, Where the mapping G : €' —

C' defined by G(x) = Qc(I—M\A)Qc(I—XoB)x for all x € C and (z0, yo)
is a solution of (1.2), where yg = Qc(I — Ao B)xg.

(2) If we take x; =u, A=B, N=1,m=1land Ty =5:C — C
is a nonexpansive mapping, then the iterative scheme (3.16) reduces to
the following scheme:

(3.17)
T1=U
Yn = Qc([ — M A)z,,
Tnt1 = QU+ BTy + [0Szn + (1 = 0)Qc(yn — MAyn)],  Vn > 1,

which is (1.6). From Theorem 3.1, we obtain that the sequence {z,}
generated by (3.17) converges strongly to zo = Qp(s)nr(c)u, where the
mapping G : C' — C defined by G(z) = Qc(I — MA)Qc (I — M A)x for
all x € C' and (xg,yo) is a solution of (1.3), where yg = Qc (1 — A\ A)xy.

REMARK 3.2. (i) We note that all Hilbert spaces and L”(p > 2) spaces
are 2-uniformly smooth.

(ii) If E = H is a Hilbert space, then a sunny nonexpansive retraction
(¢ is coincident with the metric projection Py from H onto C.

(iii) It is well known that the 2-uniformly smooth constant K = Y2

2
in Hilbert spaces.

From Theorem 3.1 and Remark 3.3, we can obtain the following result
immediately.

COROLLARY 3.1. Let C' be a nonempty closed convex subset of a
real Hilbert space H and Pg be the metric projection from H onto
C. Let A,B : C — H be (31, (s-inverse strongly monotone mappings,
respectively. Define the mapping G : C' — C by

G(z) = Pc(I — MA)(ax + (1 —a)Po(I — Mo B)x)
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forallz € C, A\;,\s > 0anda € [0,1). Let S : C' — C be the K-mapping
generated by Ty,Ts,---,Tn and ny,m2,--- ,nn, where n; € (0,1) for
= 1,2,--- ,N —1 and ny € (0,1] with F = N}, F(T;) N F(G) # ¢.
Suppose that {x,} is the sequence generated by

x1,u € C,
Y = Po(l — NoB)in,
Tpi1 = At + BTy + Yn[0ST,
+(1 =) Pelax, + (1 — a)y, — MA(ax, + (1 —a)y,))], Vn>1,

where \; € (0,2¢1), A2 € (0,2¢2) and {an}, {Bn}, {7} are sequences in
[0,1]. Assume that the following conditions hold:

(i) an + B +7m =1,

(i) lim;, o0 o, = 0 and Y7 | @y, = 00,

(iii) 0 < liminf, . 8, < limsup,,_,. Bn < 1.

Then {x,} converges strongly to o = Pru and (zo,yo) Is a solution
of (1.5), where yo = Pc(I — \aB)xo.

REMARK 3.3. We can see easily that Aoyama et al. [1], liduka and
Takahashi [4], Yao and Yao [14], Qin et al. [6], Wang and Yang [12]’s
results are special cases of Theorem 3.1.
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