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EXISTENCE OF SOLUTIONS OF A CLASS OF
IMPULSIVE PERIODIC TYPE BVPS FOR SINGULAR
FRACTIONAL DIFFERENTIAL SYSTEMS

YuJr Liv

ABSTRACT. A class of periodic type boundary value problems of
coupled impulsive fractional differential equations are proposed. Suf-
ficient conditions are given for the existence of solutions of these
problems. We allow the nonlinearities p(¢) f (¢, z,y) and q(t)g(t, z,y)
in fractional differential equations to be singular at ¢ = 0,1 and be
involved a sup-multiplicative-like function. So both f and g may
be super-linear and sub-linear. The analysis relies on a well known
fixed point theorem. An example is given to illustrate the efficiency
of the theorems.

1. Introduction

Fractional calculus has many applications (see Chapter 10 in [36]).
Boundary value problems for nonlinear fractional differential equations
have been addressed by several researchers during last decades. That is
why, the fractional derivatives serve an excellent tool for the description
of hereditary properties of various materials and processes. Actually,
fractional differential equations arise in many engineering and scientific
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disciplines such as, physics, chemistry, biology, electrochemistry, electro-
magnetic, control theory, economics, signal and image processing, aero-
dynamics, and porous media. There have been many results obtained
on the existence of solutions of boundary value problems for nonlinear
fractional differential equations (see [6,7,29,31,32,43,51,54]).

In recent years, many authors [1,14,19,20,22,23,25,26,30,37,42,43,50,
55] studied the existence or uniqueness of solutions of impulsive initial
or boundary value problems for fractional differential equations. For ex-
amples, impulsive anti-periodic boundary value problems (see [2-4,39]),
impulsive periodic boundary value problems (see [40]), impulsive initial
value problems (see [9,13,28,46]), two-point, three-point or multi-point
impulsive boundary value problems (see [5,41,53]), impulsive boundary
value problems on infinite intervals (see [52]).

In [40], the following periodic boundary value problem of impulse type
fractional differential equation

Dex(t) — Mx(t) = f(t,z(t)), te€(0,1],t#t,
z(1) — limt'~2x(t) = 0,
t—0
lim (t — t)[z(t) — z(t1)] = I(x(ty))
t—t]

where 0 < a < 1, D® is the standard Riemann-Liouville fractional
derivative, A € R with A # 0,0 =1ty <t; <ty =1,1 € C(R,R), [ is
continuous at every point (t,u) € [0,1] X R.

In [8], authors studied the following periodic boundary value problem
of impulse type fractional differential equation

D%x(t) —Xx(t) = f(t,z(t)), t€ (tp,tprr),k=0,1,---,p,
z(1) — lim ¢~z (t) = 0,

t—0
lim (t — t) 72z (t) — z(tp)] = [(z(tp)), k= 1,2,--- | p,
t—tf
where 0 < a < 1, D® is the standard Riemann-Liouville fractional
derivative, A € R with A 7£ 0,0=ti <t1 <ty < - < tp < tp+1 =1,
I € C(R,R), f is continuous at every point (t,u) € (tg,tr+1] X R(k =
0,1,2,--- ,p).

Applications of fractional order differential systems are in many fields,
as for example, rheology, mechanics, chemistry, physics, bioengineering,
robotics and many others, see [10]. Diethehm [11] proposed the model
of the type (which is called a multi-order fractional differential system):

‘Dyiyi(t) = filt,pn(t), -+ yn(t),i=1,2,--- ,n
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subjected to the initial conditions

yi(0) =yj0(j =1,2,--- . n).
In [15,33,45], the fractional order nonlinear dynamical model of inter-
personal relationships

Dx(t) + arz(t) = Ay + Siy(t) (1 — ey?(1)),

Dy(t) + any(t) = Az + Boz(t)(1 — ex’(t)),

was proposed, where 0 < a < 1, a4, §;, A;, € are real constants. These
systems contain many models as special cases, see Chen’s fractional or-
der system [47,48] with a double scroll attractor, Genesio-Tesi fractional-
order system [18], Lu’s fractional order system [12], Volta’s fractional-
order system [34, 35], Rossler’s fractional-order system [24] and so on.
To the authors knowledge, there has been no paper discussing the ex-
istence of solutions of impulsive periodic type boundary value problems
of singular fractional differential systems.

Motivated by mentioned applications and reason, in this paper, we
discuss the following impulsive periodic type boundary value problem of
singular fractional differential system
1)

( Da(t) — Ax(t) = p(t) f(t,=(t), y(t)),t € (L, tia), i € N[0, m],
D y(t) = ny(t) = a)g(t, 2(0) y(0).t € (8. tie0)i € N0,
(1) —ahmtl () = fy o()G(s,2(s), y(s))ds,

t—0

y(1) = blimt'Py(t) = [ (s H (s, 2(s), y(s))ds,
tlgg(t " ) “w(t) = I(t, x(t;),y(t:)),i € N[1,m],
lim (t — ;)" By(t) = J(t, 2(t:), y(t:)),i € N[1,m],

+
[t

where
(a) 0<a,B8<1, Dy (or Df_+ ) is the Riemann-Liouville fractional

derivative of order a (or /5 ),
(b) O:t0<t1<t2<---<tm<tm+1zlwithm21,a,b€R
with ab # 0, \,u € R, Nlc,d] = {¢,c+ 1,--- ,d} for integers ¢ and d,
(c) ¢,¢:(0,1) — R satisfy ¢, € L'(0,1),
(d) p,q: Ui tiz1) = R satisfy the growth conditions: there exist

=0
constants k;, [;(1 = 1,2) with k; > —1, ko > —1 and max{—«, —k; —1} <
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l; <0 and max{—f, —ky — 1} < Iy < 0 such that [p(t)] < (t—t;)" (ti11—
t)llv ‘Q(t” < (t - ti)kQ(tH—l - t)lzﬁ te (tivti+1)>i =0,1,---,m,

(e) f,9,G, H defined on (0,1) x R x R are impulsive Caratheodory
functions(see Definition 2.3), I, J are Caratheodory functions(see Defini-
tion 2.4).

A pair of functions z,y : (0,1] — R is called a solution of BVP(1) if
x|(tk,tk+1] € Co(tkH tk-i—l]a yl(tk,tk+1] € Co(tk7 tk-i—l]a k= 07 17 27 e, M

and z, y satisfy all equations in (1). As in [40], for clarity and brevity, we
restrict our attention to BVPs with one impulse, the difference between
the theory of one or an arbitrary number of impulses is quite minimal.

To the best of the authors knowledge, no one has studied the existence
of solutions of BVP (1) in which the nonlinearities are singular functions.
We fill this gap by establishing existence results on solutions of BVP(1).
The assumptions (D) in Theorem 3.1 in this paper are more general that
the assumptions (H1) and (H2) in Theorem 3.18 in [8,40]. Two examples
are given to illustrate the efficiency of the main theorems.

The remainder of this paper is as follows: in Section 2, we present
preliminary results. The main theorems and their proofs are given in
Section 3. In Section 4, an example is given to illustrate the main results.

2. Preliminary results

For the convenience of the readers, we firstly present the necessary
definitions from the fractional calculus theory. These definitions and
results can be found in the literatures [21, 36].

Let the Gamma function, Beta function and the classical Mittag-
Leffler special function be defined by

o) = f0+oo e *dx, B(p,q) = fol P11 — )7,

[o.¢] xk
Eso(v) = 2 e

respectively for ,a > 0,p > 0,¢ > 0,0 > 0. We note that Ess(x) > 0 for
all z € R and Ej () is strictly increasing in x. Then for 2 > 0 we have

Eg’g(—x) < E575(0) = ﬁ < E&g(l’).
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DEFINITION 2.1. ([21]) Let ¢ € R. The Riemann-Liouville fractional
integral of order @ > 0 of a function g : (¢, 00) — R is given by

19,g(t) = w5 [t — 8)° 1 g(s)ds,
provided that the right-hand side exists.

DEFINITION 2.2. ([21]) Let ¢ € R. The Riemann-Liouville fractional
derivative of order a > 0 of a continuous function g : (¢,00) — R is
given by

Dc+g< ) dt" f (t— sg&‘S ”+1
where a <n < a+1,ie,n = [ 1, provided that the right-hand side
exists.

For readers convenience, choose
San(t,t;) = (t — ) ' Ep oA\t —:)%),t € (ti, tis1],i € N[0, m],

Opu(t,t;) = (t — ;)P Eg g(pu(t — ¢:)7),t € (ti, tip1],i € N[0, m].

DEFINITION 2.3. We call F' : |J(t;,t;41) x R? — R an impulsive
i=0

Caratheodory function if it satisfies

(i) t = F(t,0ax(t,ti)u,08,(t,t;)v) is measurable on (¢;,t;41)(i €
N[0,m]) for any (u,v) € R?,

(i) (u,v) = F (t,0ax(t, ti)u,05,(t,t;)v) is continuous on R? for al-
most all t € (tz,tz+1)<Z =0,1,2,--- ,m),

(iii) for each r > 0 there exists M, > 0 such that

|F(t7 5a,>\(t7t’i>u7557#<t7ti)v)| < Mrat € (tivtiJrl)? |U|, |U‘ < T,i € N[()?m]

DEFINITION 2.4. We call I : {t; : « € N[I,m]} x R* - R an
Caratheodory function if it satisfies

(1) (u,v) = I (ti, 0ax(tis ti1)u, 05, (t;, t;-1)v) is continuous on R? for
almost all e =1,2,--- ,m,

(ii) for each r > 0 there exists M, > 0 such that

|I (tz, 5047)\(151', ti,l)u, (5[3#(151', ti,l)v)| S Mr, 1€ N[l, m]
DEFINITION 2.5. ([19]) An odd homeomorphism ® of the real line
R onto itself is called a sup-multiplicative-like function if there exists a

homeomorphism w of [0, +00) onto itself which supports ® in the sense
that for all vy, v9 > 0 it holds

(2) O (v1v9) > w(vy)P(vg).
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w is called the supporting function of ®.

REMARK 2.1. From [19], any function of the form

k
O (u) = z:cj|u|ju7 ue R

j=0

is a sup-multiplicative-like function, provided that ¢; > 0. Here a sup-
porting function is defined by w(u) := min{u*™', u}, u > 0.

REMARK 2.2. ([19]) It is clear that a sup-multiplicative-like function
® and any corresponding supporting function w are increasing functions
vanishing at zero and moreover their inverses ®~! and v respectively are
increasing and such that

(3) O (wywy) < v(wr)® ™ (wy),

for all wy,ws > 0 and v is called the supporting function of ®~1.

In this paper we suppose that ® : R — R is a sup-multiplicative-like
function with supporting function w, its inverse function is denoted by
®~!: R — R with supporting function v.

Suppose that A > 0, > 0. We use the Banach spaces (similarly
to [8], we can give the proofs)

X (tistiz1] < Co(ti, ti+1],i c N[O, m],
X={2:(0,1] > R: there exist the limits

tlig}r San(ts)? ! € N[0, m]

with the norm

[z()] .
LI =1T]lx = max sup ———:1€ N[0O,m
] = [l=]lx {tewm N [0, m]
Yl (i) € COti, tina], i € N[0, m],
Y =<y:(0,1]—R: there exist the limits
’ lim —0__ e N[0, m)]

ARl
t—)tj’ 6ﬁ,u(t7tz)
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with the norm

= = max su —’y@)l ) m
yll = llylly = { p 6 e NJo, ]}.

te(titit1] 5/5#

Choose E = X x Y with the norm ||(x,y)|| = max {||z||x, ||y|ly} . Then
E' is a Banach space.

LEMMA 2.1. Suppose that o : (0,1) — R satisfies that there exist
numbers k > —1 and max{—«,—k — 1} < | < 0 such that |o(t)] <
(t —t)E(tips — ) for all t € (ti,ti1), @ = 0,1,--- ,m. The x is a
solutions of

Da(t) — da(t) = 0() € (ti,tinr), i € N{O,m],

(4) o(1) — alimt'="a (t)
lim (¢ — 1)1~ @:LJ N1, m]

if and only if x € X and

T(0)dur(t, O)ImF(a)éa,A(l,tm)+ft17n o (1,8)0(s)ds—ao

z(t) = +Lakt@(ﬁkt€®;L
I(a)0an(t, t:)1; + ft ax(t,s)o(s)ds,t € (ti,tiy1],7 € N[1,m].

Proof. Let x be a solution of (4). One sees from | < 0, for ¢ € (t;,t;11],
that

(t _ ti)l_a j;i 5o¢7a(t7 S)O'(S)ds‘
< (t—t) aft — 8) By oAt —8)) (s — t:)*(tis1 — s)'ds
= (t—t;)" ft —5)*! Z r(zﬂj)a) (s —ti)*(tiy1 — s)'ds

(t_t 1 aft - a+l 12 F(aera (S_t)kds
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— (t—tl)l a;}raz—’—a ﬁ a+az+l 1( )kds

00 . )
— (t . ti)l o ZO = m+a)( . t@,)oz-&—az—&-l—l—k f()l(l . w)a-i—az—i—l—lwkdw

(2

S (t o tz) Z aH—a (t - ti)a+ai+l+k fol(l . w)OH»l*lwkdw

=t —t;)""FBla+ 1L, k+1) Z F mm
= (t —t)""FB(a+ 1Lk + 1) Ey o (At — )%).
From k+14+1 >0, we get
lim (¢ —t;)'~
t%t;r( )
By (3.26) in [7], we know that there exist numbers A; such that
(6)
z(t) = Al (a)dan(t, t;) + fti dan(t,s)o(s)ds,t € (t;,tiz1],i € N[O, m].
Note Eno(0) = =+. It follows from the boundary conditions and the

I'(«)
impulse assumption in (4) that

AL ()ban(1,t) —l—ft dan(1,s)o(s)ds —aAy = ay,

ti ax(t,s)o(s)ds| = 0.

Then

Imr(a)éa,)\(lztm)J”ftlm‘ 5a,>\(173)0(3)d3*a0

Ay = .
Substituting A;(i = 0,1,2,--- ,m) into (6), we get (5) obviously.
It is easy to see that both $|(0,t1] and x|, 1) are continuous and the
limits lim ¢!~z (t) and lim z(t). So z € X.
t—0 t—t1

On the other hand, if x satisfies (5), we can prove that x € X and x
satisfies (4). The proof is completed. O
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LEMMA 2.2. Suppose that o : (0,1) — R satisfies that there exist
numbers k > —1 and max{—3,—k — 1} < | < 0 such that |o(t)| <
(t—t)F(tig1 —t) for all t € (t;,ti11),i € N[0,m]. They is a solutions of

Dy(t) = py(t) = o(t),t € (¢, tiga), i € N[0, m],

(7) y(1 )—bhmHo t'=Py(t) = bo,
hm(t—t) fy(t) = J;,i € N[1,m)]

if and only if y € Y and

(8)

L(5)05,u(t, 0) I (003 L) o, 8. 12D s bo

y(t) =9 + [ su(t,s)o (s)ds,t € (0, tl]
D(B)ds,.(t,t:)J; +ft Opu(t,s)o(s)ds,t € (ti,tis1],1 € N[1,m].

Proof. The proof is similar to that of the proof of Lemma 2.1 and is
omitted.
O

Define the nonlinear operator 7" on E by

T(x,y)(t) = (T2 (2, 9)(1), (Ta(x,y)) () with

) r(a)Qaa,A(t,O)éa,A(Ltm)[(t z(tm), y(tm))

a

1+ H@Rerlb) L5 (1, s)p(s) f(s, 2(s), y(s))ds

()5 (£, 0) LG E0() w(s))ds

a

+ f(f 5a,>\(t7 S)p(S)f(S, ZE(S), y(S))dS, le (07 tl]a

[()dan(t, i) I (ti, x(t:), y(t:))

\ +j:; 5047)\(25,S)p(S)f(S,%(S),y(S))dS,t S (tiati-i—l]ai S N[lam]'
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(Ta(z, y))(t) =

(F626, t705’11,tm
(8)255,,( b) B.u( )J(tm,x(tm),y(tm))

HORaultD) (15 (1, 8)q(s)g(s, 2(s), y(s))ds

DOt (Lo (5) H (s, (), y(s))ds
4 3 05t 8)a()g(s, 2(s), y(s))ds, t € (0,14],

L(B)dpu(t, ti) I (ti, x(t:), y(t:))

L+ S 0aul(t.8)a()g (s, x(s), y(s))ds, t € (ti,tia],i € N[1,m]
for (z,y) € E.

LEMMA 2.3. Suppose that (a)-(e) hold and A > 0,u > 0. Then
T : E — FE is well defined and is completely continuous.

Proof. Step (i) We prove that T': £ — FE is well defined. It comes
from that T;(z,y)|w 0@ = 0,1,--- ,m,j = 1,2) are continuous and
the limits

lim San(t, ) (Ty (2, y)) (£)(i = 0,1, -+, m),

+
t—t;

EH? (5,37/1(t? tl)(T2<x> y))(t)(l =0, 17 e 7m) exist.

Step (ii) We prove that 7" is continuous.

Let (2, yn) € E with (z,,yn) — (20, %0) as n — oco. We can show
that T(x,,y,) — T(xo,y0) as n — oo by using the dominant conver-
gence theorem. We refer the readers to the papers [38,44,49].

Step (iii) Prove that 7" is compact, i.e., prove that T/() is relatively
compact for every bounded closed subset Q C E.

Let Q be a bounded closed nonempty subset of . We have ||(z, y)|| <
r < +oo for all (z,y) € Q. Since f,g,G, H are impulsive Caratheodory
functions, I,J are Caratheodory functions, then there exists a constant
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My, My, My, My, Mg, Mg > 0 such that

(9)
£ (&0, = £ (800t ) 5205 st 1) 572555 ) |
< My, t € (ti, tina], i € N[0, m],

|9 (t,2(t), y(0)] < Mg, t € (ti, tiga], 7 € N0, m],
|G (8, x(t), y(t)| < Me,t € (t, tiga], i € N[0, m],

|H(t7x(t)7y(t))| < Mpy,te (thti-&-l]?i S N[O,m],

11 (L, x(t:), y(t:))] = ‘f (tmfsa,x(tz"tz‘—l)w—tl Opu(tis ti- 1)%)‘
< Mbi S N[lam]a

This step is done by the following two sub-steps:
Sub-step (iiil) Prove that 7(2) is uniformly bounded.

Using (d), (10), A > 0, > 0 and the definition of 7}, we have for
t € (0,t,] that

(T (z,9)) ()] 1 ()60 (t,0)0a,x(1tm)
da,A(8,0) < da,A(8,0) lal M

T'()dq, 2 (t,0)
+6Qy)\1(t70) ( ) )\ L/;’ln « )\(1 S)<S - t )kl(l - S)lledS

|al

[[l1 M.
o (@0t 0)
5500 tO) fo an(t, s)s(t; — s)* Myds

F(C")Q(SU‘ﬁMI—{— F(a)ft San(1,8)(s — tm)" (1 — s)' Myds

|al |al

IN

FD() IS 4 o [ Bty 8)s™ (81 — 5) M yds

lal
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IN

F(Oé)Qéa,A(Ltm)MI + F(Oc|)|\|<z5l|1 Mg

|al

D(@)Eo.a(A) ftm (s —tm)* (1 — s)rdsM;

-l

e [Nt — s) s (t — s)ds My

_ Dalin) gy Dol

lal

|al

+ (F(O{)Ea,a()\)(l o tm)1+kl+l1 + t1+k‘1+l1) B(Oé + ll7 kl + 1)Mf

L(0)?(1—tm)* " Eq,a(A )M 4 Ko )H¢|I1MG

|al

N <r JEeo() ) B(a+ 0y, ki + 1) M;.

IA

For t € (t;,t;11](i € N[1,m]), similarly we have
)

\(T1($ y)) (¢t
a /\(t t; )

<T(a)M;+ (t—t;)' f; (t —5)* (s — t;)F (t — s)rds M

< T(a) M+ B(a + b, by + 1) M.
It follows that
1Ty (2, )| < (F(a)2(1—tm)a—1Ea,a(>\) 4 1) M, + D@liolls pr

|al |al

(10)
n (M + 1) B(o+ i, ki + 1) My.

lal

Similarly we have

D(8)2(1=tm) 1 Ep,
| To(z,y)|| < ( B |Z| ”(“)+1>M n (WhMH

(11)
" (F(B)}le,ﬁ(ﬂ) + 1) B(8 + lg, ko + 1) M,,.

Then T(9Q) is uniformly bounded.
From above discussion, 7'(€2) is uniformly bounded.

GOl < T(a) My + 545 - 5 [t San(t, 8)(s — )1 (tig1 — ) ds M
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Sub-step (iii2) Prove that both {t — % (z,y) fﬁ} and

{t — L@)B) () fﬁ} are equi-continuous on (t;, t;+1](i € N[0, m]),

65 u(t i )
respectively.
Let
(Ti(zy)(t) 4+ _ o4
(Ty(z)(t) tlfﬁ Sa(tti) =1,
6a,>\(t7ti) o T , t
(gﬂfi,)t)f) Lot € (i, tig]

Since t — % is continuous on [t;, t; 1], {t — % : (2, y) fﬁ}

is equi-continuous on (t;,t;+1](i € N[0, m]). We can prove similarly that
{t — @)D () fﬁ} is equi-continuous on (t;,t;41](i € N[0, m]).

Jg’u(t,ti)
So T(Q) is relatively compact. Then T is completely continuous. The
proofs are completed. O

3. Main results

Now, we prove that main theorem in this paper by using the Schauder’s
fixed point theorem [27]. We need the following assumptions:

(C) @ is a sup-multiplicative-like function with its supporting func-
tion w, the inverse function of ® is ®~! with supporting function v.

(D) f,g,H,G are impulsive caratheodory functions, I, J are contin-
uous functions and satisfy that there exist nonnegative constants Iy, Jy,
bi,a;(i =1,2), By, Ai(i = 1,2) and B;, A;(i = 1,2), bounded measurable
functions ¢;,v; : (0,1) — R(i = 1,2) such that

/ (f, 5o i) Bon i > o (t )’ < il + a1 @ (|y]), t € (ti, tiga],

g (t’ 5o, A(tt ) 5o t,tl) ot ‘ < be®(|z|) + azlyl, t € (ti, tisal,

)-
G (t sy i) — V10| < Bulel + 4107 (y]) ¢ € (8, tin],
)-

H Ua(t)] < Ba(Jal) + Aslyl,t € (i, ti11]

<t7§a)\tt)75ﬁgutt
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hold for z,y € R,i € N[0, m] and

z n .51
‘] <ti= Sa(titi1)’ 55,#(@?*%‘—1)) B IO‘ < Bafe| + A2 (),

7 (1 sy ma ) — | < Bab(la]) + Aely

hold for i € N[1,m|,z,y € R.
Denote

(I)l(t) -
( F(O‘)Zéa,)\(tvo)(sa,/\(17t7n)]‘0 + F(a)éo(;,k(tvo) j:ﬂ 50{’)\(1’ S)p<5)¢1 (S)ds

a

T ()60 x (£, 0) 12 s (1 s)p(s)a(s)ds, t € (0, 4],

[ T(@)dan(t, i) 1o + ftt dan(t,s)p(s)p1(s)ds,t € (i, tiza1],1 € N[1,m],

®(t) =
( 255,,,(t,0)8 itm 98.u(t,
WG MCOLEMEE Y A wﬁn 05,1, 5)q(s)pa(s)ds

_ T(B)85.,(t,0) fo 2(s)ds + fot 55#(@ $)q(s)pa(s)ds,t € (0,t4],

| T(8)3s,(t, i) Jo + fti 03,,(t,8)q(s)pa(s)ds, t € (ti,tip1],i € N[1,m]

and

M, — (F(a)2(1—tm)a—1Ea,a(/\ )B 4L |||‘¢||lBl

|al

o (HelReel) 1) B(a + iy, ky + 1)y,

lal

M = <F(a)2(1—tm)a*1Ea,a(A) i 1) A,

|al

|al |al

Hellelh g, 4 (HBee®) 4 1) Bla+ 1, by + D,
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201_ Bs—1
N, = (r(m Qo Bas) 1)3 + O p,

N <_F<B>Elbﬁﬁ<m + 1) B(S + Iy, ka2 + 1)bs,

2(1_ B—1
N; = (F(ﬁ) (a tm\; Es.5(1) )A i 6>||‘w||1A2

(MR L 1) BB+ by +

THEOREM 3.1. Suppose that A > 0, > 0 and (a)-(e), (C), (D) hold.
Then BVP(1) has at least one solution if

-1
(12)  Mp<l, Ng<1, lim 4300 < 1o [got (2]

r——+00

or

(13)  My<1l, No<1, lim w(1/07r)r > 2% (_Mz).

Proof. To apply the Schauder’s fixed point theorem, we should define
an closed convex bounded subset 2 of E such that T'(Q2) C Q.

Forry > 0,79 > 0, denote Q = {(z,y) € E : [|[x—1|| < ry, |Jly—D2| <
ro}. For (z,y) € 2, we get

2] < ||z — ®q[ + [[@1]] < 71+ [|D4]],
(14)

yll < [ly — o[ + [|Da]| < 7o + |[@2]-
Then

(2 2(), (D) = 6 (0)]
= |7 (1 an (1) 5285 5,01, 1) 55505 ) — n 1)

< bléa’)\(t,ti”x(t” + a1®_1(6ﬂ,u(t7ti>|y(t>|)

< byllzl] + a1 @ (||yl]) < bafry + | 1] + a1 @ (r2 + || P2 ]),
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lg(t,z(t), y(t)) — d2(t)| < ba®(ry + [|P1]]) + alra + || P[],
G(t,2(t),y(t) — i(t)] < Bilry + || 1] + A1 @ (g + [|P2]]),

|H(t,z(t),y(t)) — Pa(t)| < Ba®(ry + [|P1]]) + Az[ra + [[Do]]]
hold for ¢ € (t;,t;11],7 € N[0, m] and
11 (t;, x(t:), y(t:) — Lo| < Bifr1 + || @1} + A1 @7 (rg + ||2]]),

| J(ti, 2(t:), y(t) — Jo| < Ba®(r1 + || @1]]) + Az[ra + || Do

hold for i € N[1,m].
By the definition of 7', using the methods proving (10) and (11), in
Step (iiil) of the proof of Lemma 2.3, we have that

T3 (2, y) — 4]

< (RSOt Ben) 1) (B [y + |04 + 4107 (7 + || )

ARG B) [y 4 []@4]] + 418 (rg + || ®a]])]

|al

o (Mol 1) B(at by, ky + D)[bafrs + [[@all] + 0007 (s + [ 2]))],

lal
and
|| To(z,y) — Pof|

)P g7 A
< (F(B)2(1 twilzl "Bos(n) 1) [Ba®(ry + ||®1]]) + Aafra + ||Do]|]]

+ LML By (ry + [ |]) + Asfrs + |2 ]

(MR L 1) B(B + by, i + 1)[02®(r + [|91]]) + aslrs + ][]
It follows that

[Ty (z,y) — @1f| < Ma(ry + ||P4]]) + Mz®™ " (2 + || D)),
(15)

[ To(z,y) — Pof| < No®(r1 + |[@1]]) + Na(r2 + [|D2]]).
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We claim that there exists r, 79 > 0 such that

My(ry + ||®4]]) + Mz® ™ (g + [|®]]) < 1y,
(16)
No®@(ry + [[@1]]) + N3(rz + |[@o]]) < 7.

We consider two cases:

1
Case (i) M, <1, N3<1, TE?OOM < % [q)—l <1iv]2\[3>} .

First we prove that that exists r; > 0 such that

Ms,||® _ ; )
(17) > 12J\]\4;|| + 1%%(1) 1 <1iVN3<I>(T1 + ||P4]]) + %) .
In fact, if

Ms||® _ [}
P ML Ma gt (Mg ||y)) + 1220

for every r > 0, using (3), we get

Ms||® - 2
e B ke (ot ) + 15

CMllenln gy v g (RPN
— 1-Ms r 1-My r D(r) )

Let r — 400, we get

M. - N. : v(®(r))
< 1_‘7\?}[2@ 1 <1_]2V3> T'EElOO r

I

which contradicts

(@) 1My [ N \]
1 o —_— .
N V) 1= N,
Then there exists r; > 0 such that (17) holds. Choose ry > 0 satisfy-

ing ro > 1iV]2\/3(I)(7°1+||(I)1||)+]\E|—?\ZH- Then r; > 0 and ro > 0 satisfy (16).

Case (if) Mz <1, Ny<1, lim w(1/07{(n)r> 240 (1%).

First we prove that that exists v > 0 such that
) _ N3||®
(18)  m > 2 (1B Mea(r, 4+ ||0y)) + 2l

In fact, if

<] — N3||®
r< 20 (j[,lv}'Q + 2L (r + ||<I>2||)> + Ml
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holds for all r > 0. using (2), we get ®(zy) < —4~®(y). Then

w(1/z)
No [®q1] M3 p-1
1< 17N3<I)<171\/12+17M2q> (TJFH@ZH)) +N3|\<I>2||l
r 1-N3 r
—1 () 21l M, -1
_ N g (2 (N1t @ IR | Nyl 1
T 1-N3 d—1(r) r 1-N3 r

1]l M3z &-1
< No @ 17A12+17M2<I> (T+H¢2||) 1 + N3H(I)2Hl
— 1-N3 d—1(r) w(1/®=1(r))r 1-N3 r°

Let » — oco. We get

Y M: 1
I < 1—]2\/3(1) <1—]\342> Ln}rl w(1/®=1(r))r-

Hence there is 72 > 0 such that (18) holds. Now choose r; > 0 such that

Ms||® _
rp > Ml Mo (1 4 ||y])).

Then r; > 0 and ry > 0 satisfy (16).

We choose Q = {(z,y) € E: ||z —D|| <71, ||y —Po|| < ro}. Then we
get T'(2) C Q. Hence the Schauder’s fixed point theorem implies that
T has a fixed point (z,y) € Q. So (z,y) is a solution of BVP(1). The
proof of Theorem 3.1 is complete. n

REMARK 3.1. When the limits lim ”(q)T(T)) and liljrn w(1/®~(r))r
T—>+00

r—-+00

exist, we note, from Theorem 3.1, that (12) and (13) hold for sufficiently
small nonnegative constants Iy, Jo, b;,a;(i = 1,2), By, A;(i = 1,2) and
B;, A;(i = 1,2). So it is easy to see that BVP(1) has at least one solution
if the nonnegative constants I, Jo, b;, a;(i = 1,2), B;, A;(i = 1,2) and
B, Ai(i = 1,2) are very small.

REMARK 3.2. In BVP(1) when A < O, < 0, or A < 0,0 > 0, or
A > 0, < 0, similar result to Theorem 3.1 can be obtained. The details
are omitted.
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REMARK 3.3. Consider the following periodic boundary value prob-
lem

( Dea(t) = Au(t) = p) f(t.x(t),y(t), t € (titi].i=0,1,
DLLy(t) = py(t) = a(Og(t 2(6), (1), € (tistip);i = 0,1,
(19) z(1 )—hmt1 “x(t) =0, y(1) —hmt1 By(t) = 0,

t—0
lim (t —t,)'"22(t) — 2(t)) = hrri(t —t) Py (t) — y(t) = 0,
t—t]

+
t—t]

where

(i) 0<a,f <1 ApeRwithA#0,u#0, Dy (ng)wme
Riemann-Liouville fractional derivative of order a ( or 8 )

(ll) 0:t0<t1<t221,

(iii) p,q : (0,1) — R satisfy the growth conditions: there exist
constants k;, [;(i = 1,2) with ky > —1,ky > —1 and max{—a, —k; —1} <
1 <0 and max{—/3,—ko — 1} <y < 0 such that

p(®)] < (=)™ (tia—t)", 1a(®)] < (E—:)" (tima—)", t € (i, ti1), 1 =0, 1,

(iv) f,g defined on (0,1] x R x R are impulsive Caratheodory func-
tions.

THEOREM 3.2. Suppose that A > 0,u > 0 and (i)-(iv), (C) hold
and (D1) f,g are impulsive caratheodory functions, and satisfy that
there exist nonnegative constants b;, a;(1 = 1,2) and bounded measur-
able functions ¢; : (0,1) — R(i = 1,2) such that

|f (£, 0an(t ti)z, 0p,u(t, ti)y) — G1(t)] < bilz| 4+ a1 @~ (|yl), t € (ts, tival,

|9 (t, 0an(t, i)z, 0p,(t, t:)y) — da(t)] < ba®(|2]) + asly|, t € (ti, tit]

hold for z,y € R,i € N[0, m].
Then BVP(19) has at least one solution if

-1
(20)  Mp<l, Ng<1, lim HE0D < 1o [go (2]

r—+00 Ms —N3

or

(21) %<LNK11me®(W>Mﬁ<M>

—+00
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where
( Dlberb0) f1 5 (1, 5)p(s) (5)ds

(bl(t) = + fot 5a,)\(ta 8)p(5)¢1<8)d85t € (07 tl]?
J& Gan(t, $)p(s)¢1(s)ds, t € (ti,tin],i € N[1,m],
R0 [0 65 (1, 5)q(s) da(s)ds

Do(t) = ¢+ [1 05,u(t, 8)a(s)pa(s)ds, t € (0,t1],

k JZ 65,H(t7 S)Q<S)¢2(8)d57t € (tiati+1]7i S N[lu m]a
and

1) B(Oé + ll, ]{31 + 1)@1,
B(8 + Iy, ko + 1)bo,

=

_ (F(ﬁ)lﬁﬁ,ﬁ(ﬂ) + 1) B(B + Iy, ka + 1)as.

Proof. In Theorem 3.1, choose G(t,x,y) = H(t,z,y) =0, I(t,z,y) =
J(t,x,y) = 0. The theorem follows Theorem 3.1. The details of proof is
omitted. O

REMARK 3.4. Similar results can be obtained for BVP(19) when \ <
O, <0, A <0, >0and A > 0,u < 0 respectively. The details are

omitted. When the limits liIJP M and hI_El w(1/®71(r))r exist, we
r——+400 r—-+00

note, from Theorem 3.2, that (18) and (19) hold for sufficiently small
nonnegative constants b;, a;(i = 1,2). So it is easy to see that BVP(19)
has at least one solution if the nonnegative constants b;, a;(i = 1,2) are
very small.

4. Applications

Now, we present an example, which can not be covered by known
results, to illustrate Theorem 3.1.
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ExXAMPLE 4.1. Consider the following periodic type boundary value
problem for fractional differential equation
(22)
¢ 2

Dt?’_',_l’(t) - l‘(t) = (t - ti)_i(ti-&-l - t)_if(twr(t)?y(t))?t < (thti-&-l]a

7

D2 y(t) = y(t) = (1 — t)~F(tur — D) 5g(t.2(t).y(0) 1 € (11 tis),

7

2(1) — lim t32(t) = %fol s72G(s, 2(s), y(s))ds,

t—0

y(1) = lim ey (t) = 3 Jy 52 H (s 2(s), y(s))ds,

tnr& (t - %)% o(t) — x(1/2) =1, thlﬁ (t— %)% y(t) —y(1/2) = 1.

WhereO:t0<t1:%<t2:1and

Wl

f(t,z,y) = c1 4 bidyys1(t, ti)x + ar[61/2,1 (L, ;)] y3,t € (ti, tin),

g(t,z,y) = co + boldayz1(t, ;) ]2 2% + asdrjo (. t:)y, t € (i, tiva),

G(t,x,y) = Cy + Bidgys1(t, ti)x + Ai[61/2.1 (2, ti)]%yéut € (ti, til,

H(t,x,y) = Cy + By[days1(t,t:)]* 2% + Azd121(t, t:)y, t € (ti, tiral,

with ¢;, b;,a;,C;, By, Ai(i = 1,2) being nonnegative numbers. Then,
BVP(22) has at least one solution for sufficiently small b;, a;, B;, A;(i =
1,2)..

Proof. Corresponding to BVP(1), a = 2, 8 = %, A=pu=1,a=0>b=

i € (ti tiy1)(i = 0,1),

o(t) = P(t) = %t’%, ®(z) = 23 with ®L(z) = 3, the supporting

function of ® is w(x) = 2 and the supporting function of &=t is v(z) =
3, I(t,z,y) = J(t,z,y) = 1.
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It is easy to see that ki =1l = ks =1y = —1, ||¢[}i = [[¢|l = 1 and

/ (t’ YAl 51/z,f(t,ti)) =c1+bir+ad(y),t € (i, tin],i = 0,1,

g <t7 62/3,?(15,151)’ 51/2,?(@&')) =Gt bQCI)(‘T) +ay,t e (th ti+1]7i =0,1,

G <t7 52/3,?(25,152‘)’ 51/2,?(15,151')) =0+ Bir+ Al(bil(y% te (tw ti+1]7i =0,1,

H = CQ + BQ(I)(I) + Agy,t S (tz, tz’—i—l];i = 0, 1.

t z Y
7 da/3,1(t,ti) 7 61721 (L)

It is easy to see that Iy = Jy = 1 and By =By=A,=A4,=0.
One sees that (C) and (D) hold. By computation, we get by direct
computation that

My =T(2/3)B; + (I'(2/3)Ez/32/5(1) + 1) B(5/12,3/4)b;,
My =T(2/3)A; + (T'(2/3)Es/32/3(1) + 1) B(5/12,3/4)as,
No =T(1/2)B1 + (T(1/2)E1)212(1) + 1) B(1/4,3/4)bs,

Ny =T(1/2)A; + (T(1/2)E1j21/2(1) + 1) B(1/4,3/4)as.
From Theorem 3.1, we know that BVP(22) has at least one solution if

M, <1, N3<1, Ilim m:l < 1;41\;12 3/1;\[]2\[3

r—>+00
or
My <1, Ny <1, lim w(1/® Yrr =1 > S/ A
So BVP(22) has at least one solution for sufficiently small b;, a;, B;, A;(i =
1,2). O
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