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MEAN VALUES OF THE HOMOGENEOUS DEDEKIND
SUMS

XIAOYING WANG AND XIAXIA YUE

ABSTRACT. Let a, b, g be integers with ¢ > 0. The homogeneous
Dedekind sum is defined by

s<a,b,q>=2(<ﬁ>) ((Z))

r=1
where
((2)) = { x—[z] - 3, %f x %s not an integer,
0, if x is an integer.

In this paper we study the mean value of S(a,b,q) by using mean
value theorems of Dirichlet L-functions, and give some asymptotic
formula.

1. Introduction

For integers a and ¢ > 0, the classical Dedekind sum is defined by

wo-$(6))((2)

r=1
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where Lo ‘
(2)) = { g— [z] — 3, ¥f @ is not an integer,
, if £ is an integer.
The sum S(a, ¢) plays an important role in the transformation theory of
the Dedekind n function (see [6] and Chapter 3 of [1] for details).
Let a, b, ¢ be integers with ¢ > 0. According to [2], the homogeneous

Dedekind sum is defined by

swra- £ ((2)((2))

Z. Zheng [9] proved a generalized Knopp’s identity for S(a,b,q) as fol-
lowing;:

d d
DI (ga + g, gb 4 7aq, dq) — no(n)S(a,b, q),

dn T1=1r2=1

where n is a positive integer, and o(n) = > d.
dln
H. Liu [4] studied the mean values of the homogeneous Dedekind

sums in short intervals [1, g} and [1, g], and showed some asymptotic

formulae.

PrROPOSITION 1.1. Let p > 5 be a prime. We have

1
ZZS<Q7 b7p) = 1_8p2 + 0 (lerE) )

a<Z o<t

131
Z Z S(CL, bap) - MPQ +0 (p1+6) )
a<h o<t

3
> > S(a,b,p) = s o).
a<f o<k

In this paper we further study the mean values of the homogeneous
Dedekind sums, and give some formulae. Our main results are the fol-
lowing;:

THEOREM 1.2. Let p > 5 be a prime. We have

1 V3L%(3,x3)  135L%(3,x3)

bS b = ) ’ 4 3+€
;b;“ (@,5,9) (1296 LG T szae )P )
a<y b<§
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L*(3, x4) 5L7(3, x4)
bS(a,b ’ ’ 4y (pPre
2D abS(a.b.p) (4608 T 30arL (5, e | 24m0 )P T (")

a<? b<?

1 13v/3L2%(3, 23L2(3,
E E abS(a,b,p) = + V3L (3 x3) + (3 x1)
i 13824 202752wL(5,x3) 263527 L(5, x4)
as3 057

V3L(3, x3)L(3, x4) L(4, x3X4) 3te
9674 L(6, x3X4) > o ( ) )

where 3 is the non-principal character modu]o 3, X4 Is the non-principal

X is the Dirichlet L-function.

character modulo 4, and L(s, x)

2. Identities involving certain Dirichlet series

THEOREM 2.1. Let k and | be fixed non-negative integers, and let
d(n) be the divisor function. Then we have

3l ) _ (3K +5)(4 + 5)m*
Z 360

(2.1)

n=1
Proof. By the property of the divisor function we get

2. d(2n)d(3'n g > d(2Fn)d(3'n
Z%: z% 3 %

n=1 1=0 j=
2i|n, 2¢+t1lin
3i|n, 3+

© o 2k+z3] )d(2131+]n)
- ZZ Z 213]n)2

=0 j=0 1

.

(n6)=1
= d(28D)d(39)d(2)d(31) = d*(n
- YRR S A

6
°°k++ + D) GHDI+i+1) X P
Z l (4 Z;J 323j )Z (”)
i

=0
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It is not hard to show that

i k+z—|—1 )(i+1)  16(3k+5)

5 and

=0

i G+DU+j+1) 814l +5)
~ 3% 256

On the other hand, from Euler product formula we have

. dz(g) _ H(1+d2(p)+d21()§2)+___)

2
:1 n pt6 p

C(4) 75 135

where ((s) is the Riemann zeta function satisfying ((2) = %2 and ((4) =
%. Therefore

i": d(2'n)d(3'n) _ 16(3k +5) 81(4l+5) 2r*
B 27 256 135

(3k + 5)(4l + 5)m*
360

n=1

O
THEOREM 2.2. Let p > 5 be a prime, and let k be fixed non-negative
integer. Suppose that 3 is the non-principal character modulo 3, and

t
X4 is the non-principal character modulo 4. Define T(n) = Z X3T<>

tln
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t
xa ) Then we have

tin

45L2(37 X3)

— 7 (n)
Z n2 26

S 20 _ 526)
n2 3 ’

I

< d(n)7(2"n) (—1)F \ 7*L*(3, x3)
; n? (1+ 2k—1 9) 44L(5, x3)
d(n)p(3kn) (1 (—1)F \ 497*L%(3, x4)
; n2 - (Z+3k—1~49) 549L(5, x4)
OO T(”)P(”) 7T2L(3aX3)L(37X4)L(4, X3X4)
; n? 6L(6, x3X4) '

575

(2.2)

(2.3)

(2.4)

(2.5)

(2.6)

Proof. We only prove (2.2) since similarly we can get others. Noting
that 7(n) is a multiplicative function, we can write

hE

Z:IT(TL Z

Jj=0

1

3
3/\3/:

1

For the summation

’/'. 1 = 7%(n
. ZQ_Z()

.

oo
> -
=1

(n3)=1

‘()

n

by using the Euler product formula we have

io: 72752”) _ H(1+72(P)+

n=1 P#3

1_|_X3(P) 2
(Y
p#3 p

x3(p) x3(p
1+ P +< P

p2
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2 n
o x3(p) x3(p) o x3(p)
S Do) (00)7 g ()
p#3 n=0 p"
1,(X37(P))n+1 2
© [ Trmw
SIIE
p#3 n=0 p
_ S (L 2 )
s (1 . X3I§p))2 pwrt p2n p3n+1 p4n+2
_ A 10 A )
- : 2 3 _ 4 _
Sy \pt =1 PP —xalp)  pt-1
_ P’ P> + 1) = x3(p) — 2x3(p) (" — 1) +p* = x3(p)
pis (1 — X202 (" = D@ — xs(p))

p* — 2p*x3(p) + 2p — xs(p)
2))2 (»* = D(P* - x3(p))

5 (1=
P°(p — x3(p))(p + x3(p) (P* — x3(p)p + (x3(p))?)
(P — x3(p)*(p + x3(p)) (P* — 1)(P* — x3(p))

P
X3

p#3
11 P°(P° + x3(p)) T 1— %
— — — ~ — —
o @ =D =DE =) (1 _ #) (1 ~3 (1 _ x;_(;»)
91¢(6) 13 ’
where ((s) is the Riemann zeta function satisfying ((2) = %2, ((4) = g—g
and ((6) = g3. Therefore
i 72(n) B 9 i 72(n) B 45L2(3, x3)
~ n? 8 = w2 26
(n,3)=1
This proves (2.2). O
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3. Mean values of the Dirichlet L- functions

In this section, we shall prove some mean values of the Dirichlet L-
functions, which will be used to prove Theorem 1.1.

THEOREM 3.1. Let p > 5 be a prime, and let k and | be fixed non-
negative integers. Then we have

Yo x@NEYILEL I =

x mod p
x(—1)=-1

(3k + 5)(4l + 5)m*
231720

+ O (p9),

“+oo
x(n) . - :
h = AN - .
where L(s, x) Z s the Dirichlet L-function, and Z de
n=1 x mod p
x(—1)=-1
notes the summation over all odd Dirichlet characters modulo p.

Proof. Let N be an integer with p < N < p*, and let d(n) be the
divisor function. By Abel’s identity we have

o0

L2<1,x):zwzzw+/w o,

Hence,

> x@xE) L0

x mod p
x(=1)=-1

_ Z X(Zk) Z X(nlgfoll) +/oo N<n1<y1 ~ dy1

x mod p ni=1 N b
x(—1)=-1
N (na)d(m) . Z X(n2)d(nz)
_ X2 )a{ns N<na<ys
<X(3 Xna)dnz) | / d
X(3) Z D) N Y5 -
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x mod p
x(—1)=-1

(35 )

Y. X(no)d(ny)

Y(31) / N<na<yz

> x(m)d(n)

by | [ i

Y. X(no)d(ny)

2
N Yo

NED) / bt .
N Yy

2

= M1+M2+M3+M4.
From the Pdlya-Vinogradov inequality we get

Y. x(ydn)= Y x(nm)

N<n<ly N<nm<y

=2 x(n) Y x(m)— | > x(n)

n<\/y m< n<\y

Sk

dys,

dyo

(3.1)
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2

=23 x(m) Y xtm)+ | > x(n)

n<vVN m<¥ n<VN
< y2p2 logp + p(logp)® + N2p2 logp + p(log p)?
< y2p2 (logp)*.
So we have

Loy
d(ny) [ y3pz(logp)? el
M, < E E o / P 2 dy, < p2T°N7z, (3.2)

x modp ni=1
x(=1)=-1

N
(1 d :
My< ) / y1p2 ng dylz—?2)<<p3+€]\f—§, (3.3)
2

x mod p no=1
x(—1)=-1
and
1  y2pi(l
2 [0} 2 (10
< Y / ylp gp)? yip:(logp)” / y3p? (log p)? dyy < PPN,
X mod p N y2
x(=1)=-1

(3.4)
Now from (3.1)-(3.4) and the orthogonality relations for characters we
get

> x@EYH LI

x mod p
x(=1)=-1
N N
d d
-y Ay A S )
n1=1 m na=1 2 x mod p
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N N dnlan —1 N N dnldng

ni=1 no=1 ni=1 no=1
(n1,p)=1 (n2,p)=1 (n1,p)=1 (n2,p)=1
2kn1=3lny( mod p) 2kn1=—3lny( mod p)
£0 (HN) 40 ()
1 1
= Loy = Eo =M+ O (pFNTH) + 0 (PN (35)

First we consider M;;. We have

v d(n1)d(ns)
1 = E E e E E _
niNg ning
ISm<p-1l<na<l—1 I<m<p—1 B <na<N

2kn1=3'ny( mod p) (n2,p)=1
2kn1=3!ns( mod p)

dnld
sy Yy w5y dmdn

< <N l<no<l—1 <M <N H<ny<N
(nlvp):]" (n17p):1 (TLQ,p):l
2kn1=3'ny( mod p) 2kn1=3'na( mod p)
= Ql +QQ +93+Q4 (36)

It is not hard to show that

d(ny)d(ns d(ny)d(ns
w5 B e s e

I<m<fp—11<ne< -1 1<m < B —11<ne< 1
2kn1=3lns 3liny 2k |ngy
2kn1=3lny
3ln,2kny 3l2kn?2
1<n1< -1 1<n2<——1 1§n§ﬁ—l

2k3ln1 2k3lny

Y d@k”if“’l") £ (), .1

. . 2k3l
w<r Y Y e Y Y g

1<n1<£71 p 7<n2<N 1<n1<L71 p 7<n2<N

(nz,P) 1 (nzyp)zl
2kn1=3!ny( mod p) 2kn1=3!ny( mod p)
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2k 3!
A DIND VD D ey

1<r1<p 11<l <31N 1<ro<p—1

r1=lap+ra( mOd p)

1
NP PR D ey

1<r<p—1 ), <8N l2p +r
1 1
< pe - < pe—l7
r lap
1<r<p—1 1<12§3lN

H<m<Nl<no<li—1 FE<m<Nl<ng<li—1
(n1,p)=1 (n1,p)=1
2kn1=3lny( mod p) 2kn1=3lny( mod p)

. 2k3!
-7 Z Z Z (lip +11)7r2

1<y <2fN 1<r<p—11<r2<p—1
I

lip+ri1=ro( mod p)

< Z Z l1p+r

1<l <2kN 1<r<p—-1
< Y o X e
l r
<2y sl

and

581

(3.8)

k3!

2kn13ln2

(3.9)

2k 3!
< Z Z n1n2 Z Z %n,3n,

p <n1<N p<n2<N p E<n1<N p<n2<N
(nlyp) 1 (n2,p) 1 (nl,P)=1 (nz,P)=1
2kn1=3lny( mod p) 2kn;1=3lny( mod p)

2k3!
N Z Z Z Z (lip + 1) (l2p + 12)

1<l <2kN 1<r1<p— 11<l <3lN 1<ro<p—1
lip+ri= l2p+r2(modp)

< Z Z Z (hp+7) l2p+r)

1<, <2’“N l<r<p—1,4, <3lN
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1 1
R << —
1<l <2kN 1<r<p—1 1<12S31N 1<n<2FN
< ph (3.10)
Then from (3.6)-(3.10) we have

1 o= d(2kn)d(3'n
M= 5 > ( 7)12( e (P (3.11)
n=1

Similarly we can get

D VD ML E DS Sl s
o ni=1 no=1 nin Y ni=1 no=1 nin

(n1,p)=1 (n2,p)=1 (n1,p)=1 (n2,p)=1
2kn1=—3tny( mod p) 2kn1=—3lny( mod p)

< Z Z Z Z (lip+11) lzp +72)

0<l <2kN 1<r;<p— 10<l <3lN 1<ro<p—1

l1p+7‘1**(12p+7’2)( mOd P)

1
< Z Z Z (hp+7)(lap+p—1)

0<l, <2’“N l=r=p—1g-, <3‘N

DI =L VDS

1<r<p— 1 1<r<p— 11<l <31N

p> Z l1p+r — )

1<l <2k1\7 1<r<p—1

1
PP Z (hp+7)(lap+p—7)

1<ly <2’“N 1srsp=lyq, <3N

<<p“2(ip >+pz > i

l2p+p—7“)

1<r<p—1 1<r<p— 1 1<lo <3lN
L 1 1
DI DD EDIDS 2 i
hLip p— llp +r lap
1<11§2kN 1<r<p-1 1<l <2’€N 1<r<p—1 1<l2<3 N

< ph (3.12)
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Now taking N = p* and combining (3.5), (3.11), (3 12) we have

S @@ LX) —WSZZ AT 1 0.) (3.13)

x mod p
x(—1)=-1

Thus from Theorem 2.1 we immediately get Theorem 3.1. O

COROLLARY 3.1. Let p > 5 be a prime, and let k be fixed non-
negative integer. Then we have

S @)zt = ST 60,

Nl 144 - 2k
x(—1)=-1
(4k + 5)7* .
> xGHILL X)) = a3 PO (p°)-
x mod p

x(—1)=-1

THEOREM 3.2. Let p > 5 be a prime. Suppose that Y3 is the non-
principal character modulo 3, and x4 is the non-principal character mod-
ulo 4. Then we have

45L%(3, x3)

> P L) = == + 0 ().
x mod p
x(—1)=-1
5L2(3, .
S L 0P L = R, o).
x mod p
x(=1)=-1
t t
Proof. Define 7(n) = Xs(t) and p(n) = Xal ) By using The-
tln tln
orem 2.2, Theorem 2.3 and the methods of Theorem 3.1 we have
45L2(3, x .
> L )P I xxs) pz n2 P°) %HO@),
X mod p n=1
x(=1)=-1
and
P — 5L%(3,x .
> I OP I o) 52 p) = 28X 0.
x mod p n=1

x(=1)=-1
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THEOREM 3.3. Let p > 5 be a prime, and let k be a non-negative
integer. Suppose that 3 is the non-principal character modulo 3, and
X4 18 the non-principal character modulo 4. Then we have

> X@) L1, X)) L1, %) L(2, Xxs)

x mod p
x(=1)=-1
(—1)* Tt L2(3, x3)
= (1 O (p°
( T o) anpag T O )
4L2(3 XS)
3 1L(1, %) 2 L(1, Y) L(2, Yys) = ——n O (p¢
XmEOdp X(3%) [L(L, x)[" L(L, x) L(2, Xx3) 3k+2_8L(5’X3)p+ (r°),

x(—1)=-1
7T4L2(37 X4)

OV IL(1L, ) * L1, ) L(2,%x4) = O (p¢
szodp X(2%) [L(L, x) " L(L, x) L(2, Xxa) R R (),
x(=1)=-1
> X3 [L( )P L1, x) L(2, XXa)

x mod p
x(=1)=-1
49 (=1)F 7 L*(3, x4)
= (= O (v
(4 M ) 3 1008L(5.)" O P
x mod p

x(=1)=-1
_ WQL(?)? X3)L<37 X4>L(47 X3X4)
12L(6, x3x4)

p+O(p).

t t
Proof. Define 7(n) = tz X3T() and p(n) = ; X4T(). It is easy to
show that 7(3*n) = 7(n) and p(2fn) = p(n). By using Theorem 2.2,
Theorem 2.3 and the methods of Theorem 3.1 we have

> @) L L LR ) = 5 3 LT 6
x mod p n=1

x(=1)=-1
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- (1455) sy o),

k=19 ) k3 11L(5, Xg)
> X)L )P L1, x) L(2, X xs) 3k Z + O (p)
x mod p
x(—1)=-1

PN~ dn)r(n) N G ‘

> x@ L )P L1, x) L2, Xxa) = Q,il > d(")z §2k") +0 ()

x(—1)=-1

p i d(n>p<n) +0 (pe> _ 7T4L2(37X4) P+ O (pe) 7

= Sk Lo ok+3 . 9L(5 X4)
> xGYIZEL P L X)L X) = 5 3kz +0 (p°)
x mod p
x(—=1)=-1
49 (=DF\  74L%(3,x4)
(2 O (1*
(4 T ) 3 1098L(5, 1)) (n°).
and
2 p - ¢
> TP L2, xxa) L(2, Xxs) 52 n2 O (p)
X mod p n=1
x(—=1)=-1

72 L(3, x3)L(3, x4) L (4, x3X4)
= + O ‘ *
12Z(6, x5x4) p+0O)

4. Mean values of the homogeneous Dedekind sums

Let ¢ > 3 be an integer, and let x be a Dirichlet character modulo q.
The generalized Bernoulli numbers B, , are defined by

Zx(a) Z "X t".
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Let r be a positive integer prime to ¢, and let £ > 0 be an integer.
By (6) of [7] and (2.12) of [3] we have

1 g = L _X(r) =
7 ISQXS:WG x(a) = P 1)Bk+1,x + (rq)o(r) wgo;”w( q)
k1

I (E+1\ .
T 1 an )
;kﬂ( n )q o

where Zw is over all characters ¢ modulo 7.
By using the above formula H. Liu [5] showed the following lemma.

LEMMA 4.1. Let x be a primitive character modulo q > 3. Then

L > ax(a)

T 1 <azqs3
5 (1= XN TOLILT) + (LR ). i x(—1) = -1
L6+ o (8- X)L, i =1,
LY )
1) <laza/a

(57 (X2) = XD T L(LT) + gm0 L2 T

_ o if x(=1) =—1,

00T + s (24 52 - ) oz ),

\ if X(—l) =1,

where T(x) = ;)g(a)e (E) denotes the Gauss sum, xs3 is the non-

principal character modulo 3, and Y4 Is the non-principal character mod-
ulo 4.

On the other hand, by [8] we know that

Star) = o= 2 M@ LLF

x mod p
x(—1)=-1
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Then we have

S(ab,p) = S(abp) = e D0 X@RO)ILIF.
el

Noting that 7(x)7(X) = px(—l). From Lemma 4.1 we have

ZZabSabp ( ) Z L(1,x)] Zax be

a<f o<t X mod p a<k b<E
x(—1)=-1
p4 Z 4
= =0 (1 =x(3)) |L(1,x)]
4 _
1874 (p — 1) N
x(—1)=-1
V3p* 2
— 1—x(3)|L(1 L(1,x)L(2,%
+127r5(p—1) Xg):dp ( X( ))| ( aX)| ( aX) ( 7XX3)
x(—1)=-1
b S 0P IE2 )
1675(p — 1) ’ ’
x mod p
x(—1)=-1
_ p! 5r'p  (4+5)1'p
C 18mi(p—1) \ 144 144 x 3
LV L3, xa)p  mLA(3, xa)p
127(5(]) — 1) 9 x 8L(5, Xg) 33 8L(5, Xg)
3p* 45L2(3, x3)p .
o Bl 1 (i)
1676(p — 1) 52
o + \/§p4 1 - 1 7T4L2<37X3) 135L2(3,X3)p4 + ( 3+e)
T 1296 1275 \9x8 27x8) L(5 ) 832770 b
_ 1 + \/§L2(37X3) + 135L2(37X3) p4 + (p3+e)
1296 12967 L(5, x3) 83276 '

Similarly we get

ZZabSabp ( 1) Z L(1,x)] Zax be

a<p b<p x mod p a<p b<p
x(—1)=-1
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4

P 4
= S5l =T) szodp (1—x(2)) [L(1,x)|
x(—=1)=-1
I I RN
x(=1)=-1
p’ 2 2
e X%p |L(1, )" [L(2, xxa)|
x(—1)=-1

_ p* 5r'p  (3+5)1'p
2m4(p—1) \ 144 2 x 144

L T L3, xa)p  TLA(3, xa)p
8m5(p — 1) \2'-9L(5,x4)  25-9L(5, x4)
4 2
p 5L%(3, x4)p e
+47r6( BN 6 (")
10—8 p*L2(3, 21 5L2(3, x4)p* .
_ (3, x4) g + ( 924) +(p3+)
3 2 x 144 87TL(5,X4) 2% % 9 247

L2 3 5L2 3,
X4) ( 6X4) 4 ( 3+e),
4608 230471[/(5 X4) 24m

al

abS(a,b,p):% Z L(1,x)] Zax be

X mod p a<k b<

T — > (x(2) = x(4) = x(2)X(3) + x(DXB3)) | L1, x)[*

x mod p
x(—1)=-1

1) D () = x(@) [L(1, )" L1, x) L(2, Xxs)

x mod p
x(—1)=—1

T rp—1) Y (=X)L LX) L2, Xxa)

x mod p
x(—1)=-1
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Yomt D) S IL )P L2 vxa) L2, Xxs)

x mod p
x(—1)=-1

p? ( Smip 117%p 8 x 91ip 11 x 974p )

T8 (p—1) \144x 2 14dx4 2x3x720 ' 4x3x720

Y N R A L LR
32m5(p—1) 9/ 24 11L(5, x3) 2x9)/) 25 11L(5, x3)
N p* 9 . T L3 xa)p (49 mLAG xa)p
127%(p — 1) 4 1098L(5, x4) 4 3 x 1098L(5, x4)
3pt 2L(3 L(3 L4
\/_p % 71' ( >X3) ( aX4) ( 7X3X4)p + O (p3+e)

_I._
8mb(p — 1) 12L(6, x3X4)
4 11 12 33 3t L2(3 19
p (4 )+ V3p*L(3, x3) (8__>

T 48 x 144\ 4 5 32 x 11 x 16 x 97L(5, x3) 4

1 35 o

p'L*(3, x4) (61— 15) + V3p*L(3, x3) L(3, x4) L(4, x3x4)
12 x 4 x 10987 L(5, x4) 9671 L(6, X3X4)
+O (p3+e)
B 1 13v/3L2(3, x3) 23L%(3, x4)
©\ 13824 2027527L(5,x3)  26352wL(5, x4)

\/§L<37X3)L(37X4)L(47X3X4) 4 3+€
1 p 4+ O (p ) )
967 L(6, x3X4)

This proves Theorem 1.1.
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