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A RESOLVENT APPROACH FOR SOLVING A
SET-VALUED VARIATIONAL INCLUSION PROBLEM
USING WEAK-RRD SET-VALUED MAPPING

IQBAL AHMAD, RAIS AHMAD, AND JAVID IQBAL

ABSTRACT. The resolvent operator approach of [2] is applied to
solve a set-valued variational inclusion problem in ordered Hilbert
spaces. The resolvent operator under consideration is called relaxed
resolvent operator and we demonstrate some of its properties. To
obtain the solution of a set-valued variational inclusion problem, an
iterative algorithm is developed and weak-RRD set-valued mapping
is used. The problem as well as main result of this paper are more
general than many previous problems and results available in the
literature.

1. Introduction

The variational inclusion is an important generalization of the vari-
ational inequality and is applicable to solve many problems related to
optimization and control, economic and transportation equilibrium, en-
gineering and basic sciences. A lot of work concerned with the ordered
variational inequalities and ordered equations is done by H-G Li and his
co-authors, see [10,12,13,16,17].

Most of the problems related to variational inclusions are solved by
maximal monotone operators and their generalizations such as H- mono-
tonicity [6], H-accretivity [5] and many more, see e.g., [3,7,8] and refer-
ence theirin. Almost all the splitting methods are based on the resolvent
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operator of the form [I+AM]~!, where M is a set-valued monotone map-
ping, A is a positive constant and [ is the identity mapping.

In this paper, we consider a resolvent operator [(I —R)+AM]~!, where
R is a single-valued mapping and is called relaxed resolvent operator,
see [2]. We prove that the relaxed resolvent operator is a comparison
mapping as well as Lipschitz continuous with respect to operator &.
Finally, a set-valued variational inclusion problem is solved by using
weak-RRD set-valued mapping.

2. Preliminaries

Let X is a real ordered Hilbert space equipped with a norm ||.|| and
inner product (.,.), d be the metric induced by the norm |||, 2% (re-
spectively, CB(X)) is the family of nonempty (respectively, closed and
bounded) subsets of X, and D(.,.) is the Hausdorff metric on C'B(X)
defined by

D(P.Q) = max {supe, Q) supa(P.) .

zeP yeR
where P, € CB(X), d(z,Q) = incf2 d(z,y) and d(P,y) = in£ d(x,y).
ye x€
Let us recall some known concepts and results.

DEFINITION 2.1. A nonempty closed convex subset C' of X is said to
be a cone if,

(i) for any x € C' and any A > 0, Az € C;
(i7) if x € C' and —z € C, then = = 0.

DEFINITION 2.2. [4] Let C' be the cone of X. C' is said to be normal if
and only if there exists a constant Ac, > 0 such that 0 <z <y implies
|lz]| < Aoy llyll, where A¢,, is called the normal constant of C.

DEFINITION 2.3. Let C be the cone in X. For arbitrary elements
x,y € X, x <y if and only if x — y € C, then the relation < in X is
a partial ordered relation in X. The Hilbert space X equipped with the
ordered relation < defined by the cone C'is called ordered Hilbert space.

DEFINITION 2.4. [19] For arbitrary elements z,y € X, if z < y (or
y < x) holds, then x and y are said to be comparable to each other
(denoted by z o y).
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DEFINITION 2.5. [19] For arbitrary elements x,y € X, lub{x,y} and
glb{x,y} mean least upper bound and greatest upper bound of the set
{z,y}. Suppose lub{x,y} and glb{x, y} exist, some binary operations are
defined as follows:

(1) = Vy = lub{z,y},
(ii) x Ny = glb{z, y},
(1i) vdy = (x—y)V(y — ),
() z0y=(@—-y) Ay —2).
The operations V, A, @ and ® are called OR, AND, XOR and XNOR
operations, respectively.

PropoSITION 2.1. [4] If x  y, then lub{z,y} and glb{z,y} exist,
r—yxy—xz,and 0 < (z —y)V (y — x).
|

PROPOSITION 2.2. [4]| For any positive integer n, if x < y, and y,, —
y* (n — o0), then z x y*.

PROPOSITION 2.3. [4,12] Let & be an XOR operation and ® be an
XNOR operation. Then the following relation hold:

(()r0r=010y=y0r=—(r&y) =—(y 1),

i) (Az) & (Ay) = [A|(z @ y),

(zz)x®0<0 if x <0,

() 0 <z Dy, 1fxo<y,

v) if x <y, then x @y = 0 if and only if z =y,

(vi) (+y) © (utv) > (xOu) + (y ©v),

(vit) (z+y) © (u+v) > (xOv) + (y O u),

(viit) ax @ fxr = |la — Blr = (@ Pz, if x x 0, V x,y,u,v € X and
a, B, A € R.

PROPOSITION 2.4. [4] Let C' be a normal cone in X with normal
constant \c,,, then for each z,y € X, the following relations hold:
(¢) [0 0[]} = [|0] =0,
(i2) [lz vyl < [lzll v llyll < ll=]] + llyl],
(iii) |z @yl < [le —yll < Aoy llz @y,
() if v <y, then ||z @ y|| = ||z — y||

DEFINITION 2.6. [12] Let A: X — X be a single-valued mapping.

(i) A is said to be comparison mapping, if for each z,y € X, x < y
then A(z) x A(y), < A(z) and y o< A(y).

(17) A is said to be strongly comparison mapping, if A is a comparison
mapping and A(z) x A(y) if and only if x x y, for all z,y € X.
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DEFINITION 2.7. A mapping A : X — X is said to be [-ordered
compression mapping, if A is a comparison mapping and

Alz) ® Aly) < Bz dy), for 0 < [ < 1.

DEFINITION 2.8. [11,14] Let R : X — X be a strong comparison and
p-ordered compression mapping and M : X — CB(X) be a set-valued

mapping.

Then

(4)

(i)

(iid)

(vi)

M is said to be a comparison mapping, if for any v, € M(x),
xr X vy, and if x o y, then for any v, € M(x) and any v, € M(y),
Uy X Uy, forall z,y € X;

a comparison mapping M is said to be ordered rectangular, if for
each z,y € X, v, € M(z) and v, € M(y) such that

(vz © vy, =(x DY) = 0;

a comparison mapping M is said to be yr-ordered rectangular with
respect to R, if there exists a constant vz > 0, for any z,y € X,
there exist v, € M(R(z)) and v, € M(R(y)) such that

(v © vy, —(R(z) & R(y))) > &l R(z) & Ry)|*,

holds, where v, and v, are said to be yg-elements, respectively;
M is said to be a weak comparison mapping with respect to R,
if for any z,y € X, © x y, then there exist v, € M(R(z)) and
vy € M(R(y)) such that x < v,, y x v, and v, x v,, where v, and
v, are said to be weak comparison elements, respectively.

M is said to be a A\-weak ordered different comparison mapping
with respect to R, if there exists a constant A > 0 such that for
any x,y € X, there exist v, € M(R(x)), v, € M(R(y)), Mvy —
vy) x (x — y) holds, where v, and v, are said to be A-elements,
respectively;

a weak comparison mapping M is said to be a (g, A)-weak-RRD
mapping with respect to R, if M is a ygr-ordered rectangular and
A-weak ordered different comparison mapping with respect to R
and (R+ AM)(X) = X, for A > 0 and there exist v, € M(R(z))
and v, € M(R(y)) such that v, and v, are (g, A)-elements, re-
spectively.

REMARK 2.1. Let X be a real ordered Hilbert space. Let R : X — X
be a single-valued mapping and M : X — CB(X) be a set-valued
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mapping, then the following relation hold, details of which can be found
in [14].
(i) Every A-ordered monotone mapping is a A-weak ordered different
comparison mapping.
(73) If R = I (identity mapping), then a 7;-ordered rectangular map-
ping is an ordered rectangular mapping.
(741) An ordered RME mapping is A-weak-RRD mapping.

DEFINITION 2.9. A set-valued mapping A : X — C'B(X) is said to
be D-Lipschitz continuous, if for each x,y € X, x o y, there exists a
constant d4 such that

D(A(z), A(y)) < dallz® y||,Vz,y € X.

DEFINITION 2.10. Let M : X — CB(X) be a set-valued mapping,
R : X — X be single-valued mapping and [ : X — X be an iden-
tity mapping. Then a weak comparison mapping M is said to be a
(', A)-weak-RRD mapping with respect to (I — R), if M is a 4/-ordered
rectangular and A-weak ordered different comparison mapping with re-
spect to (I — R) and [(I — R) + AM](X) = X, for A > 0 and there exist
v, € M((I — R)(x)) and v, € M(({ — R)(y)) such that v, and v, are
(7', A)-elements, respectively.

ExXAMPLE 2.1. Let X = R with usual inner product. Let R : X — X
be a mapping defined by

R(x)z%, VazeX.
and the set-valued mapping M : X — CB(X) is defined by
M(l’) _ {5}7 Zf T 7é 0>
{1}, if = =0.

Then, it is easy to check that R is 1-ordered compression and M is
(3,1)-weak-RRD mapping with respect to R.

3. Formulation of the problem and some basic properties

Let X be an ordered Hilbert space and A, B,C' : X — C'B(X) be the
set-valued mappings and f,p : X — X are the single-valued mappings.
Suppose that M : X — C'B(X) be a set-valued mapping. We consider
the following problem:
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For some p € X and any 7 > 0, find v € X,w € A(u),v € B(u),z €
C'(u) such that

p € f(w)—p(v) +7M(2). (3.1)
This problem is called an ordered variational inclusion problem involving

weak-RRD set-valued mapping.
Below are some special cases of problem (3.1).

(i) If p =0 and 7 = 1, then problem (3.1) reduces to the problem of
finding u € X, w € A(u),y € B(u) and z € C(u) such that

0€ f(w) —ply) + M(2). (3-2)

Problem (3.2) was introduced and studied by [9].

(1) If p=0,7 =1,A = B = I (identity mapping) and C' is a single-
valued mapping, then problem (3.1) reduces to the problem of find-
ing v € X such that

0€ f(u) —p(u) + M(C(u)). (3.3)

Problem (3.3) was introduced and studied by [1].
(zit) If f=p=0,A= B =0and C = I, then problem (3.1) reduces to
the problem of finding v € X such that

p € TM(u). (3.4)

Problem (3.4) was introduced and studied by [11].
() If f=p=B=0and A= C = I, then problem (3.1) reduces to
the problem of finding v € X such that

p € flu)+17M(u). (3.5)
Problem (3.5) was introduced and studied by [15].

DEFINITION 3.1. Let C be a normal cone with normal constant A¢,,
and M : X — CB(X) be weak-RRD set-valued mapping. Let I : X —
X be the identity mapping and R : X — X be a single-valued mapping.
The relaxed resolvent operator .J /{j\f : X — X associated with I, R and
M is defined by

J/{j\f(x) =[(I — R)+ M| *(z), forallz € X and A >0. (3.6)

Now, we show that the relaxed resolvent operator defined by (3.6) is
single-valued, a comparison mapping as well as Lipschitz continuous.
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PROPOSITION 3.1. [2] Let R : X — X be a (-ordered compression
mapping and M : X — CB(X) be the set-valued ordered rectangular
mapping. Then the operator J/{’j\f : X — X is a single-valued, for all
A>0.

PROPOSITION 3.2. Let M : X — CB(X) be a (g, \)-weak-RRD set-
valued mapping with respect to JA B Let R: X = X be a strongly

comparison mapping with respect to JA{A}R) and I : X — X be the

identity mapping. Then the resolvent operator J/(\’IA}R) X = X isa
comparison mapping.

Proof. Let M be a (yg, A)-weak-RRD set-valued mapping with re-
spect to J )(\{]QR). That is, M is ygp-ordered rectangular and A-weak-ordered
different comparison mapping with respect to J ;\{A}R) so that

T X J)(\{A}R)(x). For any x,y € X, let x < y, and let

v = (o= (= R @) € MUY @) 3.7)
and
v=1- (- RUGPW) e MUL W), 69

Using (3.7) and (3.8), we have
1 (I-R
v=v, = (Sle— (=R @)
- (30— 0 - RGP W)
= $(r- v+ U= RO W) - (0 - UG @)

Since M is A-weak-ordered different comparison mapping with respect
to J a- R)

A<vx—vy>—<x—y> = (z—y)+ I - R W)

~(I = R)(J{3 (@) — (@ — y)
= (I-R)(JHM W) — (- RIS (@)

, we have

Since R is strongly comparison mapping with respect to J /\I R), (I — R)

is also strongly comparison mapping with respect to J)(\{MR

J g]\}R)(z) o J )(\711\—41%) (y). The proof is completed. O

. Therefore,



206 Igbal Ahmad, Rais Ahmad, and Javid Igbal

PrROPOSITION 3.3. Let M : X — CB(X) be a (g, A\)-weak-RRD
set-valued mapping with respect to Ji{A}R). Let R: X — X be a com-

parison and [3-ordered compression mapping with respect to J )(\’IA}R) with
condition \yg > [ + 1. Then the following condition holds:

1
JUB () @ JUH Y H <—— |z y|
[ 75" @ @ 150 0| < g —lle el

Proof. Let M be a (yg, A)-weak-RRD set-valued mapping with re-
spect to J i{]\}m. That is, M is yr-ordered rectangular and A-weak-ordered

different comparison mapping with respect to .J /(\{A}R). Then for any z,y €

X, set u, = J/(\{A}R)(x), Uy = Jg]\}R) (y), and let

v = (o (- RGP @) € MU @)
and
o = 30— (1= UL W)) € MUL W)

Since R is [-ordered compression mapping and using Proposition 2.3,
we have

Uz DUy = %[(w — (= R)(uz)) @ (y — (I = R)(uy))]

eyt (- R)us) & (1 — R)(uy)

<

A
1

< X[x@y—iruz ® uy + R(ug) ® R(uy)]
1

_ %{x @ y+ (14 6)(us ®uy)l.
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Since M is yg-ordered rectangular mapping with respect to J /S{A}R), we

have

Uz © Uy, _<ur b uy)>

Trllue & uy|* <
= (Vg B vy, Uy B uy)

o~ o~

1
< Gleoy+ 1+06)(u ), (u: ®u,))
1 (14 5)
= @y (e ® )+ (e © ), (O )
1 (1+5)
< Sl @ ylllue @ uyll + vt € uy[|*.
A A
It follows that ( (HB >||ux @ uy|| < 1]lz ® y|| and consequently, we
have
1
J(I R Ju= H -+ .
H Yo I () < —g—1lv @l
The proof is completed. 0

4. An iterative algorithm and existence result

In this section, we define an iterative algorithm to obtain the solution
of ordered variational inclusion problem involving weak-RRD set-valued
mapping (3.1).

ITERATIVE ALGORITHM 4.1. Let A, B,C : X — CB(X) be the set-
valued mappings, R, f,p : X — X be the single-valued mappings and
I: X — X be the identity mapping. Suppose that M : X — CB(X) is
a set-valued mapping.

For any given initial uy € X, wg € A(ug), vo € B(ug), 20 € C(ug), let

wr =0 = 20+ S5 = R)(a0) + 2o = (Fla) — ploo))]

Since wy € A(ug) € CB(X), vg € B(ug) € CB(X) and zy € C(ug) €
CB(X), by Nadler’s theorem [18], there exist w; € A(uy), v1 € B(uy),
z1 € C(uy) and suppose that uy < uy, wy X wy, vg X v; and zyg X z
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such that
lwr @ wol| = [Jwr —woll < D(A(ur), A(uo)),
|1 @ voll = [Jvr —wol| < D(B(w1), B(uo)),
|21 @ 20| = |lz1 — 20l < D(C(u1), Cuo)).

Continuing the above process inductively, we can define the iterative
sequences {uy,},{w,},{vn} and {z,} with the supposition that u, o
Upt1, Wy X Wpa1, Uy X Upyq and z, X 2,41, for all n € N. We define the
following iterative algorithm schemes:

_ A

et =t = 2+ Ty (= R) () + 2o = (f(wn) = p(0a))]
(4.1)

Wpt1 € A(Untr), [Wny1 @ wall = Jwprr — wa|| < D(A(unta), A(un)),
(4.2)

Ung1 € Bung1), [[Vns1 @ vl = Jvnsr — onll < D(B(unt1), B(un)),
(4.3)

Znpr € Clunsa), 201 @ 2ol = [lzns1 — zall < D(C(unta), Clun)),
(4.4)

where \, p, 7 > 0 are constants.
The fixed point formulation of problem (3.1) is as follows.

LEMMA 4.1. Let v € X, w € A(u), v € B(u) and z € C(u) be a
solution of ordered variational inclusion problem involving weak-RRD
set-valued mapping (3.1) if and only if (u,w,v, z) satisfies the following
relation:

w=u— 2+ O = R + 20— (Fw) — p(0)]

Where
T = (I = R)+aM]™,
and A\, 7, p > 0 are constants.

Proof. The proof directly follows from the definition of the relaxed
(I-R)
resolvent operator Jy ;.. O

THEOREM 4.1. Let X be a real ordered Hilbert space and C be a
normal cone with normal constant ¢, . Let R, f,P : X — X be the
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single-valued mappings such that R is comparison, [3-ordered compres-
sion, f is comparison, As-ordered compression and P is comparison, \,-
ordered compression mappings and I : X — X is an identity mapping.
Let A,B,C : X — CB(X) be the set-valued mappings such that A, B
and C' are D-Lipschitz continuous mappings with constants 4, g and
dc, respectively. Suppose that M : X — CB(X) is a (yg, \)-weak-RRD
set-valued mapping such that the following condition is satisfied

Aoy [TAMYR(Oc + 1) + AXpba + AN 05| < TAYR + (Acy — D)T(B8+ 1).(4.5)

Then, the iterative sequences {u,}, {w,}, {v,} and {z,} generated
by Algorithm 4.1 converge strongly to u,w,v and z, respectively and
(u,w, v, z) is a solution of ordered variational inclusion problem involving
weak-RRD set-valued mapping (3.1), where u € X, w € A(u), v € B(u)
and z € C(u).

Proof. Let us introduce the term h(u,) = [(I—R)(z,)+2(p— (f(w,)—
p(vn)))]. Using Algorithm 4.1 and Proposition 2.3, we obtain

0 < un+1@un
= (= 20+ I ) © (01 = 20t + I (1) )
g/%@%4+%@%4+@ﬁﬁme@AzWM%JD.
(4.6)

Using Definition 2.2, Proposition 3.3 and from (4.6), we have

[uns1 @ unll < Aoy ||Un @ Un—1 + 25, B 21

+ (S ) @ I (- |
A |ltn & tn ] + 120 © 201

T () & I () |

Ay | ltn @ s+ D(C ), Clan))

IN

!

VAN
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| ) @ TP )|

< )\CN[Hun@un_lH+5C\|un@un_1H
1
———||h(un) @ h(u,— 4.7
by g () @ b Ol (4.7)

Since R is B-ordered compression mapping, f is As-ordered compression
mapping, p is Ap-ordered compression mapping and D-Lipschitz conti-
nuity of A, B and C' with constants d4,dg and dc, respectively, we have

1A (un) © h(un)]

= [ = R)(zn) + %(/) — (f(wn) = p(va)))]

eI — R)(zn-1) + %(P = (f(wn—1) = pon-1)))ll

1= Bz @ (1~ R) o)l + 20— (Fla) — p(02)
(p— (f(wnr) — plon)]

20 © 2ncall + 1 R(z0) @ Rzt + 2 (1 () & Fno)]
+p(0m) © plon-)]]

DO, Olur)) + | Rlzn) ® RCzon)l + 2 [

& f(wn-1)|| + [Ip(vn) & p(va-1)|l]
dcl|tn @ un—1]| + BD(C(uy), Clty-1))

P2 DA, Altar)) + Ay D(Blun), Blua )]

IA

IN

IN

IN

IN

A
(50Hun @b un,1H + B(ScHun ©® un,1H + ; [)\f(SAHUn S5 un,1H
+)\p53HU/n EBUH,1H]

A
< b0+ Boe + SO0+ X08) |l &

which implies that

A
1un) @ h(wn-)l| < |6 + Boc + Z(Arba+ M) [llun & . (4.8)
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Using (4.8), (4.7) becomes

1
[tn1 D unl| < Acy [1 +dc + m(% + Boc
A
+2 (084 + A,,(sB))} [t @ tn]| (4.9)
By Proposition 2.4, we have
[tns1 = tnl| = [ups1 B unl < Aoy [1 +dc + m(% + Boc

A
+2(r0a + M) )|t = |

ie.,
[tns1 = unl < Ollun — tnl],

where

A
O = Aoy |1+ ¢+ 5C+550+;()\f5A+Ap53))]

Tl
AMr—0-1
By condition (4.5), we have 0 < © < 1, thus {u,} is a Cauchy sequence
in X and since X is a complete space, there exists © € X such that
U, — u as n — oo. From (4.2), (4.3) and (4.4) of Algorithm 4.1 and
D-Lipschitz continuity of A, B and C, we have

[wni1 = wnll < D(A(unt1), A(un)) < dallunsr = unll; (4.10)
[on41 = vall < D(B(unta), Bun)) < 0pl[unts = unll, (4.11)
12041 = 2nll < D(Cunta), Clun)) < dolltnss = unll. (4.12)

It is clear from (4.10), (4.11) and (4.12) that {w,}, {v,} and {z,} are
also Cauchy sequences in X and so there exist w, v and z in X such that
w, — w, v, — v and 2, — z as n — 00. By using the continuity of the
operators A, B, C, Ji}f and iterative Algorithm 4.1, we have

w2+ T~ Bz 20— () — plo)]

By Lemma 4.1, we conclude that (u,w,v,z) is a solution of problem
(3.1). It remains to show that w € A(u), v € B(u) and z € C(u). In fact

d(w, A(u)) < flw = wnl| + d(wy, A(u))
[w = wall + D(A(un), A(w))

<
< Nlw = wy || + dal|lun — ul] = 0, as n — oo.
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Hence w € A(u). Similarly, we can show that v € B(u) and z € C(u).
This completes the proof. O
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