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SOME TRACE INEQUALITIES FOR CONVEX
FUNCTIONS OF SELFADJOINT OPERATORS IN
HILBERT SPACES

SILVESTRU SEVER DRAGOMIR

ABSTRACT. Some new trace inequalities for convex functions of self-
adjoint operators in Hilbert spaces are provided. The superadditiv-
ity and monotonicity of some associated functionals are investigated.
Some trace inequalities for matrices are also derived. Examples for
the operator power and logarithm are presented as well.

1. Introduction

Let A be a selfadjoint operator on the complex Hilbert space (H, (., .))
with the spectrum Sp (A) included in the interval [m, M] for some real
numbers m < M and let {E\}, be its spectral family. Then for any
continuous function f : [m, M] — R, it is well known that we have
the following spectral representation in terms of the Riemann-Stieltjes
integral (see for instance [29, p. 257]):

(1) G Wz = [ T,
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and

(1.2) 1 (A) ]2 = / O d | Eaa?,

m—0
for any x, y € H.

The function g, , (A) := (E\z,y) is of bounded variation on the inter-
val [m, M| and

Gzy (m —0) = 0 while g, , (M) = (z,y)

for any x,y € H. It is also well known that g, (\) := (E\x,x) is mono-

tonic nondecreasing and right continuous on [m, M| for any x € H.
The following result that provides an operator version for the Jensen

inequality may be found for instance in Mond & Pecarié¢ [40] (see also [28,

p. 5)):

THEOREM 1. Let A be a selfadjoint operator on the Hilbert space H
and assume that Sp (A) C [m, M| for some scalars m, M with m < M.
If h is a convex function on [m, M|, then

(MP) h({(Az,x)) < (h(A)x,x)
for each x € H with ||z| = 1.

As a special case of Theorem 1 we have the following Holder-McCarthy
inequality:

THEOREM 2 (Holder-McCarthy, 1967, [38]). Let A be a selfadjoint
positive operator on a Hilbert space H. Then for all x € H with ||z| = 1,

(i) (A'z,z) > (Az,z)" for all r > 1;

(i) (A"z,z) < (Ax,x)" forall0 <r < 1;

(iii) If A is invertible, then (A"x, x) > (Ax,z)" for all r < 0.

The following reverse for (MP) that generalizes the scalar Lah-Ribari¢
inequality for convex functions is well known, see for instance [28, p. 57]:

THEOREM 3. Let A be a selfadjoint operator on the Hilbert space H
and assume that Sp (A) C [m, M| for some scalars m, M with m < M.
If h is a convex function on [m, M|, then
M — (Az, x) (Az,x) —m

M—m h(m)+ M—m
for each x € H with ||z|| = 1.

(LR) (h(A)z,x) < h (M)
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For some inequalities for convex functions see [8]- [12], [26] and [43].
For inequalities for functions of selfadjoint operators, see [14]- [23], [37],
[39], [40], [41], [42] and the books [24], [25] and [28].

In order to state our new results concerning some trace inequalities
for convex functions of selfadjoint operators on Hilbert space (H, (., .))
we need some preparations as follows.

2. Trace of Operators

Let (M, (-,-)) be a complex Hilbert space and {e;},., an orthonormal
basis of H. We say that A € B (H) is a Hilbert-Schmidt operator if

(2.1) > [l Aei]|* < oo

i€l
It is well know that, if {e;},., and {f;},.; are orthonormal bases for H
and A € B(H) then

(2.2) Do llAal® = AL =Y 1A 4

i€l jel jel
showing that the definition (2.1) is independent of the orthonormal basis
and A is a Hilbert-Schmidt operator iff A* is a Hilbert-Schmidt operator.

Let By (H) the set of Hilbert-Schmidt operators in B(H). For A €
By (H) we define

1/2
(2.3) [A]l5 = (Z |\A€i|!2>
iel
for {e;},.; an orthonormal basis of H. This definition does not depend
on the choice of the orthonormal basis.

Using the triangle inequality in {? (I), one checks that By (H) is a
vector space and that [|-||, is a norm on By (H), which is usually called
in the literature as the Hilbert-Schmidt norm.

Denote the modulus of an operator A € B(H) by |A| := (A*A)"/2.

Because [||A]| z|| = ||Az| for all z € H, A is Hilbert-Schmidt iff |A|
is Hilbert-Schmidt and ||A]|, = |||A]||, . From (2.2) we have that if A €
By (H), then A* € By (H) and [|A]l, = || Al -

The following theorem collects some of the most important properties
of Hilbert-Schmidt operators:
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THEOREM 4. We have
(i) (B2 (H),|||,) is a Hilbert space with inner product

(2.4) (A, B), = Z (Ae;, Be;) = Z (B* Ae;, e;)
iel iel
and the definition does not depend on the choice of the orthonormal

basis {€;},c;;
(ii) We have the inequalities

(2.5) [AF < 11All
for any A € By (H) and
(2.6) ATl ITAlly < 1T 1A,

for any A€ By (H) and T € B(H);
(iii) By (H) is an operator ideal in B(H) , i.e.

B(H)B, (H)B(H) < By (H);

(iv) Byin (H) , the space of operators of finite rank, is a dense subspace
(v) Bo(H) C K(H), where K (H) denotes the algebra of compact
operators on H.

If {e;},c; an orthonormal basis of H, we say that A € B(H) is trace
class if

(2.7) Al =" (Al e, e5) < o0
i€l

The definition of || A||; does not depend on the choice of the orthonormal
basis {e;};.;. We denote by B; (H) the set of trace class operators in
B(H).

The following proposition holds:

PROPOSITION 1. If A € B(H), then the following are equivalent:
(i) Ae Bi(H);

(i) |A]"? € By (H);

(ii) A (or |A|) is the product of two elements of By (H) .

The following properties are also well known:
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THEOREM 5. With the above notations:
(i) We have

(2.8) 1ALl = 1A%, and [[Ally < [lA,
for any A € By (H);

(ii) By (H) is an operator ideal in B(H) , i.e.

B(H)B, (H)B(H) € By (H);
(iii) We have
B, (H) By (H) = By (H);
(iv) We have
[Ally = sup {{A, B), | B € By (H), |B| <1};

(v) (Bi1(H),||-|l,) is a Banach space.

(iv) We have the following isometric isomorphisms
where K (H)" is the dual space of K (H) and By (H)" is the dual space
of Bl (H) .

We define the trace of a trace class operator A € By (H) to be
(2.9) tr(A) == (Ae;e),

i€l

where {e;},.; an orthonormal basis of H. Note that this coincides with
the usual definition of the trace if H is finite-dimensional. We observe
that the series (2.9) converges absolutely and it is independent from the

choice of basis.
The following result collects some properties of the trace:

THEOREM 6. We have
(i) If A € By (H) then A* € By (H) and

(2.10) tr (A*) = tr (A);
(if) If A€ By (H) and T € B(H), then AT, TA € By (H) and
(2.11) tr (AT) = tr (TA) and |tr (AT)| < ||A|l, IT|;

(iii) tr (+) is a bounded linear functional on By (H) with ||tr|| = 1;
(iv) If A, B € By (H) then AB, BA € By (H) and tr (AB) = tr (BA) ;
(v) Byin (H) is a dense subspace of By (H) .
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Utilising the trace notation we obviously have that
(A, B), = tr (B"A) = tr (AB") and ||A||; = tr (A*A) = tr (|A])

for any A, B € By (H).

For the theory of trace functionals and their applications the reader
is referred to [36].

For some classical trace inequalities see [5], [7], [33] and [47], which are

continuations of the work of Bellman [2]. For related works the reader
can refer to [1], [3], [5], [27], [30], [31], [32], [34] and [44].

3. Some Trace Inequalities for Convex Functions

Consider the orthonormal basis £ := {e;},.; in the complex Hilbert
space (H, (-,-)) and for a nonzero operator B € B, (H) let introduce the
subset of indices from I defined by

IE,B II{’iE[i B€Z§£O}

We observe that Ig p is non-empty for any nonzero operator B and
if ker (B) = 0, i.e. B is injective, then Iz 5 = I. We also have for
B € Bg (H) that

tr (|Bf*) =tr(B*B)= > (B*Beje)) = | Beill>= > | Bei.

icl iel i€le p

THEOREM 7. Let A be a selfadjoint operator on the Hilbert space
H and assume that Sp (A) C [m, M] for some scalars m, M with m <
M. If f is a continuous convex function on [m, M|, £ := {e;},; is an

r 2
orthonormal basis in H and B € By (H) \ {0}, then ttf(f;%) € [m, M]
and
(3.1)

tr(|B|2A) . 5
f( tr(|B|2) )t (|B’)

< J. (f; A, B) < tr (|B] f (A))
1
< T

A

— (f(m)tr [|BI (M1 — A)] + [ (M)t [|BI* (A= m1n)]),
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where

62 san) = 3 s () e,

ZEIgB

Proof. Since Sp(A) C [m, M], then m ||y|* < (Ay,y) < M ||y||* for
any y € H. Therefore

m || Be;||* < (ABe;, Be;) < M ||Be;||”
for any ¢ € I, which implies that
m > _||Bei||* <> (ABe;, Be;) < MY || Bey||?
iel iel iel
tr(|BI*A)
tr(BJ*)
By Jensen’s inequality (MP) we have
F (<Ay,y>> <Ay

2 2
Iyl Iyl

and we conclude that € [m, M].

(3.3)

for any y € H \ {0} .
Let F' be a finite part of I¢ g. Then for any ¢ € F' we have from (3.3)

that
<AB€¢,B€Z'> <f (A) B@i,BGi>
() = TB
1Bell [ Bell

Y

which is equivalent to
f < <B*AB€Z, 6i>
2
| Be||
Summing over ¢ € F' we get

(3.5) Zf( BHéBe”“el ) 2< ST(Bf(A) Bes,er).

el el

(3.4 ) Bel < (5 (4) Bewc).

Using Jensen’s discrete inequality for finite sums and for the positive

weights w;
f (ZzeF wiui) < ZieF w; f (us)
ZieF wi ) ZieF w;

we have
B*ABe; e; 2 B*ABe; e 2
Yier Pppat 1Bl Sier /(L) | Be
2 > 2
ZieF | Bell ZieF | Bel|

f

Y
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which is equivalent to
(3.6)

ZieF <B*AB€z7ez ( B ABez>€z>) 2
B i B il -
f( > er 1Bl )Z” =2 e )1

el el

Therefore, for any F' a finite part of I¢ 5 we have from (3.5) that
(3.7)
Y ier (B” ABez,e, (B*ABe;, e
f( x S el < 30 g (EATGA) e 2
2ier | Beil |1 Beil”

eF 1EF

< (B*f(A)Bej,e;) .

el

By the continuity of f we then have from (3.7) that

icl B*ABe,;,ei 9
38) f<Zze e | i >> S Bl

> iers I Beill i€lep
(B*ABe;, e; *
< 3 7 (B 1t < 3 i e
1616 B || || iGIg,B

and since B € By (H) \ {0}, then also

> Beill* =Y ||Beil* =t (1B,

icle p il

> (B'ABej.e)) = Y _(B"ABe; ;) = tr (|B[* A)

i€le g iel
and
> (B*f(A)Bej ey = Y (B*f(A)Bei,e;) = tr (IBf f (4)).
i€le B el

From (3.8) we then get the first and the second inequality in (3.1).
From (LR) we also have
(3.9)

(f(A)y,y) <

for any y € H.

(1 = 4) ) £ (m)+ (A = L) ) £ (D)
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This implies that
(3.10)

(f (A) Be;, Bey)
1

<

[((M1yg — A) Be;, Be;) f (m) + ((A —mly) Be;, Be;) f (M)]

for any i € I.
By summation we have

1
S U (A) Bty Be) < 5 | £ 0m) Y (M1 — 4) Ber, Bey
icl icl
+f (M) ((A—=mly) Be;, Be;)
iel
and the last part of (3.1) is proved. O

REMARK 1. We observe that the quantities
Js (f; A, B) =sup J, (f; A, B) and J; (f; A, B) = inf J, (f; A, B)
£ £

are finite and satisfy the bounds

tr (|B|2 A)
3.11 —_—
< J(f; A, B) <tr (|1B* f (A)) .

We have the following version for nonnegative operators P > 0, i.e.
P satisfies the condition (Pz,x) > 0 for any z € H.

>t1‘(|3|2) < Ji(f; A, B)

COROLLARY 1. Let A be a selfadjoint operator on the Hilbert space
H and assume that Sp (A) C [m, M] for some scalars m, M with m <
M. If f is a continuous convex function on [m,M], £ := {e;},.; is an
orthonormal basis in H and P € By (H) \ {0}, P > 0 then tiﬁfpf;) €
[m, M| and

tr (PA
(3.12) f( - (P))) tr (P)
<K, ([;AP) <tr(Pf(A4))
1

<

——— (f (m) [P (M1 — A)] + f (M) tr [P (A= mly)]),
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where

P1/2AP1/2 i€
e (f; A, P): Zf<< (Pe; e()8 e>><P€ia@z‘>

ZEIgP
and
Iep:={i€l: P +#0}

Moreover, the quantities

K;(f; A, P):=inf K, (f; A, P) and K, (f; A, P) :=sup K, (f; A, P)

£ &

are finite and satisfy the bounds
(3.13)

I (tifﬁaf)) tr(P) < K; (A, P) < K, (f; A, P) < tr (Pf (A)).

The finite dimensional case is of interest.

Let M,, (C) be the space of all square matrices of order n with com-
plex elements.

COROLLARY 2. Let A € M,, (C) be a Hermitian matrix and assume
that Sp (A) C [m, M| for some scalars m, M with m < M. If f is a con-
tinuous convex function on [m, M|, € := {ei},c(; _,, is an orthonormal

basis in C", then % tr (A) € [m, M| and

.....

(3.14)
of (M) <) < s )
< o [ (m) (M, — A) 4 f (M) tr (A= m,)],
where

- Zf (<Aei>€i>> )

and I,, is the identity matrix in M, (C).

REMARK 2. The second inequality in (3.14), namely

Zf(@‘lei,ez)) < tr(f(A4))
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77777

as Peierls Inequality. For a different proof and some applications, see,
for instance [4].

4. Some Functional Properties

If we denote by By (H) the convex cone of nonnegative operators
from By (H) we can consider the functional o 4 : Bf (H)\ {0} — [0, )
defined by

11 oa(P) = er ) -a(e)f () 20

tr (P)

where A is a selfadjoint operator on the Hilbert space H with Sp(A) C
[m, M| for some scalars m, M (m < M) and f is a continuous convex
function on [m, M].

One can easily observe that, if f is a continuous strictly convex func-
tion on [m, M], then the inequality is strict in (4.1).

THEOREM 8. Let A be a selfadjoint operator on the Hilbert space H
with Sp (A) C [m, M] for some scalars m, M with m < M and f is a
continuous convex function on [m, M].

(i) For any P, Q € By (H) \ {0} we have
(4.2) oa(P+Q)>054(P)+054(Q)(>0),

i.e. a;4(+) is a superadditive functional on B (H)\ {0} ;
(ii) For any P, Q € By (H)\ {0} with P > Q we have

(4.3) ora(P)>054(Q)(>0),

i.e. o4 (+) is a monotonic nondecreasing functional on By (H) \ {0} ;
(iii) If there exists the real numbers vy, I' > 0 such that T'Q > P > ~vQ
with P, Q € By (H) \ {0}, then

(4.4) Pora(Q) 2 0pa(P) 27074(Q) (2 0).
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Proof. (i) Let P, Q € Bf (H) \ {0} . Then we have
(4.5)

s (P4Q =t (P+QF ()~ (P+Q) f
=t (PF(A)) + tr (PF (4))
-l @l ().
By the convexity of f we have

tr (PA) 4 tr (QA)
w0 (o)

tr (P + Q) A))
tr (P + Q)

tr (P) 577 + t1(Q) 5
/ tr (P) +tr (Q)
tr (P) f <%) +tr(Q) f <t§f%§)>
tr (P) + tr (Q) .

<

Making use of (4.5) and (4.6) we have
ora(P+Q) 2 tr (Pf(A)) +tr(Pf(A))

tr(P) f () + (@) f (55
— [tr (P) + 1 (Q)] <ti<)p>>+tr(@ (445)

=t (PS (A)) +tr (P (4)
e (5 cw@s ()
=054 (P)+054(Q)

and the inequality (4.2) is proved.
(ii) Let P, Q € By (H) \ {0} with P > Q. Then on applying the
superadditivity property of of 4 for P — @ > 0 and ) > 0 we have

ora(P)=0pa(P=Q+Q)>0;a(P—Q)+074(Q)>054(Q)

and the inequality (4.3) is proved.
(iii) If P > 4@, then by the monotonicity property of os 4 we have

ora(P)>0pa(1Q) =7054(Q)

and a similar inequality for I'. O]

We have the following particular case of interest:
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COROLLARY 3. Let A € M,, (C) be a Hermitian matrix and assume
that Sp(A) C [m, M] for some scalars m, M with m < M. If f is a
continuous convex function on [m, M|, there exists the real numbers 7,
I' > 0 such that I'l,, > P > ~I,, with P positive definite, where I, is the
identity matrix, then

(A7)
(e @) - or (TE)] 2 aeereay - wen s (0

n

> (7 () -nf (S22 0.
The following result also holds:

THEOREM 9. Let A be a selfadjoint operator on the Hilbert space
H with Sp(A) C [m, M] for some scalars m, M with m < M and f
is a continuous convex function on [m, M]. For p > 1, the functional
Uppa: B (H)\ {0} = [0,00) defined by

Upsa (P) = [tr (P)]' "7 074 (P)
is superadditive on Bf (H)\ {0} .

Proof. First of all we observe that the following elementary inequality
holds:

(4.8) (a+B)" = (<)o’ + 6"

forany o, >0and p>1(0<p<1).

Indeed, if we consider the function f, : [0,00) = R, f, (t) = (t + 1)’ —
tP we have f)(t) = p [(t+ )P — t?='] . Observe that for p > 1 and
t > 0 we have that f)(t) > 0 showing that f, is strictly increasing on
the interval [0, 00). Now for ¢ = § (8 > 0, > 0) we have f, (¢) > f, (0)

giving that <% + 1>p - <%)p > 1, i.e., the desired inequality (4.8).

For p € (0,1) we have that f, is strictly decreasing on [0, 0c0) which
proves the second case in (4.8).

Now, since o4 (+) is superadditive on By (H) \ {0} and p > 1 then
by (4.8) we have

(4.9) U?A (P+Q)>[osa(P)+ora(Q) > U?,A (P) + ‘7?,,4 (@)
for any P, Q € Bf (H) \ {0}.
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Utilising (4.9) and the additivity property of tr (-) on Bf (H)\ {0} we
have

O-?,A (P+Q) U?,A (P)+ U?,A Q)
W0 P70 ) e Q)
tr (P) L2l 1 g (Q) Al

tr (P) +tr (Q)
w(P) (#43) +u @ (B4g) ,
tr (P) + tr (Q) Y

for any P,Q € Bf (H)\ {0} .

Since for p > 1 the power function g () = t* is convex, then

o P) o p
tr (P) t’i/if(p Q) B4

tr (
tr (P) +tr (Q)
)

(trl_l/p( Yora(P)+tr'Y9(Q) osa (Q))p
tr (P + Q)

(411) I >

for any P, Q € By (H) \ {0}.

By combining (4.10) with (4.11) we get

o4 (P+Q) S <tr1_1/” (P)osa(P)+trY9(Q) osa (Q))p
tr(P+Q) — tr (P + Q) ’

which is equivalent to
o5a(P+Q) tr' VP (P)aya (P) +tr'79(Q) 044 (Q)
/P (P+Q) = tr (P + Q) ’
for any P, Q € By (H) \ {0}.

Finally, if we multiply (4.12) by tr (P + Q) > 0 we get

Uppa (P + Q) = thppa(P)+ Uy 1a(Q)

for any P, Q € Bf (H) \ {0} and the proof is complete. O

(4.12)

COROLLARY 4. With the assumptions of Theorem 9, the two param-
eters p, ¢ > 1 functional ¥, 4 ;4 : B (H)\ {0} = [0,00) defined by

Upaga (P)i= [t (P03 0%, (P)
is superadditive on Bf (H)\ {0} .
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Proof. Observe that 1, r.4 (P) = [t 4 (P)]? for P € B (H)\ {0}.
Therefore, by Theorem 9 and the inequality (4.8) for ¢ > 1 we have that

Upasa(P+Q) = [hppa(P+Q)
> [ pa (P)+ Yy ra (@)
> [Ypsa (P + [Ypr (Q))
Vp,g.1.A (P) + Vp,g.f.A (Q)
for any P, Q € B (H) \ {0} and the statement is proved. O

REMARK 3. If we consider the functional
by pa (P) = [tr (P)P' oh 4 (P)
then, for p > 1, @Nbpjf’A (+) is superadditive on B (H) \ {0}.

COROLLARY 5. With the assumptions of Theorem 9 and for pa-
rameter p > 1, if there exists the real numbers v, I' > 0 such that

I'Q > P >~Q with P,Q € B (H) \ {0}, then
_1 1 _1
(413) T [tr(Q)] 7 054 (Q) = [tr (P)] 7 044 (P)
_1 _1
> [t (Q))' 77 0s4(Q) (> 0).
The case of finite-dimensional spaces is as follows:

COROLLARY 6. Let A € M,, (C) be a Hermitian matrix and assume
that Sp(A) C [m, M] for some scalars m, M with m < M. If f is a
continuous convex function on [m, M|, there exists the real numbers -,
I' > 0 such that I'l,, > P > ~I,, with P positive definite, then

(414) Tt [tr ( (A)) - nf (tr 7(;4))]

it sy (28

>t (s ) - af ()] 20

for any p > 1.

The following result also holds:

THEOREM 10. Let A be a selfadjoint operator on the Hilbert space
H with Sp(A) C [m, M] for some scalars m, M with m < M and f
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is a continuous strictly convex function on [m,M]. For p € (0,1), the
functional x, .4 : B (H)\ {0} — [0,00) defined by

11
G (P)i= ST
is subadditive on Bf (H)\ {0} .
Proof. Let s := —p € (—1,0). For s < 0 we have the following in-
equality
(4.15) (a+p8)° <a®+ p°

for any a, 8 > 0.
Indeed, by the convexity of the function f;(t) = ¢* on (0,00) with
s < 0 we have that

(a+B)" <257 (o + %)

for any a, 8 > 0 and since, obviously, 271 (a® + %) < a® + 3%, then
(4.15) holds true.

Taking into account that oy 4 (-) is superadditive and s € (—1,0) we
have

(4.16) 054 (P+Q) <[opa(P)+054(Q)] <0} 4(P)+074(Q)

for any P, Q € Bf (H) \ {0}.
Since tr (+) is additive on By (H) \ {0}, then by (4.17) we have

FA(P+Q) i, (P)+054(Q)
W) Crre S kP ru@
w(P) (EA2) + 0 Q) (E49)
tr (P) + tr (Q)
(P (558) ru@ () ;
tr (P) + tr (Q) -

for any P, Q € By (H) \ {0}.
By the concavity of the function g (t) = t~° with s € (—1,0) we also
have

r (P) 2B (@) @]

4.18 J < 97.4(P) 77,4(Q)
9 B tr (P) + tr (Q)
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for any P, Q € Bf (H)\ {0}.
Making use of (4.17) and (4.18) we get

—S

s trl/S(P) trl/s(Q)
Of A (P + Q) < tr (P) of,a(P) +tr (Q) 07,4(Q)
tr(P+Q) — tr (P) +tr (Q)

for any P, Q € Bf (H)\ {0}, and by taking the power —1/s > 0 we get

-1 tr1+1/s(P) tr1+1/s(Q)
0.4 P+Q) _ onm T @

tr=/s(P+Q) ~ tr(P)+tr(Q)
which is equivalent to
tritl/s (P4 Q) < tr' /s (P) 't (Q)
opa(P+Q) = opa(P) ora(Q)

for any P, Q € By (H) \ {0}.
This completes the proof. O

The following result may be stated as well:

COROLLARY 7. With the assumptions of Theorem 10, the two pa-
rameters 0 < p, ¢ < 1 functional x4 .4 : By (H)\ {0} — [0,00) defined
by

rq(l_%)
Xp.a.f.a (P) = ﬁ

031‘,,4 (P)
is subadditive on B (H) \ {0} .
; . ~ - trp’l(P)
REMARK 4. If we consider the functional X, ;4 (P) = TP for

0 <p <1, then X, ; 4 (-) is also subadditive on Bf (H)\ {0} . |

5. Some Examples

We consider the power function f : (0,00) — (0,00), f(t) =" with
t € R\ {0}. For r € (—00,0) U[1l,00), f is convex while for r € (0,1), f
is concave.

Let » > 1 and A be a selfadjoint operator on the Hilbert space H and
assume that Sp (A) C [m, M] for some scalars m, M with 0 < m < M.
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If € := {e;},c; is an orthonormal basis in H and P € Bf (H) \ {0} then

(5.1) [tr (PA)]" [tr (P)]""
<K, (r;A,P) <tr(PA")

< (' tx [P (M1 — A)] + Mt [P (A — m1y)])

M—m
where
K. (r; A P) = Z (PY2AP e e;) (Pejye;)' ™"
icle p

Moreover, the quantities

K;(r;A,P):=inf K, (r; A, P) and K, (r; A, P) :=sup K, (r; A, P)
£

&

are finite and satisfy the bounds

(5.2) [tr (PAY [tr (P)]'™" < K (r; A, P) < K, (r; A, P) < tr (PA").
Now, if we take A= P, P € By (H) \ {0}, then by (5.1) we have

(5.3) [tr (PH)]" [tr (P)]'" < K, (r; P) < tr (P™1)

where

K, (r; P) = Z <P26i7€i>T <P€i7ei>1_r'

iEIg}p

If we consider the functional o, 4 : By (H) \ {0} — [0, 00) defined by
(5.4) 0y.4 (P) i= tr (PAT) — [tr (PA)]" [tr (P)]"" > 0,

where A is a selfadjoint operator on the Hilbert space H with Sp(A) C
[m, M] C [0, 00), then o, 4 (+) is superadditive, monotonic nondecreasing
and if there exists the real numbers v, I' > 0 such that 'Q > P > 7@
with P, Q € Bf (H)\ {0}, then

(5.5) Lo, a(Q) > 0r4(P) 2 70,4(Q) (>0).

Consider the convex function f : (0,00) — (0,00), f(t) = —Int and
let A be a selfadjoint operator on the Hilbert space H and assume that
Sp (A) C [m, M] for some scalars m, M with 0 <m < M. If £ := {e;},;
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is an orthonormal basis in H and P € Bf (H) \ {0} then

tr (PA)\ "
(5.6) ( Er((P))) > L, (A P)>expltr(PlnA)]
L P RS

where

(Pejeq)
Pl/zA.Pl/Q@Z‘,Gi
L. (A,P):=]] << >> .

<P€i, 6i>

iG]g,P
Moreover, the quantities
L;(A,P):=inf L, (A, P) and Ls (A, P) :=sup L, (A, P)
&£ &

are finite and satisfy the bounds

tr(P)
(5.7) (tr UDA)) > Ly (A, P) > L; (A, P) > exp[tr (P1n A)].

tr (P)
Now, if we take A = P, P € By (H) \ {0}, then by (5.6) we get

r (P2 )
(5.8) (ttr((];))) > L. (P) > expltr (Pln P)|

where

L, (P):= H <<<P;:—:>>) (Pesed) |

iEIg’p

Consider the functional 64 : By (H) \ {0} — (0, 00) defined by

(tr(PA))tr(P)

(D)
oa(P) = exp (tr (Pln A))

> 1,

291

where A is a selfadjoint operator on the Hilbert space H and such that

Sp (A) C [m, M] for some scalars m, M with 0 <m < M.
Observe that

tr (PA)

tr(P)
O_ma(P):=In ( r (P) ) —1Infexp (tr (PInA))] =1In[d4 (P)]

for P € Bf (H)\ {0}.
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Utilising the properties of o_1, 4 (-) we conclude that d4 (-) is super-
multiplicative, i.e.

ba(P+Q)>64(P)oa(Q)>1

for any P,Q € Bf (H) \ {0}. The functional d4 (-) is also monotonic
nondecreasing on By (H) \ {0} .

Consider the convex function f (t) = tInt and let A be a selfadjoint
operator on the Hilbert space H and assume that Sp (A) C [m, M| for
some scalars m, M with 0 <m < M. If £ := {e;},.; is an orthonormal
basis in H and P € By (H) \ {0} then

t PA tI‘(PA)
(5.9) ( ;f ( P))) < I (A P)<expltr (PAln A)]
mtr[P(M1g—A)] M tr[P(A—mlp)]
<m M—m M—m ,
where

(AP = ]]

i€le p

(PrAP e e\ A
<P€i7 62’) ’

Moreover, the quantities

I; (A, P) :=inf1, (A, P) and I, (A, P) :=supl, (A, P)
£

&

are finite and satisfy the bounds

(PA)
(5.10) (t;(fp‘?) Y LIAP) < (A P) < oxp[ir (PAIn )]

Now, if we take A= P, P € Bf (H) \ {0}, then by (5.9) we get

r 2 tr(P )
(5.11) (ttr((];)) ) <1, (P) <exp|tr (P’InP)]

where

L(P) =] <<<1;_>>) (Feses)
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Observe that for f (t) = tlnt we have

I(mea(P) = tr(PAlnA) —tr(PA)ln (tEfPf;))

exp [tr (PAIn A)]
(tr(PA) ) tr(PA)

tr(P)

for any P € Bf (H)\ {0}.
Consider the functional A4 : B (H)\ {0} — (0, 00) defined by
M (P) = exp [tr (PAIn A)] -

tr(PA) tr(PA) —
tr(P)

Utilising the properties of o()m(.),4 () we can conclude that A4 () is
supermultiplicative and monotonic nondecreasing on By (H) \ {0}.
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