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QUANTITATIVE ESTIMATES FOR GENERALIZED
TWO DIMENSIONAL BASKAKOV OPERATORS

NEHA BHARDWAJ AND NAOKANT DEO

ABSTRACT. In this paper, we obtain quantitative estimates for gen-
eralized double Baskakov operators. We calculate global results for
these operators using Lipschitz-type spaces and estimate the error
using modulus of continuity.

1. Introduction
The Baskakov operator V,, (f; ) was introduced by V.A. Baskakov [2]
given by:

n

(11) Vi (fi2) = ipn,k () f (’“)

1 (n
where p, ;. (z) = " +Z 2k (1+2)" "™ f e C[0,00),Cp 0, 00)
is the set of functions which are bounded on the set.
By now a number of results about the operator have been obtained
[1,3-7]. In this paper, we address the investigation for the multivariate
Baskakov operator defined as follows.
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Let P, (f;z,y) are the following two variate Baskakov operators:

k1

k,l=0

where 0 <k <n,0<[<n,f(z,y) € C(]0,00) x [0,00)).

Ozarslan and Duman [9] have introduced a different approach in order
to get a faster approximation without preserving the test functions. In
[8], Ozarslan and Aktuglu have calculated quantitative global estimates
for double Szasz-Mirakjan operators. In this paper, same method is used
for generalized double Baskakov operators.

Consider the classical Baskakov operators defined by (1.1). Since for
fi=t,1=0,1,2

Vo (fo;2) = 1L,V (f1;2) = 2,V (fa; ) = (1—1—%) xz—i—%.

Following the similar arguments as used in [9], the best error estimation
among all the general double Baskakov operators can be obtained from
the case by taking
1 1
a,=1,b,=¢,=0,c, =1+ —,d, = —
n n
for all n € N where (a,), (b,), (¢,), (d,) and (e,) are sequences of non-
negative real numbers satisfying the conditions given in [9].
Now observe that

20,0 —d,,  2nz —1
2¢c,  2(n+1)

up (x) = € [0,00),

where u, is a functional sequence, u,, : I — A where A denote R™ and
assume that I be subinterval of A.

So, u, (z) € R if and only if > 5~ and n > 1. Hence, choosing

1
I = |:§,OO> - R+.

The best error estimation among all the general double Baskakov oper-
ators can be obtained from the case
up () =

2nxr — 1 2ny — 1

20 T g N
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for all f € Cp([0,00) x Cp[0,00)) and z,y € [1,00). Hence, (1.2)
becomes

(1.3)  Qu(fiz,y) : P (frun (), 00 (y))

_;l:o(nwc—l ) <n+§—1 )f(%%) (u, ()"
(14 n ()" (00 (1) (1 + va ()",
f € Cp([0,00) x [0,00)).

For the operators @, (f;x,y), we have following Lemma:

LEMMA 1.1. Let x = (z,y),t = (¢,5);€;;(x) = 2'y?,i,5 = 0,1,2 and
Y2 (t) = ||t — z||*. Then, for each z,y >0 and n > 1, we have
(1) Qn(eop;z,y) =1

(i) Qn(e10;7,Y) = un()
(13i) Qn (e0,1:%,Yy) = vn(y)
(iv) Qn (€20 + €025 2,y) = (1 4+ 2) (u2 (2) + 02 (y)) + Lotk

(v) @n (1#2() 2,y) = (un () = 2)"+(va (y) = )"+ (2 (@) +07 (y)+
Un () +0n ().

2. Global Results

We have used following definitions in this paper for global results of
the operators @, (f;z,y).
Otto Szasz [10] earlier considered this space of bivariate extension of
Lipschitz-type space, given as:

It —x|"
(16 + 2 +5)™

Lipy () = {f € O ([0,00) x [0,00)) - [f (t) = f ()| < M

;t,S;x,yE(O,OO)},

where t = (¢, s) ,x = (z,y) and M is any positive constant and 0 < o <
1.
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For all f € C([0,00) x [0,00)), the modulus of f denoted by w (f;0) is
defined as

w(f§5) = sup{ |f(t7$) _f(xay)‘ : \/(t_$)2+(3_y)2 < (5,(75,8),
(z,y) € [0,00) x [0, 00) }

Now, for the space Lip}, (o) with 0 < a < 1, we have the following
approximation result.

THEOREM 2.1. For any f € Lip}, (o), « € (0, 1], and for each z,y €
(0,00),n € N, we have

@Mﬁ%w—f@wﬂégf%%(%@%wf

1 )
b (0 )+ 02 0) (o) 0 ) |

+ (v (y) — y)°
(2.1)

Proof. Let o = 1. For each z,y € (0,00) and for f € Lip}, (1), we
have

Qn (fsz,y) — fz.9)] < Qn(If (ts) — f(z,y)];2,)

t—x
([t + 2 +y)

M
< an (It —x[|;2,y)

Applying Cauchy-Schwarz inequality, we get

Qu (F2.9) = £ (.)] € — - V/Qu W2 (D) 0:9)

(z+y)

M (un (z) — )% + (vn (y) —y)* +

u%l‘ +U72L + up () + vy .
(x+y)1/2 (ug; () (y) (x) ()

1
n
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Now, let 0 < av < 1. Then for each 2,y € (0,00) and for f € Lip}, (a),
we obtain

Qn (frz,y) = f (@9 < Qu(lf (L) = f(z,y)]52,9)

It—x"
SMQ’VZ a/27'1/‘7y
([t + 2 +y)

M a
< ——5Qu (It = x[%2,y).
(v +y)

For Holder inequality with p = 2 and ¢ = 52, for any f € Lip}; (a),
we have

Qu (Fiy) = F (2,9) | € — [Qn (62 (1) 2,)] ™

(z +y)
M
= | (@) — )+ (0 () — 9)?
(z+y)
1 K
+ — (un () + v (9) + un (2) + 0 (9)
which is the required result. O

LEMMA 2.2. For each x,y > 0,

22) @ W (Vi-va) +(v5- @)2;x,y)
1

— 1/ (un (2) —2)% + u2 () + uy (z)

(0 () — ) + va (y) +va (y)

1
VY n
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Proof. We have v+ d < \/c +/d(c,d > 0), therefore

2, <\/(«%— Va) + (v m%,y)

E( () ()

X (t () (1 -+t ()7 o () (1 0 (1)

(un () (1 + 1y ()~

vy
k

——x
n

1 <~/ n+l—-1\|I
cEe (M)

=0

(un (2))F(1 + 1y, ()~

(Un (y)>l(1 + Un (y))_(m_l)-

Using the Cauchy-Schwarz inequality,

a. <\/(¢%— Va) + (i~ @2;33,@,)
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Using Lemma 1.1,

Qn (\/(\/f— \/5)2 + (Vs — J@)z;w,y)

f\/un — W-Fl\/(yn(y)_y)?_ﬁmw

which is the desired result.

THEOREM 2.3. Let g (z,y) = f (z%,y*). Then we have for each x,y >
0,

Qn (f;2 y) (fv y)l < 2w(9,5 (z,9)),

93)+un U2 (¥)+vn(y)
where 5, (5,3) = /o Sy 1 ) g+ B
Proof. We have

Qn (Fr29) — [ (@.9)] < Qu (1f (t,5) — [ (2.9)] 52, 3)
~ Q. (xff)—gff)( )

wn((w( ) )
,;iw1><”+f1>w(w<w>z+<w>iw)

X (tn (2)) (1 (2)) ) (0 ()10 (1)

S
{ J(vE-) ()

@ (Vi) + (V5= i) sa)

X Qn <\/(ﬁ—ﬁ)2+ (ﬁ—\/ﬁ)z;x,y> :vy)

w(f; M) < (L+MNw(f;9).

Now, we have
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Therefore,

Qn (f52,y) — f(z,9) |
§w<g;Qn (\/(\/5—\/5>2+(\/_—\/§)2593ay>>
XMZO<H+Z_1 )(n+§—1)
i)+ (Vi)

Qn (\/(\/E— VE) 4 (V5 - \/E)Q;x,y)

(tn () (1 + up ()" (0, (1)) (1 + v ()"

< 2w (g;Qn (\/(\/5—\/5)2+ (x/E—\/@)Q;x,y» .

Now, using Lemma 2.2, completes the proof. O]

1+

THEOREM 2.4. Let g (z,y) = f (2?,4*). Let

g € Lipy () == {g € Cp ([0,00) x [0,00)) : |g (t) — g (x)| < M|t — x|
it 52,y € (0,00) },

where t = (t,s) ,x = (x,y) and M is any positive constant and 0 < o <
1.
Then,

(2.3) Qn (f;2,y) — f(2,y)] < M6 (2,y),

where 8, (z,) = J/(un (2) — 2)° + Oy L fo, () — y)? 4 B0,

T n
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Proof. We have
Qn (fi2,y) = f(z,9)| < Qu(If (L, s) — f(z,9)];2,y)
=Qn (‘g (\/i\/§> —g(x/i\/?)‘;w,y)

< MQ, (((\/i— Va) + (Ve ﬂf)%;wvy)

2 2 R
_Mz<n+k—1><n—|—l—1> (\/> a:>+< l—ﬂ)
k,1=0 "
(un (2))* (14 ()" (0, () (1 + v ().
For Holder inequality with p = % and g = ﬁ, we have

@iz 1 @)l <3| @ () (Vim vE) + (Vi - vi)ia

By using Lemma 2.2, completes the proof. O]
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