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AVERAGE OF CLASS NUMBERS OF SOME FAMILY
OF ARTIN-SCHREIER EXTENSIONS OF RATIONAL
FUNCTION FIELDS

HwaANYUP JUNG

ABSTRACT. In this paper we obtain average of class numbers of
some family of Artin-Schreier extensions of rational function field
F,(t), where ¢ is a power of 3.

1. Introduction

The average of class numbers of a family of global fields has been
studied by many authors. This problem was initiated by Gauss who
made two famous conjectures on average values of class numbers of of
orders in quadratic fields. These conjectures were proved by Lipschitz
in imaginary quadratic fields case and by Siegel [8] in real quadratic
fields case. Takhtadzjan and Vinogradov [9] gave an average formula
for class numbers of quadratic fields with prime discriminants. Let k =
F,(t) be a rational function field over the finite field F,, where ¢ is a
power of a prime number p, and A = F,[t] be the polynomial ring.
Assume that ¢ is odd. In [3], Hoffstein and Rosen gave an average of
class numbers of orders of quadratic extensions of k and also an average
value of class numbers of maximal orders of quadratic extensions of k.
When ¢ = 1 mod 3, Rosen [7] gave an average of class numbers of orders
of Kummer extensions of & and Jung [5] obtained an average of class
numbers of maximal orders of Kummer extensions K = k(3/P) of k,
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where P runs over monic irreducible polynomials. In [2], when ¢ is
even, Chen obtained an average of class numbers of orders of quadratic
extensions of k. In [1], Bae, Jung and Kang extended Chen’s result
to any Artin-Schreier extensions of k. Let K, = k(a,) be the Artin-
Schreier extension of k generated by a root «, of 2P — x = u, where
u = £ € k is normalized (see §2.1). Then G(K,) = A which is a
monic polynomial in A is uniquely determined by the field K. In [1],
when p = 2, Bae, Jung and Kang gave an average of class numbers
of maximal orders of quadratic Artin-Schreier extensions K, of k£ with
monic irreducible G(K,). In this paper, when p = 3, we study the
average of class numbers of maximal orders of Artin-Schreier extensions
K, of k with monic irreducible G(K,). In §2, we recall some basic
facts on the Artin-Schreier extensions of k and L-functions associated to
maximal orders of Artin-Schreier extensions with class number formulas.
In §3, when p = 3, we give averages of class numbers of maximal orders
of real/inert imaginary /ramified imaginary Artin-Schreier extensions K,
of k with monic irreducible G(K,,).

2. Preliminaries

Let k = F,(t) and A = F[t], where ¢ is a power of a prime p. Let
ooy = (1/t) be the infinite prime of k. We denote by A the set of monic
polynomials in A and by P the set of monic irreducible polynomials in
A. Write A, = {N € A :deg(N) =n}, AT = ATNA, and P, = PNA,.
For any 0 # N € A, let |[N| = #(A/NA) = ¢3eW) O(N) = #(A/NA)*,
where #X denotes the cardinality of a set X, and sgn(N) denote the
leading coefficient of N. Let (s(s) = 17(1;1—3 be the zeta function of A.

2.1. Artin-Schreier extensions. Let p(x) = 2 — x be the Artin-
Schreier operator. For u = & € k with A € AT, B € A and ged(A, B) =
1, we say that u is normalized if it satisfies the following conditions: (1)
if A=T][_, P, then p{e; for each 1 <i <r, (2) if deg(B) > deg(A),
then p 1 (deg(B)—deg(A)), (3) if deg(B) = deg(A), thensgn(B) ¢ o(F,).
Let K, = k(o) be the Artin-Schreier extension of k generated by a root
ay of p(z) = u. Let O, be the integral closure of A in K. If we write
u = f(t) + Bt with f(t) € A and deg(B:) < deg(A), then f(t) and A
are uniquely determined by the field K. Also, if K is a Z/pZ-extension

of k, then there exists such a normalized u € k such that K = K,.
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Let G(K) = A be the denominator of u as above. The discriminant
d, of O, over A is (A -rad(A))P~!, where rad(A) denotes the product
of the distinct monic irreducible divisors of A (see [1, Corollary 2.7]).

The local discriminant ds, at ooy, is oo V@B if deg(f) > 0 and 1
otherwise. The discriminant dg, of K, is defined to be d,, - d«,. We say
that the Artin-Schreier extension K /k is real, inert imaginary or ramified
imaginary according as ooy, splits completely, is inert or ramifies in K.
Then, the extension K, /k is real, inert imaginary or ramified imaginary
according as deg(B) < deg(A), deg(A) = deg(B) or deg(A) < deg(B).
(See [4] for details.)

2.2. L-functions and class number formulas. Fix an isomorphism
Y : F, = p, sending 1 to a primitive p-th root ¢, of unity, where p, is the
group of p-th roots of unity in C. For v € k and P € P which is prime to
the denominator of u, define [u, P) € F, by (P, K, /k)(ow,) = o, +[u, P),
where (P, K, /k) is the Artin automorphism at P. Extend this to N €
AT, which is prime to the denominator of u, by multiplicativity. For any
N € A*, define {5} = ¢([u, N)) if N is prime to the denominator of u
and {{} = 0 otherwise. Let y, be the character defined by x,(N) =
{3} For 0 < i < p—1, the L-function L(s, x!,) associated to x/, is
defined by

L) = Y

NeA+ |

= Zani)(u)qu with J,(f)(U) = Z Xu(N)-

n=0 NeAt

It is well known that L(s, x%,) is a polynomial in ¢~* of degree deg(rad(A))+
deg(B) — 1 or deg(A) + deg(rad(A)) — 1 according as ooy, ramifies in K,
or otherwise for 1 <7 <p—1.

Let u = % € k be a normalized one with B € A and P € P,, and K,
be the associated Artin-Schreier extension of k. Let h, and R, be the
ideal class number and regulator of O,, respectively. Since d,, = P?>®~1)
and doo, is 00" V) if ¢ = deg(B) — deg(P) > 0 and 1 otherwise,
by [1, Proposition 5.1], we have

p—1 (g — 1P tgt=Pmp, R, if ooy, splits,
(2.1) HL(LXZ) = %p‘lq(l_p)mhu if ooy, is inert,

- (=D((p=D)(e+D)=2) . . .
=1 q 2 =Dmp if 0o, is ramified.
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3. Average value of ideal class numbers of Artin-Schreier
extensions

In this section, when p = 3, we study the averages of class numbers
of maximal orders of real/inert imaginary/ramified imaginary Artin-
Schreier extensions K, of k with monic irreducible G(K,), respectively.

3.1. Real Artin-Schreier extension. For P € P, let §p = {B €
A : B # 0,deg(B) < deg(P)} and Fp be the set of real Artin-Schreier
extensions K of k with G(K) = P. It is easy to show that for any
B17B2 c gp, KBl/P = KBQ/P if and OIlly if Bl = BQ. Hence, the map
B +— Kp/p is a bijection from §p onto Fp.

THEOREM 3.1. Assume that p = 3. Then we have

ZPEPW ZBE@P hB/PRB/P o CA( ) CA( ) 2 (m—1) m 3%
(g™ = D)#Pn, (6 +0 (16 ! ) '

Proof. Let

ZPer ZBGSP H?:l L(Sv XjB/P)

Since L(s, XiB/p) is a polynomial in ¢~* of degree 2m — 1, we have

F(s) =

2 4m—2

H S XB/P Z Z XB/P(NlNQQ)q_nS-

= N1€TX,:TL]2V2§A no
Then,

4m 2 —ns
with
an(B/P) = Z XB/P(Nlsz)-
ni+n2=n

NieAl, ,NaeAt,

Following the arguments of [7, §2], we have |a,(B/P)| < (*""?)q? and

4m—2 1
94m—2 m(5—0)

3" au(B/P)g | < T

n—m L—q27
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for s € C with o = Re(s) > 3. Thus, we have

4m—2 —ns m—2 m(i_o
Donem 2pep, 2opegy Wn(B/P)q < 2m=2gm(z-0)

3.1 <

( ) ( - 1)#Pm 1-— q%ﬂ’

In particular, when s = 1, the summation is less than or equal to
16™mq~ 2

Now, we consider

> ZPer ZBESP an(B/P)q™"*
(g™ — 1)#Pp
Z Z mtna=n ZPer ZBe&p XB/P(NIN Jg ™

NleAnl,NgeAnQ
(g™ — 1)#Pp
Note that P { N1 N, for any Ny € A, Ny € At with ny + ny = n since
n < m. By definition, if NyN3 is cube, we have xp/p(N1N3) = 1. If
N;NZ is not cube, by [6, Corollary 2.2], we have

Z xs/p(N1N7) = —1.
Be3p

Hence, we have fn(s) = fia)(s) + f32(s) with

FiD(s) = oo
n=0 ni1+n2=n
N1eAT, ,Na€AY,
N1N2 cube

fm(s) =

and
m—1

1
2)(g) = — § : —ns

n=0 ni+na2=n
N1 EAZH 7N2€A7J§2
Ny N22 :not cube

For s € C with o = Re(s) >

% as m — 0o, we have

m—

|12 (s))| <

n=0 ni+nz=n
N1 EAil N2 EA%

1 q q—ma mq—ma
3.2 = — 0.
( ) 1 — q—m ( (1 _ ql 0)2 1 — ql—U) —
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Let L(s) = 3 (ny vy [ NV1]7°|N2| 7%, where (N1, N2) runs over monic poly-
nomials Ny, Ny € AT such that P{ Ny N, and N; N7 is a cube. Then, as
in [7, §2], we have L(s) = % and

(3:3) [£(s) = L(s)] < CmPq ¥ 0737

for some constant C' and o = Re(s) > 3. Hence, by (3.2) and (3.3), for
s € C with 0 = Re(s) > 3, we have

 Cal2s)Ca(3s)? ™ (1-30)
(3.4) fm(s) = T G6s) + 0 (m?g50139).
Finally, since Cm2q=3" = 0(16™¢~ %), by (3.1) and (3.4), we have
CG@GEE | s
(3.5) F.(1) = AG + 0 (16 ).

Hence, by (2.1) and (3.5), we have

h R 2 2 3m
ZPEPm ZBGSP B/P B/P — CA( )CA<3) q2m+0(16mq7)

(@™ = D)#Pn (¢ —1)*Ca(6)
Since -1y = (a(2)g™", we get the result. O
3.2. Inert imaginary Artin-Schreier extension. Let {0,&,...,&_1}

be a set of representatives of F,/p(FF,). For P € P, let &p = {{,P+ B :
B € §p,1 < a < p—1} and Gp be the set of inert imaginary Artin-
Schreier extensions K of k with G(K) = P. For any By, By € §p and
1<a,b<p-1, K¢ip,/p = K¢yn,ypif and only if a = b and B, = By.
Thus, the map {, P + B + K¢, p/p is a bijection from &p onto Gp.

THEOREM 3.2. Assume that p = 3. Then we have

Zpepm ZBesp 22:1 h£a+B/P - SCA(?’)QQA(‘Q 2(m—1) m 30
2(qg™ — 1)#Pnm -~ G(6) ! tO0EmeE).

Proof. For a positive integer m and a € {1,2}, let

G (S) o ZPEPm ZBGSP H?:l L(Sa XéaJrB/P)
m,a - 2(qm _ 1)#Pm )
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and Gyn(s) = Gm,1(8) + Ginpa(s). Since L(s, xg, , g/p) is @ polynomial in
q~*° of degree 2m — 1, we have

2 4m—2
TILGs X mp) = Z > Xewrnp(NIN)G™.
= Nleysznjz\/ggA RN
Then,
Gma(s) = Sl Yopep, Ypegy (6o + B/P)g "™
’ 2(qm — V)#Pn,
with
an(a+B/P)= " Y Xeanp(NN3).

ni+no=n
Ny EAﬁl N2 €A+

Following the arguments of [7, §2], we have |a, (& + B/P)| < (*"7%)q¢%
and

dm—2 94m—2 m(f—o)
D (ot B/P)g | < T
n=m 1-q¢

for o = Re(s) > 5. Thus, we have

; ’ —ns me—2 m(l—o
(36) E i ZPGPm ZBGEP an(£a+B/P) < 94 2q (1 )
2( o 1)#Pm - 1 . q,_o.
In particular, when s = 1, the summation is less than or equal to
16™mg~ 2 .

Now, we consider

Z ZPer ZBESP an(&l + B/P) o
2(qm™ — V)#Pn,
Z Z nit+na=n ZPer ZBE@F X£a+B/P(N1N2) o

NieAl, ,NaeAt,
2(¢m — 1)#Pm
Note that P { N1 N, for any Ny € A}, Ny € A} with ny 4 ny = n since
n < m. By definition, if NyN3 is cube, we have x¢,+5/p(N1N3) = 1. If
N; N is not cube, by [6, Corollary 2.2] we have

> Xewrs/p(N1N3) = {mwz) > xsp(NING) = —{5 vz

Begp Begp

gm,a( ) -
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Hence, we have g,,, .(s) = % ,g)(s) + gg)a(s) with

gﬁr?a( ) - Z Z {W}qins.

ni+n2=n
NleAj;l No€eA,
N1 NZ:mot cube

For s € C with o = Re(s) > %, as m — oo, we have
m—1

(3.7) |9 (5)] < . ¢ " =0

n=0 ni+ng=n
Ny EA% N2 EA%

as i (3.2). Let gn(s) = gma(5) + gmal(s) = f2)(s) + g2h(s) + g2(s).
Then, by (3.4) and (3.7), for s € C with o = Re(s) > 5, we have

~ Cal(25)Ca(3s)? ™ (130
Finally, since Cm2q=3" = 0(16™¢~ %), by (3.6) and (3.8), we have
RACIAC
(3.9) Gm(1) = AG) +0(16™g"2).

Hence, by (2.1) and (3.9), we have

ZPer ZBESP ZZ=1 he,+n/pP _ 3(g—1) CA(Q)CA(3)2
2(q™ — 1)#Pn, ¢ —1  (a(6)
CA(4)

@™+ O(16™¢ 5.

, we get the result. O

Since ¢ — 1=+ () 1

3.3. Ramified imaginary Artin-Schreier extension. For P € P
and positive integer ¢ with p 1 ¢, let Hp. = {B € A : P { B,deg(B) =
deg(P) + ¢} and Hp, be the set of ramified imaginary Artin-Schreier
extensions K of k with G(K) = P and whose discriminant d is P?~1.
oo,(f_l)(cﬂ). For any B, B' € $)p., we have that Kp/p = Kp//p if and
only if B = B+ P(D? — D) for some D € A. We say that B, B’ € $p,
are equivalent, denoted by B ~ B, if B = B + P(DP — D) for some
D € A. Let [B] be the equivalence class of B € §), . with respect to ~,
and Hp. = {[B] : B € Hp.}. Then, the map [B] ~— Kp/p is a bijection
from $p,. onto Hp,.. For B € Hp,., we have a surjective map

(3.10)  {D e A:deg(D) < [¢/p]} — [B], D+ B+ P(D” - D).
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For D, E € A with deg(D),deg(F) < [¢/p], we have that B + P(D? —
D) = B+ P(EP—E)ifand only if D—E € F,. Hence, the map in (3. 10)

is p to 1, so we have #[B]| = q[c/p . Since #9pe = #Adeg(P)+e — #HAC
¢“(q — 1)(¢*#®) — 1), we have

#fjp,c — pqc—[c/p} (q — 1)(qdeg(P) —1).
THEOREM 3.3. Assume that p = 3. Then we have

2 pePn 2-iBleip. 'BIP (a(2)Ca(3)?
I,(m,c) ()

where I,(m,c) = 3¢°~ 3 (g — 1)(¢™ — 1)#Py.

q2m+20 4 O (42m+cq37m+2c) ’

Proof. For a positive integers m and ¢ with 3 1 ¢, let

> pepn E[B]eﬁpc Hz 1 L(s, XB/P)

Hinols) = I .(m,c)

Since L(s, X%/P) is a polynomial in ¢~° of degree 2m + ¢ — 1, we have

2 Adm—+2c—2

T LG x50 = Z > xmp(NiNG)g™.

=1 ni+n2=n

NieAf, ,NaeAst,
Then,
H, (s) = Z4m+2c QZPer ZBG.ﬁp an(B/P)q™"*
" ¢/, (m, )
with
an(B/P) = Z XB,p(N1N3).

ni+na=n
NieAF; ,NaeAdt,

Following the arguments of [7, §2], we have |a,(B/P)| < (*"727%)q¢%
and

4m~+2c—2
Z an(B/P) —ns| < 9dm+2c— 2qm( )(1_q2 o')fl

n=m
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for o = Re(s) > L. Thus, we have

OJI

(3.11)
4m—~+2c—2 ns
32 + ZPEPm ZBeﬁPC an(B/P)q < 24m+20_2qm(%_0)
G (m. ) =T g
In particular, when s = 1, the summation is less than or equal to
42m+cq—%

Now, we consider

3% ZPer ZBefJP an(B/P)q™™
(T, (m, c)
Z Z mtna=n ZPer ZBeﬁp XB/P(NlNQ)
NleAnl,NgeAnz

G (m,c)
Note that Pt NiN; for any Ny € At Ny, € AT with ny 4+ ny = n since

ni) no

n < m. By definition, if NyN3 is cube, we have xp/p(N1N3) = 1. If
N; N is not cube, by [6, Corollary 2.4], we have

C
> xpp(NING) = —C%; {W}

BefHp,.

hi.e(s) =

Hence, we have hy, .(s) = fml)(s) + hg?c(s) with

hg36(8> - c/3]] m C Z Z Z Z{NINQ} .

n=0 n1+n2 n PePy, CeAe
NleAn17N2€A
N1N22:not cube

For 0 = Re(s) > 1

27

(¢ — 1)¢°, we have

m—1
1) <3 { } —no
[ (5)] q[c/g 2 2 2 \wma
n=0 n1+n2 n PeP,, CeA,
Ni€Af, ,N2eAt,
1 m—1 1 m—1
< —no 1= 1 (1—0o)n
S q m%:n 1 n:o(n +1)q

Ni€eAT ,N2€AT,
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If 0 =1, we have

1 m(m + 1)
(n+1)gt-n=—"—"—2_9
q" — 1~ 2(qg™ — 1)
and if o # 1, we have
m—1
1 B 1 q—m _ q—am mq—am
1)gt=on = — -0
qm_lnzg(wr & l—q¢™ ((1—61“’)2 1—q1")

as m — oo. Hence, for o = Re(s) > 1, we have

(3.12) h?) (s) =0

m,c

as m — oo. Hence, by (3.4) and (3.12), for s € C with o = Re(s) > 1,
we have

_ (a(25)Ca(3s)? 2 M (1-30)
Finally, since Cm2g~ 3" = 0(42™+¢¢~ %), we have
. CA(Q)CA(S)Q 2m+c — 2
(3.14) H) = S opmieq ),

Hence, by (2.1) and (3.14), we have
2 pep, 2ipichp. B/P _ (a(2)¢a(3)?

I,(m,c) Ca(6)

q2m+2c 4 O <42m+cq37m+2c) )
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