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INTERVAL-VALUED INTUITIONISTIC SMOOTH
TOPOLOGICAL SPACES

CuuN-KEE PARK

ABSTRACT. In this paper, we introduce the concepts of several types
of interval-valued intuitionistic fuzzy mappings and several types
of interval-valued intuitionistic fuzzy compactness in interval-valued
intuitionistic smooth topological spaces and then investigate their
properties.

1. Introduction

After Zadeh [15] introduced the concept of fuzzy sets, there have been
various generalizations of the concept of fuzzy sets. Chang [4] defined
fuzzy topological spaces and Coker [6] defined intuitionistic fuzzy topo-
logical spaces. In their definitions of fuzzy topology and intuitionistic
fuzzy topology, fuzzyness in the concept of openness of fuzzy subsets
and intuitionistic fuzzy subsets was absent. Chattopadhyay, Hazra and
Samanta [5,7] introduced the concept of gradation of openness of fuzzy
subsets. Zadeh [16] introduced the concept of interval-valued fuzzy sets
and Atanassov [1] introduced the concept of intuitionistic fuzzy sets.
Atanassov and Gargov [2] introduced the concept of interval-valued in-
tuitionistic fuzzy sets which is a generalization of both interval-valued
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fuzzy sets and intuitionistic fuzzy sets. Mondal and Samanta [8,14] in-
troduced the concept of intuitionistic gradation of openness and defined
intuitionistic fuzzy topological spaces. In [11], we defined interval-valued
intuitionistic smooth topological spaces. Ramadan, Abbas and Abd El-
Latif [13] introduced the concepts of several types of fuzzy continuous
mappings and several types of fuzzy compactness in intuitionistic fuzzy
topological spaces.

In this paper, we introduce the concepts of several types of interval-
valued intuitionistic fuzzy mappings and several types of interval-valued
intuitionistic fuzzy compactness in interval-valued intuitionistic smooth
topological spaces and then investigate their properties.

2. Preliminaries

Throughout this paper, let X be a nonempty set, I = [0, 1], I = (0, 1]
and [; = [0,1). The family of all fuzzy sets of X will be denoted by
I*. By Ox and 1y we denote the characteristic functions of ¢ and X,

respectively. For any A € IX, A° denotes the complement of A, i.e.,
Ac=1x — A

DEFINITION 2.1.[3,5,12]. A gradation of openness (for short, GO) on
X, which is also called a smooth topology on X, is a mapping 7 : I* — I
satisfying the following conditions:

(01) 7(0x) = 7(1x) = 1,

(02) 7(AN B) > 7(A) A7(B) for each A, B € IX,

(03) 7(Uier A;) > Ner T(A;) for each subfamily {A4;:i € '} C I¥.

The pair (X, 7) is called a smooth topological space (for short, STS).

DEFINITION 2.2.[8]. An intuitionistic gradation of openness (for short,
IGO) on X, which is also called an intuitionistic smooth topology on X, is
an ordered pair (7,7*) of mappings from I¥ to I satisfying the following
conditions:

(IGO1) 7(A) + 7*(A) < 1 for each A € IX,

(IGO2) (Ox) == (1)() =1 and T*(Ox) == T*(lx) == O,

(IGO3) T(ANB) > 17(A) A7(B) and 7" (AN B) < 7%(A) V 7%(B) for
each A, B € IX,

(IGO4> T<Ui€F Az) > /\ieF T(Az) and T*(Uiep Al) < \/iep T*<Al> for
each subfamily {A; : i € T} C IX.
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The triple (X, 7, 7%) is called an intuitionistic smooth topological space
(for short, ISTS). 7 and 7* may be interpreted as gradation of openness
and gradation of nonopenness, respectively.

DEFINITION 2.3.[8]. Let (X, 7,7*) and (Y, n,n*) be two ISTSs and let
f: X — Y be amapping. Then f is called a gradation preserving map-
ping (for short, a GP-mapping) if for each A € IV, n(A4) < 7(f~1(A))
and n*(A) = 7°(f71(4)).

Let D(I) be the set of all closed subintervals of the unit interval I.
The elements of D(I) are generally denoted by capital letters M, N, - - -
and M = [M*, MVY], where ML and MV are respectively the lower and
the upper end points. Especially, we denote r = [r.r| for each r € I.
The complement of M, denoted by M€, is defined by M =1—- M =
[1— MY, 1— MZ%]. Note that M = N iff ML = N* and MY = NV and
that M < N iff MY < N and MY < NV.

DEFINITION 2.4.[17]. A mapping A = [AL AY] : X — D(I) is
called an interval-valued fuzzy set (for short, IVFS) on X, where A(z) =
[AL(z), AY(x)] for each x € X. AF(x) and AY(x) are called the lower
and upper end points of A(x), respectively.

DEFINITION 2.5.[9]. Let A and B be IVFSs on X. Then

(i) A= B iff AL(z) = BL(x) and AY(x) = BY(z) for all z € X.

(ii) A C B iff AX(z) < BL(x) and AY(x) < BY(x) for all v € X.

(iii) The complement A¢ of A is defined by A¢(x) = [1 — AY(x),1 —
AL (z)] for all z € X.

(iv) For a family of IVFSs {A; : ¢ € I'}, the union U;erA; and the
intersection N;crA; are respectively defined by

UierAi(z) = [Vier A7 (z), Vier AY (2)),
NierAi(7) = [Nier AL (2), Nier AY (2))]
for all z € X.

DEFINITION 2.6.[2]. A mapping A = (pa,v4) : X = D(I) x D(I) is
called an interval-valued intuitionistic fuzzy set (for short, IVIFS) on X,
where py4 : X — D(I) and v4 : X — D(I) are interval-valued fuzzy sets
on X with the condition sup,¢ y 14 () +sup,cy ¥4 (z) < 1. The intervals
pa(r) = [ph(x), 4 (2)] and va(z) = [vi(z),vY(x)] denote the degree of
belongingness and the degree of nonbelongingness of the element = to
the set A, respectively.
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DEFINITION 2.7.[10]. Let A = (pa,v4) and B = (up,vg) be IVIFSs
on X. Then

(i) A C B iff pj(2) < pple), pa(r) < pgz) and vi(z) > vg(o),
vy (z) > vY(x) for all x € X.

(i) A=Bif AC Band B C A.
(iii) The complement A° of A is defined by pac(z) = va(x) and
Vac(z) = pa(zx) for all z € X.

(iv) For a family of IVIFSs {A; : i € '}, the union U;crA; and the
intersection N;erA; are respectively defined by

Huer A, (ZL’) - UiGF:U’Ai ('1:)’ Wer 4, ({L‘) = miGFVAi (I),
HryerA; (33') = miEF,uAi<x>7 Vnier4; (Q}) = Uierva, (‘T)

for all z € X.

3. Several types of interval-valued intuitionistic fuzzy map-
pings

DEFINITION 3.1.[11]. An interval-valued intuitionistic gradation of
openness (for short, IVIGO) on X, which is also called an interval-
valued intuitionistic smooth topology on X, is an ordered pair (7, 7*) of
mappings 7 = [7F,7Y] : IX — D(I) and 7 = [7*F,7*Y] . I*¥ — D(I)
satisfying the following conditions:

(IVIGO1) 75(A) < 7Y(A), 7°F(A) < 7Y (A) and 7V (A)+ 7V (A) < 1
for each A € IX,

(IVIGO2) 7(0x) =7(1x) =1 and 7™(0x) = 7*(1x) = 0,

(IVIGO3) 75(AN B) > 75 (A) ATE(B), TY(AN B) > 7Y (A) A7Y(B)
and 7*(AN B) < 74 (A) v H(B), V(AN B) < 7Y (A) v Y(B) for
each A, B € IX,

(IVIGO4) 75(Uier Ai) > Nier 75(A), 7V (Uier Ai) 2 Nier 7V(Ai)
and T*L(Uier A1> < viEF T*L<Ai), T*U(Uier A1> < viEF T*U(Ai) for each
subfamily {4; : 7 € T} C I¥.

The triple (X, 7,7*) is called an interval-valued intuitionistic smooth
topological space (for short, IVISTS). 7 and 7* may be interpreted as
interval-valued gradation of openness and interval-valued gradation of
nonopenness, respectively.
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DEFINITION 3.2.[11]. An interval-valued intuitionistic gradation of
closedness (for short, IVIGC) on X, which is also called an interval-
valued intuitionistic smooth cotopology on X, is an ordered pair (F, F*)
of mappings F = [FL FU] . I¥ — D(I) and F* = [F*5 FV] . ¥ —
D(I) satisfying the following conditions:

(IVIGC1) FE(A) < FY(A), F*L(A) < F*Y(A) and FU(A)+FV(A) <
1 for each A € IX,

(IVIGC2) F(0x) = F(1lx) =1 and F*(0x) = F*(1x) = 0,

(IVIGC3) FL(AUB) > FL(AANFE(B), FY(AUB) > FU(A)AFY(B)
and F**(AUB) < F**(A) v F*X(B), F*Y(Au B) < F*Y(A) v F*Y(B)
for each A, B € IX,

(IVIGC4) FL(Nier As) > Nier FE(A), FY(Nier As) > /\zep FU(A)
and ]:*L(ﬂier Az) S \/iel" f*L<AZ>, ,F*U(ﬂiep A) S \/zGF ]:* (A) for
each subfamily {A; : i € '} C IX.

For an IVIGO (7,7*) and an IVIGC (F,F*) on X, we define
Tr(A) = F(A), 75.(A) = F7(A°),
Fr(A) = 7(A%), Fl.(A) = 7(A%)
for each A € I*.

THEOREM 3.3.[11]. (i) (7,7%) is an IVIGO on X if and only if
(Fr, Fi) is an IVIGC on X,

(ii) (F,F*) is an IVIGC on X if and only if (7, 75.) is an IVIGO on
X,

DEFINITION 3.4. Let (X, 7,7*) be an IVISTS, A € I and [r,s] €
D(Iy), [t,u] € D(I;) with s+« < 1. Then the ([r,s], [t,u])-interval-
valued intuitionistic fuzzy closure and ([r, s, [t,u])-interval-valued intu-
itionistic fuzzy interior of A are defined by

Al gu(A) ={K € I* : ACK, F.(K)>[r,s], Fr(K) < [t,u]},

intp g (4) = U{G e I* .G C A, 7(G) > [rs], 7(G) < [t,u]}.

THEOREM 3.5. Let (X,7,7*) be an IVISTS, A,B € I and [r,s] €
D(Iy), [t,u] € D(Iy) with s +u < 1. Then

(1) A C el g 1) (A)-

(11) mt[r s],t, u](A) C A.

(iii) A = cly g 1, (A) if F-(A) > [r, s] and F}.(A)

(i) A = intyo g (A) if 7(A) > [r,s] and 7%(4) <

(V) Cl[rs] [t,u] (A) g Cl[r’,s’],[t’, /](B) ifA g B, [ ] S
[, ).

< [t,ul.

£, ul.
[

', '] and [t,u] >
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(vi) intp o pu(A) C intypgpa(B) if A C B, [r,s] < [,s'] and
u] > [t u].

(Vll) Cl[r,s],[t,u](Cl[r,s],[t,u] (A)) = Cl[r,s],[t,u}(A)'

(ViiL) infy o] fr0) (0t ) (1) (A)) = D015 1.0 (A).

(iX) Cl[r,s],[t,u}(A U B) = Cl[r,s],[t,u](A) U Cl[r,s],[t,u](B)'

(X) int[r,s},[t,u](A N B) = int[r,s],[t,u}<A) N int[r,s],[t,u](B)-

(xi) (Clip,s) ) (A))° = intfr,s) e, (A°).-

(xii) (in{r,s] ft0) (A))° = Clips) e (A°).

Proof. The proof is straightforward.
O

DEFINITION 3.6.[11]. Let (X, 7,7*) and (Y, n,n*) be two IVISTSs and
let f: X — Y be amapping. Then f is called an interval-valued intu-

itionistic gradation preserving mapping (for short, an IVIGP-mapping)
if for each A € IV, n(A) < 7(f7'(A)) and n*(A4) > 7*(f~1(A)).

DEFINITION 3.7. Let (X, 7,7*) and (Y,n,n*) be two IVISTSs and
[r,s] € D(1y), [t,u] € D(I;) with s+u < 1andlet f: X — Y be a map-
ping. Then f is called a weakly ([r, s, [t, u])-interval-valued intuitionistic
gradation preserving mapping (for short, a weakly ([r, s], [t, u])-IVIGP-
mapping) if n(A) > [r,s] and n*(A) < [t,u] implies 7(f~1(A4)) > [r, s]
and 7*(f~1(A)) < [t,u] for each A € IV.

Note that if f: (X, 7,7*) — (Y,n,n*) is an IVIGP-mapping, then f
is a weakly ([r,s], [t, u|)-IVIGP-mapping, where [r,s] € D(Iy), [t,u] €
D(Iy) with s +u < 1.

EXAMPLE 3.8. Every weakly ([r, s, [t, u])-IVIGP-mapping need not
be an IVIGP-mapping.

Let X = {a,b} and Y = {1,2}. Define G; € I* and G, € IY as
follows:

G1={(a,04),(b,04)}, G2 ={(1,0.4),(2,0.5)}.
Define 7,7* : IX — D(I), n,n* : IY — D(I) as follows:

1 ifAe {Ox,lx},
T(A) = [0.7,0.8] if A= Gy,
0 otherwise.



Interval-valued intuitionistic smooth topological spaces 669

if Ae {0x,1x},
[0.1,0.2] if A= Gy,
{1 otherwise.

if A e {Oy,1y},
{ [0.8,0.9] if A= G5,

0 otherwise.

1 otherwise.

Define the mapping f : (X, ,T (Y,n,n*) by f(a) = 1, f(b) =
and let [r,s] = [0.5,0.6] = [0.3,0.4]. Then f is a weakly
([r, s, [t, u])-IVIGP-mapping, but f is not an IVIGP-mapping.

THEOREM 3.9. Let (X, 7,7*) and (Y, n,n*) be two IVISTSs and [r, s] €
D(1y), [t,u] € D(I;) with s +u < 1 and let f : X — Y be a map-
ping. Then f is a weakly ([r,s], [t,u])-IVIGP-mapping if and only if
f (el it (A)) C clpg it (f(A)) for each A € TX.

Proof. Suppose that f is a weakly ([r, s], [t, u])-IVIGP-mapping. For
each A € IX, we have

FHel g 11 (F(A)))
fAN{KeI":f
=i {Kel":f
D fHN{Kel:f
=[N {Kel":f
T ((fTHK))Y) < [t ]})
D fH MK el” : AC fUK), F(fH(K)) > [r,s],
FL(HEK)) < [t,ul})
=n{f M K):Kel", AC fTYK), F-(f1(K))>[rs],
Fr(fHEK)) < [t,ul}
D{Fel*:ACF, F.(F)>Irs|, Fr.(F)<I[tu]}
= Clirs) 1) (A)-

if Ae {Oy, 1y}
O 1,0. 2 if A=Go,
-
and [

I

N 1N 1NN

R
ddk'"l
£

N

\]
~—~ o~~~

-

~—~~ ~~ —~
.= =
~— ~— ~— ~~—
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Hence f(cly,.u(A)) € fO! (cls) 10 (f(A
Conversely, suppose that f(clp ) u(A)
s

A e I, Let A € IYV with n(A) > [,
Fu(A¢) =n(A) > [r,s] and ]::]‘*( ) =n*(A [t,u] and so cl[r st (A°)
— A% By iypothesis, f(cl(f ! (47) A1 1(A%))) C
Cl[r,s}v[tyu](Ac) = A°. Hence Cl[r,s},[t u]( ( )) ( (CZ[T s],t, u](ffl(Ac))))
C f7YA9). Thus clpgpa(f1(A%) = [~ ( ). By Definition 3.4,
F(f1AY) > [rs] and Fr(f1(A) < [tu] and so m(f(4)) >
[r,s] and 7*(f71(A)) < [t,u]. Hence f is a weakly ([r, s], [, u])-IVIGP-
mapping.

~—

) C it (f (A))-
) € clyg,itu(f(A)) for each
])an n*(A) < [t,u]. Then

| ﬂ

<
C

]

COROLLARY 3.10. Let (X, 7,7*) and (Y,n,n*) be two IVISTSs and
[r,s] € D(1y), [t,u] € D(I;) withs+u < 1 and let f: X — Y be a
mapping. If f is a weakly ([r, s, [t, u])-IVIGP-mapping, then

(1) f(cl[r,s],[t,u](A)) C Clrs] [tu (f(A)) for each A € IX;

(ii) Cl[r,S],[t,u}(f ( )) C f- (Clrs 1L, u](A)) for each A € ]Y,

(iii) f_l(int[nsut’u](z‘l)) - Znt[rjs]’[t,u](f_l(A)) for each A € IY.

Proof. (i) It follows from Theorem 3.9.
(ii) Let A € IY. Then f~*(A) € I*. By (i), we have
Clirs) it (f(A)) S f7H (el e (F 1 (A))))
C M Clpps e (F(F(A))))
cr ( [r,s] [tu](A))'
(iii) Let A € I'V. By (ii), we have
FHanty s (A)) = (F 7 (el s (A9)))°
C (Clprapea) (f T (A9))°
= intyp) o0 (/7 (A)):
O

DEFINITION 3.11. Let (X, 7,7%) and (Y,n,n*) be two IVISTSs and
let f: X — Y be a mapping. Then f is called an interval-valued
intuitionistic fuzzy open mapping (for short, an IVIFO-mapping) if for
each A € I, n(f(A)) > 7(A) and n*(f(4)) < 7*(4).

DEFINITION 3.12. Let (X, 7,7*) and (Y,n,1*) be two IVISTSs and
[r,s] € D(1y), [t,u] € D(I;) with s+u < 1 andlet f: X — Y be a
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mapping. Then f is called a weakly ([r, s], [¢, u])-interval-valued intu-
itionistic fuzzy open mapping (for short, a weakly ([r, s|, [t, u])-IVIFO-
mapping) if 7(A) > [r,s] and 7*(A) < [¢, u| implies n(f(A)) > [r,s] and
n*(f(A)) < [t,u] for each A € T¥.

Note that if f: (X, 7,7%) = (Y,n,n*) is an IVIFO-mapping, then f
is a weakly ([r,s], [t, u])-IVIFO-mapping, where [r,s] € D(Iy), [t,u] €
D(Iy) with s +u < 1.

EXAMPLE 3.13. Every weakly ([r, s], [t, u])-IVIFO-mapping need not
be an IVIFO-mapping.

Let X = {a,b} and Y = {1,2}. Define G; € I* and G, € IY as
follows:

Gy = {(a,0.4), (b,0.5)}, G5 ={(1,0.4), (2,0.5)}.
Define 7,7* : I — D(I), n,n* : IY — D(I) as follows:

1 if Ae {0x,1x},
7(A) =< [0.8,0.9] if A=Gy,

0 otherwise.

0 if Ae{0x,1x},
7"(A) =< [0.1,0.2] if A=Gy,

1 otherwise.

1 if Ae {0y, 1y},
n(A) =< [0.7,0.8] if A= Gy,

0 otherwise.

0 if Ae {0y, 1y},
n*(A) =< [0.1,0.2] if A= Gy,

1 otherwise.

Define the mapping f : (X, 7,7%) — (Y,n,n*) by f(a) = 1, f(b) = 2
and let [r,s] = [0.5,0.6] and [t,u] = [0.3,0.4]. Then f is a weakly
([r, s, [t, u])-IVIFO-mapping, but f is not an IVIFO-mapping,.

THEOREM 3.14. Let (X, 7,7*) and (Y,n,n*) be two IVISTSs and
[r,s] € D(1y), [t,u] € D(I;) with s+u < 1 and let f : X — Y be
a mapping. Then f is a weakly ([r, s], [t, u])-IVIFO-mapping if and only
if f(int[,«7s},[t7u](z4)) - int[r,s],[t,u](,f(A)) for each A € IX.
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Proof. Suppose that f is a weakly ([r, s], [t, u])-IVIFO-mapping. For
each A € IX, we have

fintyy, g 10 (A))

= f(U{GeI*:GCA, 7(G)>[rs], (G) <[t
CU{f(G):GeI* GCA, 71(G)>]rs], 7(G)
CU{f(G):GeTI™, f(G)C f(A), n(f(@) = [r,s], " (f(G)) < [t,u]}
CU{U eI*:UC f(A), n(U) > [r,s], n"(U)
= intf g 1) (f(A)).

Thus f(int[r,s],[t,u] (A)) - Znt[rs 1,[¢, u](f(A>>

Conversely, suppose that f(intp. g u(A)) C intp g0 (f(A)) for each
A € I*. Let A € I with 7(A) > [r,s] and 7%(A) < [t,u]. Then
int[r,s},[t,u](A) = A. By hypOtheSiS, f(A) = f(int[r,s],[t,u](A)) g int[r,s],[t,u]
(f(A)). Hence inty, g 10 (f(A)) = f(A). By Definition 3.4, n(f(A)) >
[r,s] and n*(f(A)) < [t,u]. Hence f is a weakly ([r,s],[t, u])-IVIFO-
mapping.

VAN
"~
=
—

]

COROLLARY 3.15. Let (X, 7,7*) and (Y,n,n*) be two IVISTSs and
[r,s] € D(1y), [t,u] € D(I;) with s+u <1 and let f: X — Y be a
mapping. If f is a weakly ([r, s|, [t, u|)-IVIFO-mapping, then

(i) f(inty,,1u(A) C inty g 10 (f(A)) for each A € I,

(i1) intp g ) (fHA)) C fH(intp g 0 (A)) for each A € IV,

(i) [ (s (A)) € clpsp (fH(A)) for each A € IY.

Proof. (i) It follows from Theorem 3.14.
(ii) Let A € IY. Then f~*(A) € I*. By (i), we have

Fintipg, e (f71(A))) S int g (F(F71(A)))
C intpy g 10 (A).

Hence we have

intirs) o) (f(A)) © F7H(f(intps, 10 (F 1 (A))))
f-

-
- (Zntrs] [t,u] (A))
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(iii) Let A € I'V. By (ii), we have

(M (el (A)) = FH (int g g 10 (A%))
D intpy g iu (fH(AY)
= (Clip sty (fH(A)))°

Hence f~(cliys) e (A)) € el (f 7 (A))-
O

DEFINITION 3.16. Let (X, 7,7%) and (Y,n,n*) be two IVISTSs and
let f: X — Y be a mapping. Then f is called an interval-valued
intuitionistic fuzzy closed mapping (for short, an IVIFC-mapping) if for
each A € I*, F,(f(A)) > F-(A) and F.(f(A)) < Fr(A).

DEFINITION 3.17. Let (X, 7,7*) and (Y,n,7*) be two IVISTSs and
[r,s] € D(1y), [t,u] € D(I;) with s +u < 1 and let f: X — Y be a
mapping. Then f is called a weakly ([r, s|, [¢, u|)-interval-valued intu-
itionistic fuzzy closed mapping (for short, a weakly ([r, s], [t, u])-IVIFC-
mapping) if F(A) > [r, s] and F}.(A) < [t,u] implies F,(f(A)) > [r, s]
and F;.(f(A)) < [t,u] for each A € IX.

Note that if f: (X, 7,7%) — (Y,n,n*) is an IVIFC-mapping, then f
is a weakly ([r, s], [¢t, u])-IVIFC-mapping, where [r,s] € D(ly), [t,u] €
D(I) with s +u < 1.

EXAMPLE 3.18. Every weakly ([r, s], [¢, u|)-IVIFC-mapping need not
be an IVIFC-mapping.
Let X = {a,b} and Y = {1,2}. Define G; € IX and Gy € I" as
follows:
G = {(CL, 05)7 <b7 05)}7 Gy = {(17 05)7 (27 O5>}
Define 7,7* : I* — D(I), n,n* : IY — D(I) as follows:
1 if Ae {0x,1x},
7(A) =< [0.8,09] if A=Gy,
0 otherwise.

0 if Ae{0x,1x},

7 (A) =< [0.1,0.2] if A= G,
1 otherwise.
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1 if A€ {0y, 1y},
n(A) =< [0.7,0.8] if A= Gy,

0 otherwise.

0 if Ae{0y,1y},
n*(A) =< [0.1,0.2] if A= Gy,

1 otherwise.

Define the mapping f : (X, 7,7*) — (Y,n,7*) by f(a) = 1, f(b) = 2
and let [r,s] = [0.5,0.6] and [t,u] = [0.3,0.4]. Then f is a weakly
([r, s, [t, u])-IVIFC-mapping, but f is not an IVIFC-mapping.

THEOREM 3.19. Let (X,7,7*) and (Y,n,n*) be two IVISTSs and
[r,s] € D(1y), [t,u] € D(I;) with s+ u < 1 and let f : X — Y be
a mapping. Then f is a weakly ([r, s|, [t, u])-IVIFC-mapping if and only
if Cl[r78]7[t7u](f(z4)) - f(Cl[r,s},[t,u](A)) for each A € IX.

Proof. Suppose that f is a weakly ([r, s], [t, u])-IVIFC-mapping. For
cach A € IX, we have

Fr (el st (A))

=F (MK el*: ACK, F.K)>[r,s], Fr(K) < [t,u]})

=[FH{K eI*: ACK, F(K)>|rs|, Fr(K)<I[tu]}),
FUNK eI*: ACK, FAK) > [r,s], Fr.(K) < [t,u]})]

> (MFHE) : AC K, Fi(K) > [rs], Fo(K) < [t}
MNMFUK): ACK, FA(K) > rs], Fr(K) <[t,u]}]

> [r, s,

Fre(Clps) fra) (A))

= FrL.({Kecl*: ACK, F.(K)>|rs], Fr.(K) <[t u

= [FLE{K el ACK, F.AK)>[rs], FL(K)<]t
FrLY(N{Kel*: ACK, F.(K)>

< V{FLMK):AC K, F.AK)>|rs], F! <
V{FLY(K): ACK, F.(K)>[rs], F.(K)<][tu]}]

< [t,u].
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Thus F-(clpq,tu(A)) > [r,s] and Fr. (cl[,,s Litw (A)) < [t,u]. Since f is
a weakly ([r, s], [t, u])-IVIFC-mapping, F,(f(clp,q,iu(A4))) > [r,s] and
Fr(f (clpg e (A))) < [t,u]. By Theorem 3.5, we have

n
Felp st (A)) = clp s e (f (g, ipu (A))) 2 clpg i (f(A)).

Conversely, suppose that cly. g u(f(A)) € f(clyg,a(A)) for each
A€ I¥. Let A € I* with F,(A) > [r,s] and F . (A ) < [t,u]. Then by
Theorem 3.5, cljy g 1.0 (A) = A. By hypothesis,

o) 1) (f(A)) € F(elps)ta)(A)) = F(A) C el e (F(A))-
Thus f(A) = clpq,u(f(A)). Hence
Fu(f(A))
= Flclps) 10 (f(A)))
=F({K eI : f(A) C K, F)(K)>[r,s], F.(K)<[t,u]})
= [Fy(N{K eI": f(A) C K, Fy(K) > [r,s], Fp.(K) < [t,u]}),
Fy(N{K €I : f(A) C K, Fy(K) = [r,s], F.(K) < [t,u]})]

> [MFF(E) : f(A) S K, Fy(K) > [rs], Fo.(K) < [tu]},
MNFJE)  f(A) S K, Fy(K) > [r.s], f;( ) < [t,ul}]
= [T,S],
I (f(A))

PR € 7 FA) € K, P 2 bsh F () < [l
t, ul

= [F(N{K eIV« f(A) C K, Fy(K) > < [t,u]}),
FrU (K eI" 1 f(A) C K, Fy(K) > [r,s], Fju(K) < [t,u]})]
< VAFR ()« f(A) S K, Fy(B) > [rs], Fou(K) < [t ul},

> <
V{FLYUE) : f(A) C K, F)(K) > [r,s], Fp.(K) < [t,u]}]
< [t,u].

Hence f is a weakly ([r, s], [t, u])-IVIFC-mapping.



676 Chun-Kee Park

4. Several types of compactness in interval-valued intuition-
istic smooth topological spaces

DEFINITION 4.1. Let [r,s] € D(Iy), [t,u] € D(I;) with s +u < 1.
Then

(i) An IVISTS (X, 7,7) is called ([r, s], [t, u])-interval-valued intu-
itionistic fuzzy compact if for every family {G; : i € T'} in {G € IX :
7(G) > [r,s], 7(G) < [t,u]} such that U;crG; = 1x, there exists a finite
subset 'y of I' such that Ujer,G; = 1x.

(ii)) An IVISTS (X, 7,7%) is called ([r,s], [t, u])-interval-valued intu-
itionistic fuzzy nearly compact if for every family {G; : ¢ € T'} in
{GeI¥:7(Q) > [r,s],7(G) < [t,u]} such that U;crG; = 1x, there ex-
ists a finite subset I'g of I' such that Useryintp. o .0 (s, 10 (Gi)) = 1x.

(iii) An IVISTS (X, 7,7%) is called ([r,s],[t, u])-interval-valued in-
tuitionistic fuzzy almost compact if for every family {G; : i € T'} in
{G e I : 7(G) > [r,s],7(G) < [t,u]} such that U,erG; = 1x, there
exists a finite subset 'y of I' such that Ujep,clp 1.0 (Gi) = 1x.

THEOREM 4.2. Let [r,s] € D(lp), [t,u] € D(I) with s +u < 1.
If (X, 7,7%) is ([r, s], [t, u])-interval-valued intuitionistic fuzzy compact,
then (X, 7,7%) is ([r, s], [t, u])-interval-valued intuitionistic fuzzy nearly
compact.

Proof. Let (X, 7,7) be ([r, s], [t, u])-interval-valued intuitionistic fuzzy
compact. Then for every family {G; : i € '} in {G € I* : 7(Q) >
[r,s], ™(G) < [t,u]} such that U;erG; = 1x, there exists a finite subset
[y of T" such that U;er,G; = 1x. Since 7(G;) > [r,s] and 7°(G;) < [t, u]
for each i € I', by Theorem 3.5 G; = int} g 1,4 (G;) for each i € T
Thus G; = inty g 1u(Gi) S inty s (g0 (Gi)) for each i € T
Hence 1X = UiEFOG - UZGFOZnt[r s),[t, u](Clrs] [t,u] (Gl ) So Uzefoznt[r,s},[t,u]
(clir.q,t(G3)) = 1x. Hence (X, 7,7%) is ([r, s], [t, u])-interval-valued in-
tuitionistic fuzzy nearly compact.

[

THEOREM 4.3. Let [r,s] € D(Iy), [t,u] € D(Iy) with s + u < 1. If
(X, 7,7) is ([r, s], [t, u])-interval-valued intuitionistic fuzzy nearly com-
pact, then (X, 7,7%) is ([r, s], [t, u])-interval-valued intuitionistic fuzzy
almost compact.

Proof. The proof is similar to Theorem 4.2.
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THEOREM 4.4. Let (X, 7,7*) and (Y, n,n*) be two IVISTSs and [r, s] €
D(1y), [t,u] € D(I) with s+u <1 and Ilet f : X — Y be a surjective
IVIGP-mapping. If (X, 7,7*) is ([r, s, [t, u])-interval-valued intuitionis-
tic fuzzy compact, then so is (Y,n,n*)

Proof. Let {G; : iEF}beafamilyin{GEIY n(G) > [r,s],n*(G) <
[t,u]} such that UjerG; = 1y. Then 1x = f~'(1y) = f~1(U lepG)
UserfH(G5). Since f is an IVIGP-mapping, 7(f~1(G;)) > n(G;) > [r, s]

and 7*(f7YGy)) < n*(G;) < [t,u] for each i € T. Since (X,7,7%) is
([r, s, [t, u])-interval-valued intuitionistic fuzzy compact, there exists a
finite subset T’y of I such that U;er, f~1(G;) = 1x. Since f is surjective,
ly = f(lx) = f(Uiero /"' (G:)) = Uier, f(f'(Gi)) = Uier,Gi. Thus
Uier,Gi = ly. Hence (Y,n,n*) is ([r, s], [t, u])-interval-valued intuition-
istic fuzzy compact.

]

THEOREM 4.5. Let (X, 7,7*) and (Y,n,n*) be two IVISTSs and [r, s] €
D(1y), [t,u] € D(I) with s+u <1 and Ilet f : X — Y be a surjective
IVIGP-mapping. If (X, 7,7*) is ([r, s, [t, u])-interval-valued intuitionis-
tic fuzzy almost compact, then so is (Y,n,n*).

Proof. Let {G; : i € T'} be afamily in {G € IV : n(G) > [r,s],n*(G) <
[t,u]} such that UjerG; = 1y. Then 1x = f~'(1y) = f~1(U ZEFG)
UserfH(G;). Since f is an IVIGP-mapping, 7(f~1(G;)) > n(G;) > [r, s]

and 7*(f7YG))) < n*(G;) < [t,u] for each i € T. Since (X,7,7%) is
([r, s, [t, u])-interval-valued intuitionistic fuzzy almost compact, there
exists a finite subset Ty of T' such that User,clp s 1u(f1(Gi)) = 1x.
Since f is an IVIGP-mapping, by Theorem 4.6[11] f(cl 110 (f 1 (Gi)) C
liy s, it (f(f7H(Gy))) for each ¢ € T'. Since f is surjective, we have

ly = f(1x) = f(Uieroclpp,s)itu (f 1( i)
= UzeFof(Cl[rs] tu](f 1( )))
C UierClir,sl il (f(FTH(G)))
= Ujery .ot (G).-
Thus User,clp g0 (Gi) = 1y. Hence (Y,n,7n*) is ([r, s, [t, u])-interval-

valued intuitionistic fuzzy almost compact.
m
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THEOREM 4.6. Let (X, 7,7*) and (Y, n,n*) be two IVISTSs and [r, s] €
D(1y), [t,u] € D(I;) with s+u < 1 and let f : X — Y be a sur-
jective IVIGP and weakly ([r, s], [t, u|)-IVIFO-mapping. If (X,7,7") is
([r, s, [t, u])-interval-valued intuitionistic fuzzy nearly compact, then so
is (Y,n,n").

Proof. Let {G; : ZEF}beafamllym{GGIY n(G) > [r,s],n*(G) <

[t,u]} such that UierG; = 1y. Then 1x = f~1(1y) = f~1(U ZGFG)

Userf1(G;). Since f is an IVIGP-mapping, 7(f~1(G;)) > n(G;) > [r, s]
and 7 (f7Y(G))) < n*(G;) < [t,u] for each i € T. Since (X,7,7*) is
([r, s, [t, u])-interval-valued intuitionistic fuzzy nearly compact, there ex-
ists a finite subset I'y of T such that Ujergint . i (clir s, itu (f~HGi))) =
1x. Since fis a surjective IVIGP and weakly ([r, s], [¢, u])-IVIFO-mapping,
by Theorem 4.6[11] and Corollary 3.15 we have

ly = f(1x) = f(Uieroint i)t (s e (fTH(G2))))
= Uiero f (int )it (i) (F(GH))))
C Userointyr st (s it (F (FTH(G))))
= Uiero it fr,s),t,u] (Lfp,s),[t,u] (G))-

Thus User, int o) it (i), 160 (Gi)) = 1y Hence (Y, n, 1) is ([r, s], [t, u])-
interval-valued intuitionistic fuzzy nearly compact.

]
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