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LIFTS OF THE TERNARY QUADRATIC RESIDUE
CODE OF LENGTH 24 AND THEIR WEIGHT
ENUMERATORS

YounNGg Ho PARK

ABSTRACT. We study the extended quadratic residue code of length
24 over Z3 and its lifts to rings Zs. for all e including 3-adic integers
ring. We completely determine the weight enumerators of all these
lifts.

1. Introduction

Let R be a ring. A linear code of length n over R is a R-submodule
of R". We define an inner product on R" by (z,y) = > ., z;y; where
r=(x1, - ,z,) and y = (Y1, ,yn). The dual code C* of a code C of
length n is defined to be C+ = {y € R" | (y,xz) =0 for all z € C'}. C'is
self-dual if C = C*+.

For v € R"™, the weight wt(v) of v is defined to be the number of
nonzero components of v. The minimum distance of a code C' is the
minimum of wt(v) for nonzero v € C. For generality on codes over
fields, we refer [5] and [8]. For codes over Z,,, see [12], and for self dual
codes, see [11].

Now we define the quadratic residue codes over Zj [8]. Let

Q=1{1,2,3,4,6,8,9,12,13, 16,18}
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be the set of nonzero quadratic residues modulo 23, N the set of qua-
dratic nonresidues modulo 23. Note that 3 is a quadratic residue modulo
23. Since 3 1 23, there exists a 23" primitive root ¢ of 1 over Zsz. Let

Q) =1l ~¢), N@) =]]E-).

i€Q iEN

The order of 3 modulo 23 is 11. Hence the cyclotomic cosets modulo
23 over Z; are given by {0}, @, N. Therefore, Q(z) and N(z) are poly-
nomials in Zs[x]. See [7] for detail. Indeed, we can choose an ¢ such
that

Q) =o' —a® —ab + 2t 4 2% —2? —2 — 1,

N(z)=a'" =221 —22° — 2% — 27 + 25 + 2% — 1.
We have that
2 — 1= (r—1)Q(z)N(x).

Notice that the choice of Q(z) and N(x) depends on the choice of the
primitive root (. In fact, the replacement of ¢ by ¢ with i € N inter-
changes Q(z) and N (x).

DEFINITION 1.1. Cyclic codes Q, Q1, N, ] of length 23 with gener-
ator polynomials

Q(z), (z-1)Q(z), N(z), (z—1)N(z),
respectively, are called quadratic residue codes defined over Zs.

We extend Q and AN by adding the overall parity check 1. The re-
sulting extended codes will be denoted by Q and N.

We have the following well-known results on quadratic residue codes
defined over the field Zs.

1. dim Q@ = dim N = 12, dim @; = dim N; = 11.
2. QL = Ql,./\[L :Nl.

3. Extended codes Q, N are self-dual.

4. AutQ contains PSLy(24).

Denote by Zse the ring of integers modulo 3¢, and Zg~ the ring of 3-
adic integers. In next section we are going to lift these quadratic residue
codes over Zg. and to the 3-adic integers Zg.
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2. Quadratic residue codes over Zse

Quadratic residue codes over Zgs. are usually defined by giving their
idempotent generators. See [10] for quadratic residue codes over Zg and
[15] for codes over Zg for example. However it is generally difficult to give
general formulas for such generators. We will define quadratic residue
codes over Zse in a similar way as in the field case. The 3-adic case
(e = o) is also included here. The idempotent generators for quadratic
residue codes over Zse can be obtained from idempotent generators of
quadratic residue codes over Zs~. For codes over p-adic integers, we
refer [3].

Let Q3 denote the field of 3-adic numbers. Let K be the splitting field
of 2% — 1 over Q3. Since the roots of 2?* — 1 in K form a multiplicative
group of order 23, it is clear that there exists an element ( such that
K = Qs[¢]. By considering the map

U, : Zsso — Zze, Yela)=a (mod 3%
and extending it to Zs~[(], we can easily see that

Zise (] > Zi3=[C]/(3°).

Z3e[(] is a Galois ring defined over Zs.. Elements in Zsc[(] can be written
22

uniquely in a (-adic expansion v = > ;- v;¢*, v; € Zsze or in a 3-adic
expansion

U = ug + 3U1 + 32U2 + -+ 36_171,8_1
where u; € {0,1,(, -+ ,(**} =~ Zys, the finite field of 23 elements. In 3-
adic integer case, this sum is infinite. The automorphism group of Zse|[(]
over Zse is the cyclic group generated by the Frobenius automorphism

e—

1 e—1
f(z 3u;) = Z 3.
=0

i=0
We refer [1] or [9] for details. As in the field case, we let
Qe(w) =[x =), Nelw) =[] (= = ).
i€Q ieN
Since 3 € Q we have

F(Qe(x) =[] = ¢*) =[] = ¢) = Qe(x)

i€eQ 1€Q
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and similarly F(Ng(z)) = Ne(z). Thus Q(x) and N(z) are polynomials
in Zse[z]. We certainly have that

3723 —-1= (27 - ]‘)QC('Z')NE(JJ)
and for all ¢/ > e,
Qe () = Qc(x) (mod 3°), Nu(x)= N.(z) (mod 3°).

DEFINITION 2.1. Cyclic codes Q¢ Q%, N¢, N¢ of length 23 with gen-
erator polynomials

Qe(z), (z—1)Qc(x), Ne(z), (—1)N(2),
respectively, are called quadratic residue codes over Zse.

It can be shown that the polynomial % — 1 factors over Zze|x] as
follows:

22 —1 = (2 — 1)Qoo(2) Nuo(2)
where
Qoo(z) = 2 = A2'" + (=X = 3)2” —42® + (N — 3)2" + 2\ — 1)a®
+ A+ 32+ AN+ 42t + 42 — (A =22 — (VN + Dz — 1,

and \ is a root of 22 + 2z + 6 = 0 in Zs~ such that A =0 (mod 3). The
polynomial N (z) is obtained from Q.. (x) by replacing A by another
root u of > +x + 6 = 0. Note that 4 = —\ — 1. For details, we refer
[6], [13] and [14].

Then the generator polynomials over Zg. can be obtained by applying
the projection W.:

Qe(z) = Ve(Quo(7)), Ne(r) = Vo (Neo()).

3. Weight enumerators

Let p be a prime. Let C be a p-adic [n, k| code, C® = ¥.(C) be the
projection of C over Z,. and A{ be the number of codewords of weight i
in C°. Then

Wee(z,y) = Y Afa" "y’
i=0
is called the weight enumerator of C°.
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THEOREM 3.1 (MacWilliams Identity). Let ¢ = p® and C = C¢. Then

1
WCl(xay) = WWC(:E + (q - 1)va - y)

The following theorem is essentially proved in [8] and [11].

THEOREM 3.2 (Gleason’s type theorem). Suppose C' is a self-dual
code over Zye of even length. Then We(z,y) is a polynomial in x* +

(p° — 1y* and zy — y*.

We know that the minimum distance of C¢ is equal to the minimum
distance of C! for all e (see [2]). The following theorem is also proved in

2].
THEOREM 3.3. There is an integer N such that for every d < j < d,
e _ AN
for alle > N.
Moreover, the following theorem shows that we can stop the compu-

tation of A;’s at the appropriate stage without knowing the bound N
given in the previous theorem..

THEOREM 3.4. [14] Suppose that f > 2 and Azf = A{L1 for all 1 < j.
Then A = Af for all e > f.

Let GG be the generator matrix for Q7°.. Then the generator matrix
of the extended quadratic residue code Q> is given by

Gy 0
1 vn

where 1 = (1,1,---,1) of length 23 and 1+ 237* = 0 in Zs~. As before,
Q¢ denotes V¥.(Q>). Theorem 3.2 gives the following:

THEOREM 3.5. Then the weight enumerator W¢(z,y) of Q¢ is com-
pletely determined by A§, - - -, A{, as follows:

We(a,y) =Y i (22 + (g — D)y?) (zy — y?)*.

J=0
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[weight [O] 9 [10] 11 | 12 |
e=1[1]4048] 0 0 61824
e=2 || 1]4048] 0 | 72864 | 717600
e=3 72864 | 658352
e=4 19562838
e=5 2721360
e=6 2721360

TABLE 1. Weights of Q°

A computer calculation based on [4] gives us the Table 1 of weights
of Q¢ fore=1,--- 6.

This table shows that Q¢ are 24,12, 9]-code. The blank spaces in the
table and weights 0 — 12 for e > 7 can be filled by Theorem 3.4. Then
Theorem 3.5 gives the weight enumerators as follows:

Wh(z,y) = 2** + 40482"5y° + 6182422y + 2428802y '° +
198352z°y"'® + 24288z%y*' + 48y**,

W2(z,y) = 2** + 4048z"y® + 7286423y + 717600z %y >+
46301762y + 3053001620y 4 1646240642°y"° +
7302065762y + 27576473762 y"" + 85931591682 y 5+
216845449922°y™® + 43367486976z y*° + 661147048322y +
720957948482 y** 4 50165446464zy™® + 16719966480y,

W3 (z,y) = 2®* + 40482"°y° 4 7286422y + 6583524 2y"? + 592340162y +
74403859220y + 148985182722° y'° + 21307098542425y '+
2615794866432z 4" + 264328529792802°%y® + 2170533627535682°y " +
1410815464735248z3%° + 6986921266743616z°y>" + 24771798631643712z°y>>+
56005809423748608zy>* + 60672959726017088y°*,
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and

Wh(z,y) = 2** + 40482 " + 728642y + 1956288z "2y 2+
2053373762 y'* 4 10843401888z %y'* + 5767808830082 y"° +
259456643186402°y'® 4 977089931615952z "y 7 + 303969542424866562°y "5+
7679261118352063682°y"® 4 15358518289524481632x" 1%+
2340345675898819628162°y> + 25531043721302716977602%y> +
17760726067437170405568zy>° 4 59202420224736156032496y>.

From Table 1, we have that A = A? for all i = 0,---,12 and for
all e > 5. Theorem 3.5 then gives the following values of A{ for ¢ =
13, ,24 with g = 3¢

AS3 = 6624(—6999 + 452¢)
A$, = 18216(16217 — 1808¢ + 111¢?)
%5 = 12144(—88651 + 13560 — 1665¢> + 108¢°)
ASg = 2277(1132101 — 216960 + 39960¢> — 5184¢> + 323¢%)
%7 = 18216(—237270 4 54240q — 13320¢> + 2592¢° — 323¢* + 19¢°
s = 1012(5170156 — 1366848¢ 4 419580¢% — 108864¢> + 20349¢* — 2394¢° + 133¢°)
fo = 6072(—761184 +227808¢ — 83916¢> +27216¢° — 6783¢" +1197¢° — 133¢° +7¢")
o = 1518(1951476 — 650880q + 279720¢° — 108864¢°> + 33915¢* — 7980¢° + 1330¢° —
140" + 7¢®)
9. A$, = 2024(—664584 + 244080 — 119880¢> + 54432¢> — 20349¢" + 5985¢° — 1330¢° +
210¢" — 21¢% 4+ ¢°)
10. AS, = 276(1489410 — 5966404 + 329670¢> — 171072¢° + 74613¢* — 263344° + 7315¢° —
1540¢" + 231¢° — 22¢° + ¢*°)
11. AS; = 24(—3165054 + 1372272q — 842490¢> + 491832¢> — 245157¢* + 100947¢° —
33649¢° + 8855¢" — 1771¢% + 253¢° — 23¢° + ¢'1)
12. A$, = 6421278—2994048¢+2021976¢> —1311552¢°+735471¢* —346104¢° +1345964° —
4250447 + 10626¢° — 2024¢° + 276¢'° — 244! + ¢*2

S I R ol o

Therefore we have completely determined all weight enumerators of
the extended quadratic residue codes of length 24 over Zse.
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