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RINGS OVER WHICH POLYNOMIAL RINGS ARE
ARMENDARIZ AND REVERSIBLE
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ABSTRACT. A ring R is called reversibly Armendariz if bja; = 0
for all ¢,7 whenever f(z)g(x) = 0 for two polynomials f(z) =
Soitgair’,g(z) = Y7 o bja’ over R. Tt is proved that a ring R
is reversibly Armendariz if and only if its polynomial ring is re-
versibly Armendariz if and only if its Laurent polynomial ring is re-
versibly Armendariz. Relations between reversibly Armendariz rings
and related ring properties are examined in this note, observing the
structures of many examples concerned. Various kinds of reversibly
Armendariz rings are provided in the process. Especially it is shown
to be possible to construct reversibly Armendariz rings from given
any Armendariz rings.

1. Reversibly Armendariz rings

Throughout this section every ring is associative (possibly without
identity). Let R be a ring. The polynomial ring with an indeterminate
x over R is denoted by R[z]. Cf) denotes the set of all coefficients of
f(z) € R[z]. The n by n full (resp. upper triangular) matrix ring over
R is denoted by Mat, (R) (resp. U,(R)). Use e;; for the matrix with
(,7)-entry 1 and elsewhere 0. Let Z (Z,) denotes the ring of integers
(modulo n).

A ring is usually called reduced if it has no nonzero nilpotent elements.
Following Rege and Chhawchharia [19], a ring R is called Armendariz

Received June 24, 2012. Revised July 26, 2012. Accepted July 30, 2012.

2010 Mathematics Subject Classification: 16U80, 16536, 16N40.

Key words and phrases: reversibly Armendariz ring, polynomial ring, reversible
ring, Armendariz ring, nilradical.

*Corresponding author.



274 Jung Soo Kim, Chang Ik Lee and Yang Lee

if ab = 0 for all a € Cy,) and b € Cy(,y whenever any two polynomials
f(z),g(x) € Rlx] satisty f(x)g(xz) = 0. This nomenclature was used by
them since it was Armendariz [4, Lemma 1] who initially showed that a
reduced ring always satisfies this condition. It is obvious that the class
of Armendariz rings is closed under subrings.

A ring is usually called Abelian if every idempotent is central. Re-
duced rings are clearly Abelian.

According to Cohn [6], a ring R is called reversible if ab = 0 implies
ba = 0 for a,b € R. Anderson and Camillo [2], observing the rings
whose zero products commute, used the term ZCy for what is called
reversible; while Krempa and Niewieczerzal [13] took the term Cj for it.
It is obvious that the class of reversible rings is closed under subrings.
Liu and Yang [17] called a ring R strongly reversible if g(z)f(x) = 0
whenever polynomials f(z),g(z) € R[z] satisty f(z)g(x) = 0. Note
that R is strongly reversible if and only if R[x] is reversible. Strongly
reversible rings are clearly reversible but the converse need not hold by
[11, Example 2.1].

Lambek introduced the concept of a symmetric right ideal, unifying
the sheaf representation of commutative rings and reduced rings in [15].
Lambek called a right ideal I of a ring R symmetric if rst € I implies
rts € I for all r,s,t € R. If the zero ideal is symmetric then R is usually
called symmetric; while Anderson and Camillo [1] used the term ZCl for
this concept. It is proved by Lambek that a ring R is symmetric if and
only if ryry -7, = 0 implies 75(1)74(2) - * - To(n) = 0 for any permutation
o of the set {1,2,...,n}, where n > 1 and r; € R for all ¢ in [15, Propo-
sition 1]. Anderson-Camillo also obtained this result independently in
[1, Theorem I.1]. It is evident that commutative rings are both symmet-
ric and reversible. Reduced rings are both symmetric and reversible by
[1, Theorem 1.3], but there are many kinds of non-reduced commutative
rings.

As we noted above, reduced rings are both Armendariz and reversible.
We adapt this fact to the following new concept. In this note a ring R
shall be called reversibly Armendariz if

bja; = 0 for all 7, j whenever f(x)g(z) =0
for f(x) =3 g’ g(x) = 37 b2’ € Rla].

It is obvious that the class of reversibly Armendariz rings is closed
under subrings. Anderson and Camillo [1, Theorem 2] showed that a
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ring R is Armendariz if and only if R[z]| is Armendariz. While, Kim and
Lee [11, Example 2.1] showed that polynomial rings over reversible rings
need not be reversible. But if R is reversibly Armendariz, then R[z] is
also reversibly Armendariz as we see in the following.

PropPOSITION 1.1. Given a ring R the following conditions are equiv-
alent:
(1) R is reversibly Armendariz;
(2) R is both strongly reversible and Armendariz;
(3) R is both reversible and Armendariz;
(4) R[x] is both reversible and Armendariz; and
(5) R|x] is reversibly Armendariz.

Proof. (2)=(3)=(1) and (4)=-(3) are obvious.

(1)=(2): Let R be a reversibly Armendariz ring and f(z)g(z) = 0
where f(z) = Y g a’, g(v) = 37 b2’ € Rlx]. Then bja; = 0 for
any ¢ and j. Thus,

g@)f2) = 3 ( 3 bjai) =0,

k=0 \i+j=k
entailing that R|x] is reversible (i.e., R is strongly reversible). Moreover,
we have that a;b; = 0 for any 7 and j since R is reversible, entailing that
R is Armendariz.

(3)=-(4): Let R be both reversible and Armendariz. Then R[z] is Ar-
mendariz by [1, Theorem 2]. Let f(x) = > 71" a2’ g(x) = 37 bjal €
R[z] satisfy f(x)g(z) = 0. Since R is Armendariz, a;b; = 0 for all 4, j,
but since R is reversible we moreover have bja; = 0 for all 7,j. This
implies that R[z] is reversible.

(4)<(5) is the same as (1)< (3). O
Reduced rings are clearly reversibly Armendariz, but the converse
does not hold in general as can be seen by S = 8 b la,b € R} over

areduced ring R. Indeed, S is reversibly Armendariz by [11, Proposition
2], [12, Proposition 1.6], and Proposition 1.1. We will use Proposition
1.1 without mention.

PropPOSITION 1.2. Let R be a ring and I be a proper ideal of R
satisfying that R/I is a reversibly Armendariz ring. If I is a reduced
ring then R is reversibly Armendariz.
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Proof. Suppose that R/I is a reversibly Armendariz ring and [ is a
reduced ring. Then R is reversibly Armendariz by [9, Theorem 11] and
[12, Proposition 1.12]. ]

The ring { (g Z) la,b € R 3 over a reduced ring R is reversibly Ar-

mendariz as we see above. Combining this and Proposition 1.2, one may
conjecture that R is a reversibly Armendariz ring if R/ is reversibly
Armendariz for any proper ideal I of R which is reversibly Armendariz
as a ring. However the following example erases the possibility.

EXAMPLE 1.3. The argument is essentially due to [12, Example 1.11]
and [14, Example 2.9]. Let F' be any field and consider

a b c
R= 0 a d|la,bceF
0 0 a

Then R is Armendariz by [11, Proposition 2], but R is not reversibly
Armendariz since R is not reversible as can be seen by mejaness =
mneys # 0 for m,n € F\0 and neggmeyn = 0. Note that the following

are all nonzero proper ideals in R:
F F
F|.I,= 0],
0 0

0 F F 0 F F
I]_: O 0 F ,_[2: 0 0 0 ’13:
0 0 O 0 0 O

and

o O O
o O O
o OO
S O O

0 ab c
I5 = 0 0 ad ||becdacF and b#0,d#0 are fixed p.
0 0 0

I, and I are not reversible as can be seen by (ab)ejs(ad)ess # 0
when o # 0 and (ad)egs(ab)ery = 0. But Iy, I3, I are all reversibly
Armendariz since they are nilpotent of index 2. R/I5 and R/I3 are both

isomorphic to 2 la,b e F }, so they are reversibly Armendariz.

a

0

The ring R/, is reversible by [12, Example 1.11]. Moreover R/I, is
a b c

isomorphic to 0 a 0] la,b,c€F }, entailing that R/ is Armen-
0 0 a

dariz.
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Armendariz rings need not be reversible as we see in the preceding
example. But we can always obtain reversibly Armendariz rings from
given any Armendariz ring.

PROPOSITION 1.4. Let R be an Armendariz ring and Z(R) be the
center of R. Let S be a subring of Z(R), and N be a nilpotent ideal of
R with N?> = 0. Then S + N is a reversibly Armendariz ring.

Proof. Let T'= S + N. Note that T" forms a subring of R, and so
T is clearly Armendariz. Let (a + m)(b+n) = 0 for a,b € S and
m,n € N. Then 0 = (a + m)(b+n) = ab+ an + mb = ba + na + bm =

ba + na + bm +nm = (b+ n)(a + m); hence T is reversible. O
The ring R in Example 1.3 is Armendariz but not reversible. Let S =
a 0 0 0 b ¢
0 a 0)]a€eZ(D), CZ(R)and N = 00 0f|bceD
00 a 000

Then S + N is reversibly Armendariz by Proposition 1.4.

2. Examples of reversibly Armendariz rings

Throughout this section every ring is associative with identity unless
otherwise stated. Given a ring R, N.(R), N*(R), and N(R) denote
the prime radical, the upper nilradical (i.e., sum of nil ideals), and the
set of all nilpotent elements in R, respectively. Based on Artin and
Wedderburn, the sum of all nilpotent ideals in R, written by Ny(R), is
called the Wedderburn radical of R (in spite of this sum being not a
radical, it was given the name). It is well-known that Ny(R) C N.(R) C
N*(R) € N(R). We first observe nilradicals of reversibly Armendariz
rings.

PROPOSITION 2.1. If R is a reversibly Armendariz ring then N (R[z]) =
%*((g)[f[ﬂ]]) = No(R[z]) = No(R[z]) = N(R)[z] = N*(R)[z] = N.(R)[z] =

Proof. Let R be a reversibly Armendariz ring. For any ring A we
have No(A)[x] = No(Alz]) by [5, Corollary 5]. Since R is Armendariz,
we get N(A)[z] = N(Alz]) and N*(R)[z] = No(R)[z] = N.(R)[z] by [2,
Corollary 5.2] and [10, Lemma 2.3(5)], respectively. Since R is reversible,
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we get N,(R) = N*(R) = N(R) through a simple computation. Now
combining these all, we finally obtain

N(R[x]) = N*(R[z]) = N.(R[z]) = No(R[z])
= N(R)[z] = N*(R)[z] = N.(R)[x] = No(R)[x].
O

Armendariz rings are Abelian by the proof of [1, Theorem 6] or [9,
Corollary 8]. Symmetric rings are obviously reversible, however the con-
verse need not be true by [1, Example 1.5] or [18, Examples 5 and 7].

By Proposition 1.1, reversibly Armendariz rings are strongly reversible.
The following shows that Armendariz and strongly reversible are inde-
pendent of each other.

EXAMPLE 2.2. (1) The argument here is essentially due to [16, Exam-
ple 3.2]. Let A = Zs|x, y] be the polynomial ring with two indeterminates
x,y over Zz. Note that I is the ideal of Zs[z,y] generated by z?, x%y?
and y3. Next consider R = A/I and identify z and y with their images
in R for simplicity. Then R is commutative and so strongly reversible.
Let f(t) = o +yt,g(t) = 2 + 2xyt + y*t> € RJt], where R[t] is the
polynomial ring with an indeterminate ¢ over R. Then f(t)g(t) = 0, but
xy? # 0. This implies that R is not Armendariz.

(2) Let K be a field and A = K({(a,b) be the free algebra with non-
commuting indeterminates a, b over K. Let I be the ideal of A generated
by ab. Then the factor ring A/I is Armendariz but not reversible by [3,
Example 4.10].

b ¢
a d|la,b,c,d€ R ) where R is a reduced ring is an
0 a

Armendariz ring but not reversibly Armendariz. T is Armendariz by
[11, Proposition 2], but not reversible by the following computation:

010 0 00 0 01 0 00 010
0 00 0 01)=[0 0 O0]#0and [0 0 1 0 0 0] =0.
0 00 0 00 000 0 00 0 00

Symmetric rings are reversible. We see a symmetric ring but not
(reversibly) Armendariz in the following.

3)T = 0
0

EXAMPLE 2.3. We refer to the argument in [9, Example 2] and [12,
Example 2.1]. Let A = Zy{ao, a1, az, by, b1, bs, ¢} be the free algebra of
polynomials with zero constant terms in noncommuting indeterminates
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ag, a1, as, by, by, ba, c over Zo. Note that A is a ring without identity and
consider an ideal of the ring Zs + A, say I, generated by

agbo, agby + a1bg, agbe + a1by + azbo, a1by + azby, azba, agrbo, azrbs,
boao, boay + brag, boaz + biay + baag, bias + baay, baas, borag, baras,
(ao —+ aq -+ Clg)?"(bo -+ bl —+ bg), (bo + bl -+ bQ)?”(ao -+ aq + CLQ), and
172737y,
where r,71,79,73,74 € A. Then clearly A* € I. Next let R = (Zo+ A)/I
and identify a;, b; and ¢ with their images in R for simplicity. Note
that R is symmetric by the method of [8, Example 3.1]. But since

(ao + a1z + asx?)(bo + b1x + baz?) = 0 and byag # 0, R is not reversibly
Armendariz.

In the following we see the basic examples of reversibly Armendariz
rings. Given a ring R and n > 2, consider the following two kinds of
subrings of U, (R):

Dy (R) = {(mij) € Upn(R) [ m11 =+ = mpn };
and

Vi(R) = {(mi;) € Dyp(R) | ms = msq1y41) for s=1,...,n -2
and t =2,...,n—1}.

PROPOSITION 2.4. Let R be a reduced ring.

(1) Do(R) is reversibly Armendariz.

(2) R[x]/(x™) is reversibly Armendariz, where (z™) is the ideal of R|x]
generated by x".

(3) V,(R) is reversibly Armendariz.

Proof. (1) Dy(R) is both Armendariz and reversible by [11, Proposi-
tion 2] and [12, Proposition 1.6]. Thus Ds(R) is reversibly Armendariz
by Proposition 1.1.

(2) R[z]/(2™) is both Armendariz and reversible by [1, Theorem 5]
and [12, Proposition 2.5]. Thus R[x]/(z") is reversibly Armendariz by
Proposition 1.1.

(3) Tt is well-known that V,,(R) is isomorphic to R[z]/(z") as rings.
So (2) implies (3). O
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By Proposition 2.4(1), one may conjecture that if R is reversibly Ar-
mendariz then so is Do(R). However the following example eliminates
the possibility.

EXAMPLE 2.5. We use the ring in [12, Example 1.7]. Let H be the
Hamilton quaternions over the real number field and R = Dy(H). Then
R is reversibly Armendariz by Proposition 2.4(1). However Dy(R) is not
reversible by the computation of [12, Example 1.7].

We consider several basic properties of reversibly Armendariz rings
as follows.

PROPOSITION 2.6. (1) Any direct product of reversibly Armendariz
rings is reversibly Armendariz.

(2) Any subdirect product of reversibly Armendariz rings is reversibly
Armendariz.

(3) The class of reversibly Armendariz rings is closed under direct
limits.

Proof. (1) Let R be the direct product of R; where {R; | i € I}
is a set of reversibly Armendariz rings. Suppose f(x)g(x) = 0 with
fla) = 2o(ai)i)a?, g(z) = 34 o(b(k)i)2* € Rlz]. Letting fi(x) =
S palg)a’ and gi(x) = Y7o b(k)i® we can write f(z) = (fi(z)) and
g(x) = (gi(z)). Note that f;(x)g;(x) = 0 for all i. Since R; is reversibly
Armendariz for all 4, b(k);a(j); = 0 for all 4, 7, k, hence (b(k);)(a(7);) =0
for all 4, j, k. Therefore R is reversibly Armendariz.

(2) A subdirect product is a subring of a direct product, and so the
result comes from (1).

(3) Let D = {R;,;;} be a direct system of reversibly Armendariz
rings R; for ¢ € I and ring homomorphisms «;; : R; — R; for each i < j
satisfying a;;(1) = 1, where [ is a directed partially ordered set. Set
R = ligRi be the direct limit of D with ¢; : R; — R and tjo; = ;.
Take a,b € R. Then a = t;(a;), b = ¢;(b;) for some 7,5 € I and there is
k € I such that ¢« < k, j < k. Define

a+b=u(air(a;) + a;r(by)) and ab = v (au,(a;) kb)),

where ;i (a;) and i (b;) are in Rg. Then R forms a ring with 0 = ¢;(0)
and 1 = ¢;(1). We have to show that R is a reversibly Armendariz ring.

Now let f(x) = Y " aix’, g(x) = 3.7 bja/ € R[x] be two polynomi-
als such that f(z)g(x) = 0. There is k € I such that f(z),g(z) € Rglz]
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via ¢;’s and «y;’s; hence all a; and b; are in Rj. Since Ry is reversibly
Armendariz, bja; = 0, entailing R being reversibly Armendariz. ]

The class of reversibly Armendariz rings is not closed under homo-
morphic images by the following example.

EXAMPLE 2.7. Let R be the ring of quaternions with integer coeffi-
cients. Then R is a domain, so reversibly Armendariz. However for any
odd prime integer ¢, the ring R/qR is isomorphic to Mats(Z,) by the
argument in [7, Exercise 2A]. Thus R/qR is not reversible, hence R/qR
is not reversibly Armendariz when ¢ € {3,5,7,11,...}.

PROPOSITION 2.8. Let e be a central idempotent of a ring R and let
M be a multiplicative monoid in R consisting of central regular elements.
Then the following conditions are equivalent:

(1) R is reversibly Armendariz;

(2) eR and (1 — e)R are both reversibly Armendariz; and

(3) M~ R is reversibly Armendariz.

Proof. (1)=(2) is obvious since eR and (1 — e)R are subrings of R.
(2)=-(1) is done by Proposition 2.6(1).
(3)=(1) is obvious.

(1)=(3): Let R be reversibly Armendariz and S = M~'R. Put
f(z)g(z) = 0 where f(x) = >3 oz’ g(x) = 377 B2l € S[z]. We
can assume that o; = a;u™, 8; = bju~! with a;,b; € R for all 4,5 and
u,v € M. Then we have

0 = f(x)g(x):ZZazﬂjm”j:ZZabu v gt

=0 7=0 =0 7=0
m n
= QD aba ) ()
i—0 =0

hence Y 3" >0 a;bja™™ = 0in R[z]. Since R is reversibly Armendariz,
bja; = 0 for all 4,5 and so f;c; = bjv~ta;u™t = bja;v~tu™t = 0 for all
t,7. Thus S is reversibly Armendariz. O

The ring of Laurent polynomials in x, coefficients in a ring R, consists
of all formal sum Y ', 72" with obvious addition and multiplication,
where r; € R and k,n are (possibly negative) integers. We denote this
ring by R[z;z7!].
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COROLLARY 2.9. Given a ring R the following conditions are equiv-
alent:

(1) R is reversibly Armendariz;

(2) R[z] is reversibly Armendariz; and

(3) R[z; 27| is reversibly Armendariz.

Proof. (1)=(2) comes from Proposition 1.1.
(2)=-(3) follows from Proposition 2.8, letting M = {1, x,z?,...}.
(3)=(1) is obvious since R is a subring of R[z,z~!]. O

A ring R is called right Ore if given a,b € R with b regular there exist
a1, b1 € R with by regular such that ab; = ba;. It is well-known that R
is a right Ore ring if and only if the classical right quotient ring of R
exists.

PrRoPOSITION 2.10. Let R be a right Ore ring with the classical right
quotient ring (). Then R is reversibly Armendariz if and only if Q) is
reversibly Armendariz.

Proof. 1t is enough to show that if R is reversibly Armendariz then
@ is reversibly Armendariz. Suppose that R is reversible and Armen-

dariz. Then @ is reversible and Armendariz by [12, Theorem 2.6] and
[9, Theorem 12], respectively. O

It is well-known that a ring R is a semiprime right Goldie ring if
and only if there exists the classical right quotient ring of R which is
semisimple Artinian. Thus we obtain the following with the help of [9,
Corollary 13].

COROLLARY 2.11. Suppose that a ring R is a semiprime right Goldie
ring with the classical right quotient ring (). Then the following condi-
tions are equivalent:

(1) R is Armendariz;

(2) R is reversibly Armendariz;

(3) R is reversible;

(4) R is reduced;

(5) R is symmetric; and

(6) Q is a finite direct product of division rings.

The following provides a kind of reversibly Armendariz rings without
identity.
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PROPOSITION 2.12. Any infinite direct sum of reversibly Armendariz
rings is reversibly Armendariz.

Proof. Let {R; | i € I} is the set of infinitely many reversibly Ar-

mendariz rings. Since the direct sum of R;’s is a subring of the direct

product of R;’s. Thus the result comes from Proposition 2.6(1). O
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