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ON HYPERHOLOMORPHIC F3.(p,q,s) SPACES OF
QUATERNION VALUED FUNCTIONS

Arnaa KAMAL AND TAHA IBRAHIM YASSEN

ABSTRACT. The purpose of this paper is to define a new class of
hyperholomorphic functions spaces, which will be called F5 - (p, ¢, 5)
type spaces. For this class, we characterize hyperholomorphic weighted
a-Bloch functions by functions belonging to FJ 4(p, ¢, s) spaces un-
der some mild conditions. Moreover, we give some essential proper-
ties for the extended weighted little a-Bloch spaces. Also, we give the
characterization for the hyperholomorphic weighted Bloch space by
the integral norms of FﬁG(p, q, s) spaces of hyperholomorphic func-
tions. Finally, we will give the relation between the hyperholomor-
phic Bf ; type spaces and the hyperholomorphic valued-functions

space IS ¢ (p, g, s).

1. Introduction

Quaternions were introduced for the first time by William Rowan
Hamilton in 1843. Quaternion analysis is the generalizations of the the-
ory of holomorphic functions in one complex variable to Euclidean space.
The concept of the hyperholomorphic functions based on the consid-
eration of functions in the kernel of the generalized Cauchy-Riemann
operator. Quaternions are also recognized as a powerful tool for model-
ing and solving problems in theoretical as well as applied mathematics
(see [14]). The emergence of a large of software packages to perform
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computations in the algebra of the real quaternions (see [13]), or more
generally, in Clifford Algebra has been enhanced by the increasing in-
terest in using quaternions and their applications in almost all applied
sciences (see [1,2]).

2. Preliminaries

2.1. Analytic function spaces. Let D = {z € C : |z| < 1} be the
complex unit disk. The well known Bloch space is defined by:
B ={f: f analytic in D and B(f) = sup(1 — |z|?)|f'(2)| < oo}.
zeD

Composing the M&bius transform ¢,(z), which maps the unit disk D
onto itself, and the fundamental solution of the two-dimensional real
Laplacian on D, we have the Green’s function g(z,a) = In|-=%| with
logarithmic singularity at a € D. Here, ¢, always stands for the Mobius
transformation ¢,(z) = {==. Then, in [17] Zhao gave the following
definition:

DEFINITION 2.1. Let f be an analytic function in D and let 0 < p <
00, —2<qg<oo and 0< s <oo. If

1 .5 = SUP \f'(Z)!p(l — |2*)79°(2, a)dA(z) < o0,
2] D
then f € F(p,q,s). Moreover, if

lim / () [P(1 = |2)*)%9%(2, a)dA(z) = 0,

la]—1

then f € Fy(p,q,s).

DEFINITION 2.2. (see [4]) Let a right-continuous and nondecreasing
function w : (0,1] — (0, 00), the weighted Bloch space B, is defined as
the set of all analytic functions f on DD satisfying

(1= [zDIf () < Cw(l = |z]), z €D,

for some fixed C = C; > 0. In the special case where w = 1, B,
reduces to the classical Bloch space B.
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DEFINITION 2.3. (see [15]) Let 0 < @ < 0o and w : (0,1] — (0, 00).
For an analytic function f in DD, we define the weighted a-Bloch space
B2, as follows:

1 — al g1

u-Erlel )
w(l—|z])

Also, the little weighted a-Bloch space B  is a subspace of B, consisting

of all f € B2, such that [7,9]

(- rel

B = {f : [ analytic in D and || f||ge = sup
zeD

lim
2| —>1- w(l—|z])

2.2. Quaternion function spaces. To introduce the meaning of hy-
perholomorphic functions, let IH be the skew field of quaternions. This
means we can write each element w € H in the form

W = wy + wit + waj +wsk, wo,w,ws,ws € IR,

where 1,17, j, k are the basis elements of IH. For these elements we have
the multiplication rules

==k ==1ij=—ji=kkj=—jk=1ki=—ik=].
The conjugate element w is given by w = wg — wyi — wyj) — wsk. Then,
we have the property
ww = ww = |w||* = wi + wi + w; + w;.
Moreover, we can identify each vector & = (g, 71,72) € IR® with a
quaternion z of the form
T =29+ 217 + x27.

In follows we will work in B;(0) C IR* the unit ball in the real three-
dimensional space. We will consider functions f defined on B;(0) with
values in H. We define a generalized Cauchy-Riemann operator D by

of .of | .of

Df = '
f (9900 +Za$1 +‘78x2’
and it’s conjugate operator by
— 0 0 0
5y OF .01 0]

891:0 8:1:1 8:62 .
For these operators, we have that
DD = DD = As,
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where Aj is the Laplacian for functions defined over domains in IR®. For
la| < 1, we will denote by

pa(w) = (a —2)(1 —ax)™
the Mobius transform, which maps the unit ball onto itself. Furthermore,

let R L
o) =5 (e 1)

be the modified fundamental solution of the Laplacian in IR* composed
with the Mdobius transform ¢,(x). Especially, we denote for all p > 0

¢z, a) 4pl7rp (W - 1)p.

Let f : B — H be a hyperholomorphic function. Then from [10], we
have the seminorms

e B(f) = Slég(l — [x[?)32|Df ()|,
e Qu(f) = sup Js |Df(2)]?g?(z, a)dB,.

DEFINITION 2.4. Let 0 < a < oo. Recall that the hyperholomorphic
a-Bloch space (see [5]) is defined as follows:

B*={fekerD: sup(l—|z[*)% [Df(z)| < oo},
zeB

the little a-Bloch type space Bf is a subspace of B consisting of all
f € B* such that

lim (1— |z>)%|Df(x)| =

|z|—1—

Quite recently, El-Sayed Ahmed and Omran in [6], gave the following
definition:

DEFINITION 2.5. Let f be quaternion-valued function in B. For 0 <
p<oo, —2<g<ooand0<s<oo. If

g =500 [ IDFOPJaf)¥ (1 o)) B, < o,

then f € F(p,q,s). Moreover, if

i, [ (D@~ 1o¥ (1~ (o >\)Sde=o,

la]—1

then fEFO(p7Q7 )
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Ahmed and asiri in [8], gave the following definition:

DEFINITION 2.6. For given right-continuous and nondecreasing func-
tion w : (0,1] — (0,00), and 0 < a < co. A quaternion-valued function
f on B1(0) is belong to the weighted a- Bloch space B2, if

(1—|z)%
[fllsg = sup —m=s
veBy(0) wW(1 — |z])
Moreover, A quaternion-valued function f € B, if
(1—|z)%
- wd =)
Now, we use the definition of green function in IR? (see [3])
1 — |a ()2
Gy = Lo lal0)

11— ax|

[Df ()| < oo.

[fllsg, = lim [Df(2)] < o0.
’ |z|—1

Then, we introduce the following new definition of the so called the
hyperholomorphic F$(p, g, s) spaces.

DEFINITION 2.7. Let 1 < a, p < 00, =2 < q¢ < o0, s > 0, and
w: (0,1] = (0,00). Assume that f be hyperholomorphic function in the
unit ball B, (0). Then, f € FSs(p,q,s), if

Fo(jé,G(pv 4, S)

= {f € kerD : sup /B " \Ef(fz)‘p

a€B;(0)

(1 _ |$|2)%+2s
wP(1 — |z)

(G(z,a))’dB, < oo}.

The space F$ ¢ ¢(p; q, s) is subspace of F5 (p, ¢, s) consisting of all func-
tions f € FJ5(p, ¢, s), such that

o 1 — 2) 324 4o
im [ (Dt
la[=1= JB, (0) wP(1 — [z|)

(G(z, a))sde = 0.

Our objective in this article is twofold. First, we study the generalized
quaternion spaces FﬁG(p,q, s). Second, we characterize their relations
to the quaternion Bf , space. The following lemma, we will need in the
sequel:

LEMMA 2.1. (see [16]). Let f : B1(0) — H be a hyperholomorphic
function. Let 0 < R < 1, 1 < q. Then for every a € B,(0)

3. 42+q

o o
SO < = T o g B
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3. Characterization of I ;(p, ¢, s) spaces in Clifford Analysis

The relations between FjVG(p, q,s) space and B spaces are given in
quaternion sense. The results in this section are extensions and gener-
alize of the results (see [10,11]).

PrOPOSITION 3.1. Let a, p> 1, -2 <qg<o0,5>0,0< R <1,

and w : (0,1] — (0,00). Assume that f be hyperholomorphic function
in the unit ball B,(0). Then

12y 35425
L onar

48(2)%(1 + R)* S e o e
S TR - (1 [P /Bl@ DI =50 ap

(G(z,a))"dB,.

Proof. Let M(a, R) = {z € B1(0) : |p.(2)] = =2 < R} be pseudo-

T |1—az|

hyperbolic ball with center a and radius R. Then

(1 . |x|2)&%+25

/Blm)'Df(“’)'p ST (G(x,a)) dB,

Sy LY L
> [ PO Sy (G B

Since
lpa(@)| < R, Vz € M(a,R),
and
1 — |a(2)[?
G =
(v,a) 11— ax|
Then, we have
G( )—1_R2 herel—R<|l—az|<1+R
x,a—1+R, where < ar| < .

Now, for fixed R € (0,1) and a € B, (0).
Let £(a, R) C M(a, R), sutch that

E(a,R) ={z € B1(0) : |x — a|] < R|1 — al}.
Then, we deduce that



On Hyperholomorphic £ ;(p, ¢, s) Spaces 93

(1 . |x|2)&%+2s

/M) DA 2y (O ) B

1— R2\* . 1 — [|2) 5 +2s

S ( ) | ot i,
1+ R M(a,R) wP(1 — |z|)
1—R?

[ DL )
Df(z)P dB,,
) /g(a,m' H =T = Tal

>
> (T

1 — R2 3(1 - ’a‘2>&%+25
1+R wP(1 — |al)

/ Df (z)PdB.
&(a,R)

Now, using Lemma 3.1, we obtain

(1 . ’x‘2)&%+23

Df(x)P G(z,a))’dB,
/Bl<0)| f@) wr(1—|z)) (G, a))

1— R2 8(1 o |a|2>%+25 7TR3(1 . R2)2p<1 . |a|2)3 . ,
( i +R> (1~ ]a]) S Df(a)
TR3(1 — R2)?P+s(1 — |a|2)3‘;—‘1+2s+3 o

= T a@rr s Rrera —ja) Al

which implies that,

_lal2) 35 42s
L oar

48(2)(1 + R)" Drayp LT s
e AN (Gl )

This completes the proof. O

COROLLARY 3.1. From proposition 3.1, we get for a, p > 1, =2 <
g <o0,s>0,andw: (0,1] — (0,00) that

ag+2s

Foa(p,q,s) CBo P .

PROPOSITION 3.2. Leta, p> 1, -2 < g < 00,5 > 2, andw : (0,1] —
(0,00). Let f be a hyperholomorphic function in B;(0), Va € B;(0);
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aq+2s

la| <1 and f € B, * . Then, we have that

(1= Jof) 5

| Br@p e (Gle) B < KEL))
B1(0) wP(1 — |z])

where v = —aq;%.
Proof. From (see [8,10]), we have
(1—|z)%
~————|D P BL(f).
LD < B
Then,

(1 . |x|2)3—§q+2s

/131(0) |Df(x)[P ST (G(x,a)) dB,

< (BL() / (G(x,a))’ dB,.

B1(0)

Using the equality

_1-lpa@)* (A —[aP)(1 —[z)
G(z,a) = 1 —az| 11 —az)3

)

where

l—jz|<l—az|<1+|z], 1—|a/<|l—az|<1+]a] <2

Then, we get
D p(1_|$|2)3%q+28 )’
/M) LR ey ey (G(x,a))*dB,
< @ U0 ot g,
25 [ 127 (1—la|)*(1 - |z|)®
< 2 (Bw(f))/w) (1_|x|s)(1_|a|)28de.
< PG [ T
< k(B,(f)).

Therefore, the proof of proposition is complete.

(1)

(2)
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COROLLARY 3.2. From proposition 3.2, we get for a, p > 1, =2 <
q<oo,s>2 andw: (0,1] — (0,00) that

ag+2s

B,” CFJap g s)

The results in Corollary 3.1 and Corollary 3.2 prove the following
theorem, which give to us the characterization for the hyperholomorphic
weighted Bloch space by the integral norms of FJ;(p,q,s) spaces of
hyperholomorphic functions.

THEOREM 3.1. Let f be a hyperholomorphic function in B;(0). Then
fora, p>1,-2<qg<o0,s>2 andw: (0,1] = (0,00), we have
ag+2s

Bw v - siG(pJCLS)'

For characterization the little hyperholomorphic weighted Bloch space,
used the the same arguments in the previous theorem to prove the fol-
lowing theorem.

THEOREM 3.2. Let f be a hyperholomorphic function in By(0). Then
fora, p>1, —2<qg<o0,s>2 andw: (0,1] = (0,00), we have
ag+2s
B.i =Fiaoas).
THEOREM 3.3. Let 0 < R < 1 and w : (0,1] — (0,00). Then for the
hyperholomorphic function f in B1(0), the following are equivalent

(a) f € BT,

(b) For each =2 < ¢ < 00, 1 < a < oo, and 0 < p < o0

sup / |Ef(m)|p(1 — ’x‘2)3%+25 (G(z,a))’dB, < +oc
B1 (0) wP(1 — [z]) ’ ’ '

a€B1(0)

(c) For each —2 < g < 00,1 <a < oo, and 0 < p < 00

3aq
o (1 o |ZL‘|2>T+28

sup / Df(@)) 0B, < +o0.

M(a,R) wpP(1 — [x])

CLEBl(O)

(d) For each —2 < ¢ < 00, 1 < a < o0, and 0 < p < c©
R)|F+%
Ml BT

a€By (0) wp(l - |CLD

/ D|f(z)]PdB, < +oo.
M(a,R)
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Proof. To prove (a) implies (b). Using (1) and (2), we have

(1— |x’2)3%‘1+2s
wP(1 — [z])

e ]2) 224 2s
< s PP [ () .
B1(0)

a€By(0) wp(]_ - |$|)

sup /15%1(0) |Df(x)|P (G(z,a)) dB,

a€B1(0)

Using the same steps as in Proposition 3.2, we obtain

B R D AT,
o DI 2 (Gl .

a€By(0)

1
P FP sy / 1 m,
Bwq;—Q By (0) (1 - |a|)s
K sy
B, P

.

INIA

A\

(b) implies (c), using the same steps as in Proposition 3.1, we deduce
that

(1— o) 52

w [ DIP  py (O0)

a€By(0)
1 — R2 s o 1 — 2329 1 94
z ( > o [ D@t
2 a€B1(0) J M(a,R) wP(1 — |z])

For (c) implies (d), we use the fact (1 — |z]*)® ~ |[M(a,R)|,V = €
M(a, R) (see [12]). Then

o 1 — 2)324 495
o [ D@t
a€B1(0) J M(a,R) wP(1 — |z)

ﬂ_}rzj o
|(M(a, R)| =7 sup / |Df(x)|deB:c.
wP(1—lal)  aeBi©0) JMiaR)
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For (d) implies (a). Form Lemma 2.1, we have
(1- |a|2)3‘;—q+25
wP(1 — al)
3aq
LENW
TR (1 — R2)?P(1 — [a]?)wP(1 = lal) Jaa,m) :
3. 42+p(1 _ \aP)MTqHS
TR (1 — R2)?(1 — [a]?)?wP(1 — [a])
— R2|q|2) %52 p5tH2s
X( | | )3aq 2 3ag ) / ‘Df |pd]B
(1 — R?|a|?)2 TRz T°* JM(a,R)

[Df(a)l”

Now, since

M(a, R)| = %]ﬁ

Also, we used the following inequalities
1-RP<1-RaP<1+R* and 1—|a* <1—R*a]* <1+ |a*.

Then, we have
. 1— lal? 399425
Prapt i

3. 42| M(a, R)| T+
mR3(1 — R2)?(1 — [af?)?wP(1 — |a])

3ag
el R
R%5%+2s M(a.R

3. 42| M(a, R)| 1%

AR = (T — R r(1 = [a]

1+ R2)%"+2s
( 3aq)+2 / |Df(z)|"dB,
R s M(a,R)

3.42+P(1 4+ R2)3(5+3F) M(a, R)| 55 _
Dﬂ( — ) % ’ ( )l / ‘Df(x)}dew
TR3OFZ T (1 — R2)2p+3 wP(1—1al)  Jmear)
Therefore, our theorem is proved. O]

From Theorem 3.3, using the same arguments, we directly obtain the
following theorem.
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THEOREM 3.4. Let 0 < R < 1 and w : (0,1] — (0,00). Then for the
hyperholomorphic function f in By(0), the following are equivalent

() f € B

(b) For each —2 < g < 00,1 < a < oo, and 0 < p < 00

o 1 _ 2 MJr25
im [ D@t
lal=1= JB, (0) wP(1 — [z|)

(G(x, a))sd]B%,; = 0.

(c) For each =2 < g < 00,1 < a < oo, and 0 < p < 00

ey,
lim Dyl ™

dB, = 0.
la]—1— M(a,R) wp(l — |I‘|)

(d) For each —2 < ¢ < 00, 1 < v < 00, and 0 < p < 00

L WMle R)E

la)»1-  wP(1 —|a]

+% _
/ D|f(x)PdB, = 0.
) Jm@r)

The following theorem give another relation between the quaternion
Bg space and the quaternion valued-functions space FS 4 (p, g, 5).

THEOREM 3.5. Let f be a hyperholomorphic function in B;(0). Then
fora, p>1, —2<g< o0, ,s>0, and w: (0,1] = (0,00), we have
(1= Jaf?) #42

(1~ [a])

IF1? agres = / [Df(x)[? (1— ]goa(x)|2)”8(G(x, a))sdIB%x.
B, ” B, (0)

Proof. From Theorem 3.3, we have

3aq

S 1
LI e = / Df ()P 1B,
B, b M(a,R) wP(1 — |z])

Let the constant

ow--ry (1)

since C'(R) depending on R is finite, then
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[nalgpones (3)
B, ?

(1= Jaf?)

_ 1— R?\?
A sup / |Df(x)] (1— RQ)B( ) dB,.
a€B1(0) J M(a,R) wP(1 — |z|) 1+ R

Since x € M(a, R), then |¢,(z)] < R, |¢a(z)]? < R? and 1 — |p,(z)]? >
1— R%

Then, we have

A1 coes (4)
B, ?

o 1 — |]2) %50 +2s 1— R2\*®
~ s [ prept o - W( ) B
aeBy (0) J M(a,R) wpP(1 — [x) I+ R
(L~ Jaf?) 52

wP(1 — [z)

(1= lea(@)?)? (G (2, ) dB.

< ) swp / D ()
B1(0)

a€B1(0)

Conversely, we have

(1 B ’x‘2)%+23

su Df(z)|P B 2)2)8 )
{ /181(0) [Df (@)l wP(1 — |x|) (1= lea(@)[)?(G(,a))"dB,

a€B1(0)
< NI ansae SUD / (1~ pu(@)?)* (G, a))° dB,. (5)
B, P a€B1(0) JB1(0)

Using (1) and (2), we obtain

(1 . ‘:L.IQ)SQT‘]+2S

s [ [Df@p (1= lpale) ) (G2, 0)) " dB,
B1(0)

a€B1(0) wp(l - |£L’|)

- p (1= Jz»)P(1 = Jal*)? (1 = [=[*)*(1 - IGIQ)SdB
< I sy suD . . B,
B, P a€Bi(0) JB(0) (1 —|z[) (1 —faf)?(1 - [=[)
< PO e sup [ (1 lal) B, (6)

B, * acBi(0) JB1(0)

Then, we obtain

A1 agaas (7)
Bw P

o 1— 2 3;—q+23
> A swp [ D)t

1_ a$2ﬁG$’a Sde
a€B1(0) JB, (0) wr(1— |z|) (1 = |pa(z)*)?(G(z, a))
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From (4) and (7) the proof is complete.
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