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APPLICATIONS OF TOPOLOLOGICAL METHODS TO
THE SEMILINEAR BIHARMONIC PROBLEM WITH
DIFFERENT POWERS

TACKSUN JUNG' AND Q-HEUNG CHOT*

ABSTRACT. We prove the existence of multiple solutions for the
fourth order nonlinear elliptic problem with fully nonlinear term.
Our method is based on the critical point theory; the variation of
linking method and category theory.

1. Introduction

Let €2 be a bounded domain in R™ with smooth boundary 92 and let
b € R be a constant. Let A\(k = 1,2,---) denote the eigenvalues and
or(k = 1,2,--+) the corresponding eigenfunctions, suitably normalized
with respect to L?(Q) inner product, of the eigenvalue problem Awu +
Au =0 in Q with v = 0 on 02,where each eigenvalue \; is repeated as
often as its multiplicity. We recall that \; < Ay < A3... = 400, and
that ¢;(x) > 0 for x € Q.

We investigate the existence of the nontrivial solutions for the follow-
ing fourth order semilinear elliptic equation with fully nonlinear term

A?u A cAu+but = (u)P — (u)7! in €, (1.1)
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u =0, Au=0 on 0,

where ¢ € R, ut = max{u,0} and p,q > 2(p # q).

Jung and Choi [4] investigated, by a linking argument, the existence
and the multiplicity of the solutions for the following fourth order semi-
linear elliptic equation with Dirichlet boundary condition

Au+cAu=b((u+1)T—-1)  inQ, (1.2)
u =0, Au=0 on 02,

where ¢ € R and u™ = max{u, 0}.

Tarantello [8] studied problem (1.2) when ¢ < A; and b > A\ (A — ¢).
She showed that (1.2) has at least two solutions, one of which is a nega-
tive solution. She obtained this result by the degree theory. Micheletti
and Pistoia [6] also proved that if ¢ < A\; and b > Ag(Ay — ¢), then (1.2)
has at least three solutions by the Leray-Schauder degree theory. Choi
and Jung [2] showed that the problem

A%y cAu = but + s in €, (1.3)

u =0, Au=0 on 02
has at least two nontrivial solutions when ¢ < A, \i(AM —¢) < b <
Aa(Aa—c) and, s < 0 or when A} < ¢ < Ay, b < A;(A1—c¢) and s > 0. The
authors obtained these results by using the variational reduction method.
The authors [5] also proved that when ¢ < Ay, Aj(A1—¢) < b < Ay(Ay—c)
and s < 0, (1.2) has at least three nontrivial solutions by using degree
theory.

The eigenvalue problem A%u+cAu = pu in Q with u = 0, Au=0
on Jf) has also infinitely many eigenvalues pux = A\p(Ax — ¢), £ > 1 and
corresponding eigenfunctions ¢, k& > 1. We note that A\;(A\; — ¢) <
)\2()\2—6) S)\g()\3—6> <L v

We suppose that A\ < Ay < A3... = 400, and that Ay < ¢ < 3.
Then

)\1()\1—0) <)\2()\2—C) <0<>\3()\3—C) < -

Jung and Choi [4] showed that: (i) Let Ay < ¢ < Apy1 and A (Ap—c) <
0, b < Ak+1(Agr1 — ¢). Then (1.2) has a unique solution.

(11) Let Ay, < ¢ < )\k+1 and >\k()\k — C) <0< >\k+1()\k+1 — C) < -0 K<
Metn(Akan — €) < b < M1 (Agans1 —¢), K > 1, n > 1. Then (1.2) has
at least two nontrivial solutions.

In section 2, we introduce the Hilbert space and prove (P.S.)fy— con-
dition for the energy functional. In section 3, we state the existence
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result for two solutions and prove it by using the critical point theory
and variation of linking method. In section 4, we state the existence
result for three solutions and prove it by using the category theory.

2. Preliminaries

We assume that Ay < ¢ < Agy1. Let H be a subspace of L*(Q) defined
by
Ho(Q) = {u e L*Q)] D [M(M — ¢)|hf < o0},

where u = Y hpép, € L*(2) with > hi < oo. Then this is a complete
normed space with a norm

lull = D> O = o)|h3)z.

Here after we set H.(2) = H. Since A\y(A\x — ¢) — 400 and c is fixed,
we have
(i) A*u+ cAu € H implies u € H.
(ii) [Jul| > Cllul|r2(q), for some C' > 0.
(iii) [Ju||z2(q) = 0 if and only if |lu|| = 0.
For the proof of the above results we refer [1].
LEMMA 2.1. Assume that c is not an eigenvalue of —A, b # \g(\x —
). Ifue L*(Q) and (u™)P~t — (u™)41 € L*(Q), then all solutions of

A*u+cAu+but = (WPt — ()t in LA(Q)
belong to H, where p,q > 2 and p # q.

Proof. Let u € L*(Q) and (u*)P~! — (u™)4t € L*(Q). Then bu™ €
L*(Q) and we put —bu™ + (uT)Pt — (u™)T! =3 hidp € L2 ().
1

= (A% ed) bt ) = 3

2
— c>hk¢k € L2(Q).

1
Jull = Z [ Ak( Ak — C)|mhz < Cth = Ollull72(, < oo
for some C' > 0. Thus u € H. n

With the aid of Lemma 2.1 it is enough that we investigate the exis-
tence of the solutions of (1.1) in the subspace H of L?(12).
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Assume that & > 1 and Ay < ¢ < Agy1. We denote by (A; );>1 the

sequence of the negative eigenvalues of A%+ cA, by (A} );>; the sequence
of the positive ones, so that

Ay = MM —c)<--- <Al =N —¢) <0
< Aii_ = )\k-i-l()\k—f—l — C) < A; = )‘k:-i—l()\k-i-l — C) < .-

We consider an orthonormal system of eigenfunctions {e;
associated with the eigenvalues {A;, A, 7 > 1}. We set

Fi>1}

1717

H™ = closure of span{eigenfunctions with eigenvalue > 0},

H™ = closure of span{eigenfunctions with eigenvalue < 0}.

We define the linear projections P~ : H — H~,PT: H — H™.
We also introduce two linear operators R: H — H*,S : H — H~ by

u:ia[e;%—iafﬁ
=1 =1

It is clear that S and R are compact and self adjoint on H.
DEFINITION 2.1. Let I, : H — R be defined by

if

1 _
Iy(u) = §HP+UII2 - —IIP ull* + —H[AWII2 - /QF(AU)dfC

where A= R+ S and F(s) = [; f(z,7)dr, f(z,7) = (77)? — (77).
It is straightforward that
VI(u) = Ptu— P u+ bA(Au)t — Af(Au).

Following the idea of Hofer [3] one can show that

PROPOSITION 2.2. I, € CY'(H, R). Moreover VI,(u) = 0 if and
only if w = (R + S)(u) is a weak solution of (1.1), that is,

/(w(vtt + Vgar) + O[w] T v)dadt = / f(w)vdzdt for all smooth v € H.
Q Q

In this section, we suppose b > 0. Under this assumption, we have a
concern with multiplicity of solutions of equation (1.1). Here we suppose
that f is defined by equation f(z,7) = (77)P7! — (r7)7L.
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In the following, we consider the following sequence of subspaces of
L*(RN) :
Hy = (@ Hy-) ® (Si2, H,y+)
where H) is the eigenspace associated to A and H,- = ¢ if ¢ > k.

LEMMA 2.5. The functional Iy satisfies (P.S.)} condition, with
respect to (H,), for all ~.

Proof. Let (k,) be any sequence in N with k, — oco. And let (u,)
be any sequence in H such that u, € H, for all n, [(u,) — v and
V(1) |u,, (un) = 0.

First, we prove that (u,) is bounded. By contradiction let ¢, =
|un|| — oo and set u,, = w,/t,. Up to a subsequence u, — @ in H
for some @ in H. Moreover

2
0 + < V([b)Hkn (un),zfn > —t—[b(un)

= 3/F(Aun)d:c—i/]‘?(Aun)Aundx
tn 0 t’n Q

= [P+ T
Q p
Since t,, — 00, (Au,)T — 0 and (Au,)” — 0. This implies Aa = 0 and
u = 0, a contradiction.
So (uy) is bounded and we can suppose u,, — u for some u € H. We
know that

V() m,, (un) = P u, — P uy, + bA(Auy,)™ — Af(Auy,).

Since A is the compact operator, P*u, — P~ u,, converges strongly, hence
u, — u strongly and VI,(u) = 0. O

(tn)q_l [(Adi) ™ "dx.

3. An Application of Linking Theory

Fixed A; and A; < —b < A;_;. We prove the Theorem via a linking
argument.
First of all, we introduce a suitable splitting of the space H. Let

Z = @;iHlHA;, Zy = HA;» Zy = @;;ﬁHA; DHT,
where H,- = ¢ if j > k.
LEMMA 3.1. There exists R such that SUDye 2,02y o] =R I(v) <0.
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Proof. It v € Z1 & Z, then
1 b
e) =~ ol + S~ [ FiSu)da,
2 2 o

Since

SISl = | FSo)da = [ 2077 = (15"

Sv|7)dx,
p q([ I7)
there exists R such that 2||[Sv]T||> — [;, F(Sv)dz < 0 for all |jv]| = R.

Hence

1
Iy(v) < =5 llol* <0

LEMMA 3.2. There exists p such that inf,c 7,02z, u|=p Is(u) > 0.

Proof. Let o € [0,1]. We consider the functional [, : Zo & Z3 — R
defined by

1 1, b
o) = SIP* P = SIP P + S = o [ Flauds

We claim that there exists a ball B, = {u € Z, ® Zs|||u|| < p} such that

1. I, are continuous with respect to o,

2. I, satisfies (P.S) condition,

3. 0 is a minimum for I in B,,

4. 0 is the unique critical point of [, , in B,,.

Then by a continuation argument of Li-Szulkin’s [5], it can be shown
that 0 is a local minimum for | ZoZs = I and Lemma is proved.

The continuity in ¢ and the fact that 0 is a local minimum for I
are straightforward. To prove (P.S.) condition one can argue as in the
previous Lemma, when dealing with I,,.

To prove that 0 is isolated we argue by contradiction and suppose
that there exists a sequence (0,) in [0, 1] and sequence (u,) in Zy & Z3
such that V1, (u,) = 0 for all n,u, # 0,andu,, — 0. Set t, = ||u,||
and 4, = u,/t, then t, — 0. Let v;, = P, and w, = P%,. Since
v, varies in a finite dimensional space, we can suppose that v,, — v for
some 0. We get

(1) iwb,g(un> = U, — Uy, + gzél(Aun)+ - %Af (Aug) = 0.

tn n
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Multiplying by w,, yields
n . b .
|2 = 2 / F(Auy) At — / (Auy)* Avi, dz.
th Jo tn Jo
We know that
/(Aun)JrAu?ndx = / Pt (Auy,)t Ay dx
Q Q

= / Pt (Au,) " (Adu,) T d.

Since b > 0, there exists a sequence (¢,) such that ¢, — 0and 0 <€, <b
for all n. That is

b / (Aup)* Avidz > / PH(Au, ) (i) da
tn 9] tn Q

Then
1
il < - [ S A = [ P (Au) (Ad) o
n JQ n JQ
Auy,
< /—'f(t“ >||Ausn\dx+en/\P+(Aun)+||(Aun)+|d;c.
Q n Q
Since A is a compact operator
[f(Aun)l = [{([taArin] )"~ = ([tadtin] ")}

<t [Ad P+ T [Ad] T
S tnm(Ml + tnM_mMQ)
for some M; and My where m = min{p — 1,¢ — 1} and M = max{p —
1,q — 1}. We get that
Auy,
/V(t—“)lmwmx <t (M, +tnM‘mM2)/ | A, |dz < o(1).
Q n Q
Hence

(2) [ l* < o(1) +6n/Q|P+(A’tfn)+\l(z41fn)+\dx-

Since [, |[PT(Au,)*||(Aw,)"|dz is bounded and equation (7) holds for
every €,, W, — 0 and so (u,) converges. Since |f(Au,)| < ¢, (M; +
t, MmN, we get

On

1
< —f(Au)| <67 My+ 8,177 M) < o(1).
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Then 22 Af(Au,) — 0. From equation (6), (v,) converges to zero, but

tn
this is impossible if ||(u,)|| = 1. O
We give the definitions for the next step:
DEerFINITION 3.3. Let H be an Hilbert space, Y C H, p > 0 and
e€c H\Y, e#0. Set:
B (Y) = {zeY[lz] <p},
S(Y) = {zeY [zl = p},
Nye,Y) = {oe+v|o>0,veY,|oe+v| <p},
S(e,Y) = foetv|o>0,0eY,oe+ol=ptUlv|veY, o] < p}.

THEOREM 3.4. IfA; < —b(i =1,2,--- k), then problem (1.1) has
at least one nontrivial solution.

Proof. Let e € Z;. By Lemma 3.1 and Lemma 3.2, for a suitable large
R and a suitable small p, we have the linking inequality

(3) sup I,(Xr(e, Z1)) < inf I,(S,(Z2 @ Z3)).

Moreover (P.S.)5 holds. By standard linking arguments, it follows that
there exists a critical point u for I, with a@ < I(u) < (3, where @ =
inf 1,(S,(Zy & Z3)) and = sup I,(Ag(e, Z1)). Since a > 0, then u #
0. O

We assume in this section that ¢ > 2 and we set
W1 - @]OO:ZHAJ—, W2 - @;;llHAJ—, W3 - H+.
Notice that Wi = Z; @& Z; and Wy & W3 = Zs.
LEMMA 3.5. lim ianuH—H—oo,uereBWg Ib(u) <0.

Proof. Let (uy,), be a sequence in Wy & Wj such that ||u,|| — co. We
set t, = ||u,|| and @, = u,/t,. Since S is a compact operator,

USWIE [ ),
Q

> 2 12

([Stiy) ™) dx

b t,P 2 £, 972
— [ 20184, 1) = (8w, )P -
| 5Usiry =2y -
— —O0Q.
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Then

I P

) L DS [ Py,
[n]2 22 2 o ta

Hence

lim inf Iy(u) < 0.
l[ull=+o0,ueW16W2

LEMMA 3.6. There exists p such that inf I,,(S;(Wa & W3)) > 0.

Proof. Repeating the same arguments used in Lemma 3.2, we get the
conclusion. O

THEOREM 3.7. Assume that A\, < ¢ < A\py1. Let k >4 > 2. If
A; < —b, then problem (1.1) has at least two nontrivial solution.

Proof. Using the conclusion of Theorem 3.4, we have that there exist
a nontrivial critical point v with

Iy(u) < sup I(Ar(e, Z1))

where e, R were given in Lemma 3.1 and 3.2. We can choose that R>R.
Take any é in W,, then we have a second linking inequality,

sup Iy(X (6, Wh)) <inf I,(S;(Wo @ Wi)).
Since (P.S.): holds, there exists a critical point @ such that
inf I,,(S;(We @ W) < Iy(u) < sup I,(Ax(e, Wh)).
Since R> Rand Z, @ Z» = Wi,
Anle, Z1) € Bp(Wy) C Sp(e, Wh).
Then

Ip(u) sup Iy (Ag(e, Z1))

sup Ip(X (e, Wh)) < inf I,(S;(Wa @ Ws)) < Iy(a).
Hence u # . O

VANVAN
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4. An Application of Category Theory

We define the map ¥ : H\(Z; @ Z3) — H by

PZQU

] -y — = P, 1——)P, u.
() = = pu = Praezst (0= )P
We have
PZ v PZ u PZ u 1
V(u)(v) = v——2—4< 2 Pguv> 2
| Pz,ull | Pzyull™ " = || Pgyull || Pryull
1 Z,U PZ u
= v— ——(P,v— < —2— Pgv>—"—).
| Poyull ™ | Pzyull” 7 = || Pzyull

Moreover, we introduce the smooth manifold with boundary
C = {u € Hl||Pzul| = 1}

and the constrained functional I, : C — R defined by I, = I o ¥ which
is of class Cllo’cl.

In particular the lower gradient of I, at a point @ is

(4)
~ PZ1€BZ3(VIZ))(U) + (1 — m)PZQ (VIb)(U) ifue Znt(C)
gradely(a) = %2 N S
Proz, (V1) (u) — [< VIy(u), Pgu > Pgu if u € OC,

where u = U(a).

We can prove the following result.

LEMMA 4.1. We sset C,, = C'N H,, for all n. Then the functional fb
satisfies (P.S.)! condition, with respect to (Cy,), for all .

Proof. Let (kn)n and (uy), and v be such that k, — oo, u, € Cy,
for all n, Iy(u,) — v and gradg, Iy, — 0. Apply the Definition of the
lower gradient of I,

(5) grade; I, = P, gradgIyi, — 0.

We set u,, = V(i) and w1 = Pz U, Uns = Pz, Uns = Pz,u,.

Case 1. inf || Pz, || > 1.

In this case, Py, VIy(u,) — 0, so by the (P.S.)} condition for I, (uy,)
has converging subsequence (uy,,) which converges to a point u which is
a critical point for [, and u ¢ Z; @ Z3. Since V is a diffeomorphism in
a neighborhood of u, (uy,) converges to @ = ¥~ (u) and @ is critical for
I,.

Case 2. inf || Pz, || = 1.
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We can suppose that Pzu, — 0. We claim that (u,) is bounded. If
not we can suppose t, = |lu,|| — co. We take u,, = u,/||u,||, un; =
Un1/||unl for i =1,2,3.

Applying Pz 4z, to equation (10) and using equation (9), we get
bA(Au,)t — Af(Auy,)
tn

Multiplying by u, 3 and integrating over (2 yields
1P unsll® = 1P unsl?
b 1
+ Pu,, [t—/(Aun)JrAu;L,gdx— t—/f(Aun)Au;L,gd:c] — 0.
Q n JQ

n

— 0.

+ A A~ — A
P ups —un1 — P ups + Pu, Priez,

We know that there exists a sequence (e,) such that ¢, — 0 and 0 <
€, < b for all n, that is,

b n .
——/(AunﬁAuggda: < - Pz, (Au,) " (Au,)tde
tn Jo ’ tn Jo

= & / | Pz, (Aun) ™| (Ati,) *|de.
Q
And we know that
L A
_/ﬂAun)Auﬁ?’dI < /M|Auﬁs|dx
tn (¢} ’ 0 tn ,

S tnm_l(Ml +tnM_mM2)/ \Au;73|dm S O(l)
Q

Hence
1
—ﬁ/(Aun)+Au,; 3dm—|——/ f(Au,)Auy sdx — 0
t Jo ’ t Jo ’

and u, 3 — 0.

Similarly, u, 1 — 0. Since u, 2 — 0, 4, — 0 which is impossible.

Since (uy), is bounded, we can suppose u,; — u, u,2 — 0 and
up,3 — us for suitable w; in Z;, i = 1,2, 3.

Let z, = P~u, and v, = P*u,. Applying P* to equation (9)

(6) vp + P+PHkn (bA(Au,)t — Af(Au,)) — 0.

Since A is compact and (u,),, is bounded, Au,, — Au. Hence bA(Au,,)"—
Af(Au,) — bA(Au)t — Af(Au) strongly and by equation (11), v,
converges strongly to v. Similarly Z, converges strongly to z. Since
Pz, — 0, u, = u = v+ z where v = PTu and z = P~ u. Since u,; —
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uy and w3 — ug, Pz, = U (uy) = uy and Pz, — U ug) = us.
Since Pz,u,, is in a finite dimensional space, Pz, u,, converges to a point
Uo.
Hence u,, converges to @ = uy + 4z + us and @ is critical for I,. O
3

LEMMA 4.2. The functional Iy | 7,6z, has no critical points u such
that I(u) < 0.

Proof. By contradiction, let (u,,) be a sequence such that u,, € Z;®Z3,
Iy(uy,) < 0 for all n, Iy(u,) — 0, and Pz gz, VI(u,) = 0.

Arguing as in the proof of Lemma 2.5, up to a subsequence, (u,)
converges to some u such that I,(u) = 0 and Pz ez, VI,(u) = 0. Then

0 = < P21@Z3VIb(U),’LL > —QIb(u)
= /Q[QF(Au) — f(Au)Au)dx

P2t T A 10de
- /Qp[(qu[mud.

Hence Au =0 and u = 0.
Let i, = u,/||u,|| and t,, = ||u,||. We have

(7) tn Pt i, — t, P10, + bA(Au,)™ — Af(Au,) = 0.
Multiplying equation (12) by P*, we get

1
(8) o+ bA(Aw,)* = —Af(Auy) = 0.
Multiplying equation (13) by v, and integrating over {2,

1
ol = & [ S Avude b [ (o) A

Arguing as in the proof of Lemma 3.2, v,, — 0.
Similarly, z,, — 0 and then ,,, which gives a contradiction. O

THEOREM 4.1. Assume that A\, < ¢ < \py1. Let k > 1 > 2. Then
problem (1.1) has at least three nontrivial solutions.

Proof. We claim that there exists two critical points u; for [, such
that, for . =1,2

(9) Hlf Ib(Sp(ZQ D Zg)) S Ib(ul) S sup Ib<AR(Sl(ZQ), Zl))

where p and R are as Theorem 3.4. By specify which theorem, we know
that the critical point 4 is distinguished from u; and us.
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To prove the claim, we consider the functional I. If we set
S=U"YS,(Z,® Z3)), % = V1 (Zr(S1(Z2), Z1)), A = U HAR(S1(Z2), Z1)).
By equation (9) and the definition of W,

sup I,(2) < inf I,(S).
Due to Lemma 3.1,
inf I,(S) < sup I,(A) < 0.

Since the (P.S.): condition holds for I, using the Theorem 3.7 in

Section 3.2, there exists two critical points ;, 1 = 1,2 for I, such that
(10) inf I,(S) < I(i;) < sup I,(A).
We claim that ; ¢ 0C. Suppose that 4; € OC. Since

0 = gradaly (i) = Pgoz, (VL) (u) — [< VIy(us), Pgyt; >|* Py,

Pz62,(V1p)(u;) = 0 where u; = ¥(1;). Then wu; are critical for I, | 7,62,
By equation (14) and equation (15), Iy(u;) < 0, but this contradicts
Lemma 4.2.

So u; ¢ OC, since V¥ is a diffeomorphism in a neighborhood of i,
then VIy(u;) = 0 where u; = V(4;),i = 1,2. O
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