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WEAK FUZZY EQUIVALENCE RELATIONS AND
WEAK FUZZY CONGRUENCES

INHEUNG CHON

ABSTRACT. We define a weak fuzzy equivalence relation and a weak
fuzzy congruence and develop some properties of the weak fuzzy
equivalence relations and the weak fuzzy congruences on semigroups.

1. Introduction

The concept of a fuzzy relation was first proposed by Zadeh ([7]).
Subsequently, many researchers ([3], [4], [5]) studied fuzzy relations in
various contexts. The standard definition of a reflexive fuzzy relation u
on a set X is pu(x,z) = 1 for all z € X and that of a symmetric fuzzy
relation p is p(x,y) = p(y,x) for all z,y € X. These definitions have
seemed to be too strong. We suggest a weak reflexive fuzzy relation pu
in aset X as pu(z,x) > e >0 for all z € X and inf,ex u(t,t) > wu(y, 2)
for all y # 2z € X and suggest a weak symmetric fuzzy relation as
min [p(z,y), u(y, z)] > 0 or u(z,y) = u(y,z) = 0 for all z,y in X such
that x # y. We define a weak fuzzy equivalence relation and a weak
fuzzy congruence using the weak reflexive and symmetric conditions and
develop some properties of those relations and those congruences on
semigroups.
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In section 2 we define a weak fuzzy equivalence relation and recall
some basic properties of fuzzy relations which will be used in next sec-
tions. In section 3 we discuss some properties of the weak fuzzy equiv-
alence relations, characterize the weak fuzzy equivalence relation gen-
erated by a fuzzy relation on a set, and develop some lattice theoretic
properties of the fuzzy equivalence relations. In section 4 we develop
some properties of the weak fuzzy congruences, characterize the weak
fuzzy congruence generated by the fuzzy relation on a semigroup, find
the largest weak fuzzy congruence contained in the given weak fuzzy
congruence on a group, and give some lattice theoretic properties of the
weak fuzzy congruences on semigroups.

2. Preliminaries

We define a weak fuzzy equivalence relation and recall some basic
properties of fuzzy relations, weakly reflexive fuzzy relations, and weakly
symmetric fuzzy relations, which will be used in next sections.

DEFINITION 2.1. A function v from a set X to the closed unit interval
[0, 1] in R is called a fuzzy set in X. A function p from a set S x S to
[0, 1] is called a fuzzy relation in S.

The standard definition of a reflexive fuzzy relation p in a set X is
p(z,x) = 1 for all z € X and that of a symmetric fuzzy relation p
is p(z,y) = p(y,z) for all z,y € X. We redefine a fuzzy equivalence
relation by weakening reflexive and symmetric conditions.

DEFINITION 2.2. Let u be a fuzzy relation in a set X. Then pu is weakly
reflezive (briefly, w-reflexive) iff p(z,z) > € > 0 and infiex p(t,t) >
p(x,y) for all z,y € X such that x # y. u is weakly symmetric (briefly,
w-symmetric) iff min [p(z,y), p(y, )] > 0 or p(x,y) = p(y,x) = 0 for all
x,y in X such that x # y. The composition A o i of two fuzzy relations
A, i in X is the fuzzy subset of X x X defined by

(Ao p)(z,y) = sup min(A(z, 2), u(2,y)).
ze
A fuzzy relation p is transitive ift popu C p. A fuzzy relation p in X is
called a weak fuzzy equivalence relation iff i is w-reflexive, w-symmetric,
and transitive.
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DEFINITION 2.3. Let p be a fuzzy relation in a set X. p~! is defined
as a fuzzy relation in X by u='(x,y) = u(y, z).

It is easy to see that (nov)™! = v=topu™! for fuzzy relations u and v.
PROPOSITION 2.4. Let u and each v; be fuzzy relations in a set X for
alli € I. Then pro (Mierv;) C Nier(pov;) and (Niervi) o © Mier(vio p).

Proof. Straightforward. O

PROPOSITION 2.5. Let i be a fuzzy relation on a set X. Then U, u™

n=1
is the smallest transitive fuzzy relation on X containing p, where u™ =

MOMO...OM_

Proof. See Proposition 2.3 of [6]. O

PROPOSITION 2.6. Let i be a fuzzy relation on a set X. If p is
w-reflexive, then so is U2, p", where p" = pio 1o --- 0o .

Proof. See the proof of Theorem 3.4 in [1]. O

PROPOSITION 2.7. Let p and v be w-symmetric fuzzy relations on a
set X. Then pNv and p U v are w-symmetric fuzzy relations.

Proof. Let z,y € X with x # y. If u(z,y) > 0 and v(x,y) > 0, then
p(y, z) > 0and v(y,z) > 0, and hence min [(pNv)(z,y), (uNv)(y,x)] >
0. If pu(z,y) = v(z,y) = 0, then u(y,xz) = v(y,x) = 0, and hence
(knv)(z,y) = (wNv)(y,z) = 0. If p(z,y) > 0 and v(z,y) = 0, then
p(y,z) > 0 and v(y,x) = 0, and hence (pNv)(z,y) = (LNv)(y,x) = 0.
Similarly, if p(z,y) = 0 and v(x,y) > 0, then (x Nv)(z,y) = (p N
v)(y,z) = 0. Thus p N v is w-symmetric. Similarly we may show that
@ U v is w-symmetric. O

PROPOSITION 2.8. Let u be a fuzzy relation on a set X. If p is w-
symmetric, then so is Uy, p", where ™ = jropo---opu.

Proof. See the proof of Lemma 6 in [2]. O
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3. Weak fuzzy equivalence relations

In this section we discuss some basic properties of the weak fuzzy
equivalence relations, characterize the weak fuzzy equivalence relation
generated by a fuzzy relation on a set, and develop some lattice theoretic
properties of the weak fuzzy equivalence relations.

PROPOSITION 3.1. Let p and v be weak fuzzy equivalence relations
in a set X. Then pNv is a weak fuzzy equivalence relation.

Proof. Clearly p N v is w-reflexive. By Proposition 2.7, p N v is w-
symmetric. By Proposition 2.4, [(uNv)o(uNv)] C [pwo (uNv)|Nyo(uN
v)] € [(op)N (on)] Nl(vep) N(vor)] C [uN (uow)|N[(vou)v] C urv.
That is, u N v is transitive. Thus p N v is a weak fuzzy equivalence
relation. [

It is easy to see that even though p and v are weak fuzzy equivalence
relations, p U v is not necessarily a weak fuzzy equivalence relation. We
find the weak fuzzy equivalence relation generated by p U v.

THEOREM 3.2. Let o and v be weak fuzzy equivalence relations in a
set X. Then the weak fuzzy equivalence relation generated by p U v is

et (U v)m

Proof. See the proof of Theorem 7 in [2]. O

We now turn to the characterization of the weak fuzzy equivalence
relation generated by a fuzzy relation in a set.

THEOREM 3.3. Let p be a fuzzy relation in a set X. Then the weak
fuzzy equivalence relation in X generated by p is U2, (un U p U 6)". Here
0 is a fuzzy relation in X such that 0(x,y) < p(z,y) for all x,y € X
with x # y and 0(t,t) = max [, Sup,, ,,ex H(7,y)] for allt € X, and
p Is a fuzzy relation in X such that p(z,z) = 0 for all z € X and for all
x,y € X such that v # y,

(1) if p(z,y) = p(y,x) =0, then p(z,y) = p(y,x) =0,

(2) if p(x,y) > 0 and p(y,z) = 0, then p(z,y) = 0 and p(y,x) =
min [pu(x,y), 0] for some § > 0,

(3) if p(z,y) > 0 and u(y, ) > 0, then p(z,y) = p(z,y) and p(y,z) =
1wy, ).
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~—
—

Proof. Let py = pUpUl. Then py(x, z) = max [u(z, z), p(x, x), 0(z, x
> 0(z,x) > €>0. Let 2,y € X with  # y. Since 0(z,y) < p(z,y)

0(t,t) and p(z,y) < O(t,t) for all t € X,

IN

mf yu(t,t) 2 nf 0(t,1) > max{u(z,y), p(z.y), 0(z, y)] = i (z,y).

Thus p is w-reflexive. By Proposition 2.6, U2, u is w-reflexive. Let v
be a weak fuzzy equivalence relation containing .

(i) We consider the case of p(z,y) = 0 and p(y,x) = 0. Since 0(z,y) <
pu(z,y), 0(z,y) = 0(y,z) = 0. Since p(y,z) = p(z,y) = 0, w(z,y) =
p1(y, z) = 0. That is, pq is w-symmetric. Since pi(x,y) = i (y, z) = 0,
:ul(xvy) < V('r7y) and ,ul(y7x) < V(y7 l’)

(ii) We consider the case of u(z,y) > 0 and u(y,z) = 0. Since p(x,y) <
v(z,y), v(z,y) > 0. Since v is w-symmetric, v(y,x) > 0. That is, there
exists 0 € R such that v(y,z) > 6 > 0. Since p(z,y) = 0 and §(z,y) <
u(zy), plz,y) = ple,y) > 0. Since p(y,z) = min [pu(z,y), 6] and
0(y, z) < p(y, z), i (y,z) = p(y,z) > 0. Thus min [y (z,y), m(y,z)] >
0. That is, py is w-symmetric. Clearly u(z,y) = p(x,y) < v(z,y) and
iy, z) = ply,z) <6 <v(y,).

(iii) We consider the case of p(z,y) > 0 and u(y,z) > 0. Since p(z,y) =
p(z,y) and O(z,y) < p(z,y), mlr,y) = p(z,y) > 0. Since p(y,z)
p(y, ) and 0(y, z) < p(y, ), pa(y, ) = p(y, x) > 0. Thus min [, (z,
p1(y, )] > 0. That is, gy is w-symmetric. Clearly p;(z,y) = u(x,y)
v(z,y) and pn(y, ) = ply, ) < v(y,z).

From (i), (ii), and (iii), g is w-symmetric. By Proposition 2.8, U, uf
is w-symmetric. By Proposition 2.5, Up2 , uf is transitive. Thus U2, pf
is a weak fuzzy equivalence relation containing p. From (i), (ii), and
(iii), p1(x,y) < v(x,y) for all z,y € X such that x # y. Since p(x,y) <
v(z,y) < v(t,t), Sup,sy, »yex iz, y) < v(t,t) for all t € X, and hence
0(t,t) <w(t,t). Clearly p(t,t) < v(t,t). That is, ui(t,t) < v(t,t). Thus
1 € v. Suppose that ,u’f C v. Then

),
<

it (a,b) = (1 0 pf)(a,b) = sup min [y (a, 2), 4y (2, b))
< sup min[v(a, 2),v(z,0)] = (vov)(a,b).

zeX

Since v is transitive, u’f“ C vorv Cv. By the mathematical induction,

pt C v for all natural numbers n. Thus U, u}' = g U (g 0 pq) U (g 0
p1 o py) -+ C v Thus UL, uf is the weak fuzzy equivalence relation

generated by u. O]
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We now turn to the lattice theoretic properties of weak fuzzy equiva-
lence relations. Let E(X) be the collection of all weak fuzzy equivalence
relations on a set X.

THEOREM 3.4. (E(X), <) is a complete lattice, where < is a relation
on the set of all weak fuzzy equivalence relations on X defined by u < v
iff u(x,y) <v(x,y) for all x,y € X.

Proof. See the proof of Theorem 9 in [2]. O

We define an addition on E(X) by p+ v =< pUv > and a mul-
tiplication on F(X) by p-v = pNv, where < pU v > is the weak
fuzzy equivalence relation generated by p U v. Then for u,v € E(X),
p-v € E(X) by Proposition 3.1 and p+ v € E(X) by Theorem 3.2.

THEOREM 3.5. Let Ex(X) = {u € E(X) : p = p~ and u(c,c) =
k for all ¢ € X}. Then Ey(X) is a sublattice of (E(X),+,-) for 0 <
e <k<I1.

Proof. Let p,v € Ep(X). Since p = p~t and v = v (unv)™! =
ptnvt=pnv. Clearly (uNv)(c,c) = k. Thus p-v € Ex(X). The
weak fuzzy equivalence relation generated by p U v is USS, (U v)™ by
Theorem 3.2. That is, p—+v is U3, (pUv)™. Since yp = p~' and v = v,
(puv)yt =ptur™ =pUv. Let ( =pUv. Then ¢ = (. Suppose
(¢F)~t = (""" Then
(e, y) = [ o (T (2, y) = sup min [T (2, 2), ((TH)M(z,y)]

zeX

= sup min [((z, ), () =) = Sup min [y, 2), (2,)]

= ("o Oy, x) =y, x) = (), ).

By the mathematical induction, (¢")~! = (™)™ for all natural numbers
n. Thus

(Ui y) = (U ¢ (s ) = (U ()" (y, @)

= (Ui (¢) Ny, 2) = (U, (s ).
That is, j+ v = U, (u U o) = [0, (0 U o)) = G+ o),
Clearly ((c,c) = k for all ¢ € X and ((a,b) < k for all a,b € X
such that a # b. Suppose (P(a,b) < k for all a,b € X such that a # b.
Then (P (a,b) = sup,cy min [(P(a,z), ((z,b)] < k. By the math-
ematical induction, ("(a,b) < k for all natural numbers n. Suppose



Weak fuzzy equivalence relations and weak fuzzy congruences 569

¢"(c,c) = k. Since ((c,c) > ((a,b) and ("(c,c) = k > ("™(a,b) for all
a,b,c € X such that a # b, (™" (c, ¢) = sup,cy min [("(c, ) ((z, )]
min [("™(c,c), ((c,c)] = k. By the mathematical induction, ("(c,c) =

for all natural numbers n. Thus (u+v)(c, c) = [US2,("|(¢, ¢) = k. Hence
A+ v € By(X). O

DEFINITION 3.6. A lattice (L, +,-) is called modular if (z +y) - z <
r+ (y-z) forall z,y,z € L with z < 2.

THEOREM 3.7. Let i and v be weak fuzzy equivalence relations in a
set X. Suppose that p(c,c) = v(e,c) for all c € X and pov = v o p.
Then p o v is a weak fuzzy equivalence relation.

Proof. We may show that pov is w-reflexive (see the proof of Theorem
4.31n [1]). Suppose that (pov)(z,y) = 0. Then sup,y min [pu(z, 2), v(z, y)]
= 0. That is, min[u(z, z),v(z,y)] = 0 for all z € X. Thus p(z,z) =0 or
v(z,y) =0 for all z € X. Since p and v are w-symmetric, p(z,z) =0 or
v(y,z) =0forall z € X. Since pov = vou, (nov)(y,z) = (vou)(y,z) =
Sup,cg min [v(y, 2), pu(z,2)] = 0. That is,

if (nov)(z,y) =0, then min [(uov)(x,y), (nov)(y,z)] =0.

Suppose that (uov)(z,y) > 0. Let (uov)(x,y) = sup.cx min [u(z, 2),v(z,y)]
= p > 0. Then for any o > 0, there exists v € X such that min [p(z, v), v(v, y)]

> p — a. Since & > 0, there exists u € X such that

min [(z,u), v(u,y)] > p— 5 = £ > 0.
That is, u(x,u) > 0 and v(u,y) > 0. Since p and v are w-symmetric,
p(u,z) >0 and v(y,u) > 0. Thus

(MBV)(% ) = (vop)(y, ) = sup,cx min [v(y, 2), u(z, )] = min [v(y, u), p(u, )]
> U.
That is,

if (nov)(z,y) >0, then min [(uov)(x,y), (nov)(y,x)] > 0.

Thus pov is w-symmetric. Since p and v are transitive and the operation
o is associative,

(1ov)o(uov) = po(vou)ov = po(jov)or = (pop)o(vov) C pov.

Hence p o v is a weak fuzzy equivalence relation. O]
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LEMMA 3.8. Let u and v be weak fuzzy equivalence relations in a set
X such that p(c,c) = v(e,c) forallc € X. If pov =vopu, then pov is
the weak fuzzy equivalence relation in X generated by u U v.

Proof. By Theorem 3.7, o v is a weak fuzzy equivalence relation.
We may show that ¢ Uv C powv (see the proof of Lemma 4.3 in [1]).
That is, po v is a weak fuzzy equivalence relation containing g U v. Let
A be a weak fuzzy equivalence relation in X containing pUwv. Since A is
transitive, pov C (pUv) o (pUr) C Ao X C A Thus o v is the weak
fuzzy equivalence relation generated by p U v. [

It is well known that if ;1 and v are equivalence relations on a set X
and pov =wvopu, then powv is the equivalence relation on X generated
by pUv. Lemma 3.8 may be considered as a generalization of this in
the weak fuzzy equivalence relations.

THEOREM 3.9. Let X be a set and let H be a sublattice of (Ey(X),+, )
such that pov =wvoyp for all p,v € H. Then H is a modular lattice for
k such that 0 < e < k < 1.

Proof. Let p,v,p € H with u < p. We may show that (nov)-p <
po (v-p) (see the proof of Theorem 4.4 in [1]). Since p,v € Ey(X),
p(e,c) = v(e,c) = k for all ¢ € X. By Lemma 3.8, po v is the weak
fuzzy equivalence relation generated by pUwv. That is, u+v = powv.
Since p,v-p € H, ppo(v-p) = (v-p)op. Clearly p(c,c) = (v-p)(c,c) = k
for all ¢ € X. By Lemma 3.8, po (v - p) is the weak fuzzy equivalence
relation generated by pU (v - p). That is, p+ (v - p) = po (v - p). Thus
(u+v) -p<p+(v-p). Hence H is modular. O

COROLLARY 3.10. If X isa group and 0 < € < k < 1, then (Ex(X), +, -
is a modular lattice.

Proof. Tt is easy to see that pov = vop for all u,v € Ex(X) since
X is a group (see the proof of Proposition 4.3 in [6]). By Theorem 3.9,
(Ex(X),+, ) is modular. O
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4. Weak fuzzy congruences on semigroups

In this section we recall some basic properties of the weak fuzzy con-
gruences, characterize the weak fuzzy congruence generated by a fuzzy
relation on a semigroup, find the largest weak fuzzy congruence con-
tained in the given weak fuzzy congruence on a group, and develop some
lattice theoretic properties of the weak fuzzy congruences on semigroups.

DEFINITION 4.1. Let p be a fuzzy relation in a set X. pu is called
fuzzy left (right) compatible if p(z,y) < p(zzx,zy) (u(z,y) < plrz,yz))
for all z,y,2 € X. A weak fuzzy equivalence relation on X is called a
weak fuzzy left congruence (right congruence) if it is fuzzy left compatible
(right compatible). A weak fuzzy equivalence relation on X is called a
weak fuzzy congruence if it is a weak fuzzy left and right congruence.

PROPOSITION 4.2. If pu is a fuzzy relation on a semigroup S that is
fuzzy left and right compatible, then so is U2, p", where p" = po o

..-OM'

Proof. See Proposition 3.6 of [6]. O

PROPOSITION 4.3. Let p and v be weak fuzzy congruences in a set
X. Then pNv is a weak fuzzy congruence.

Proof. Clearly uNv is fuzzy left and right compatible. By Proposition
3.1, pNvis a weak fuzzy congruence. O]

It is easy to see that even though p and v are weak fuzzy congruences,
U is not necessarily a weak fuzzy congruence. We find the weak fuzzy
congruence generated by p U v in the following proposition.

PROPOSITION 4.4. Let u and v be weak fuzzy congruences on a semi-
group S. Then the weak fuzzy congruence generated by pUv in S is

e (U v)m,

Proof. 1t is easy to see that p U v is fuzzy left and right compatible.
By Proposition 4.2, U2, (pUv)™ is fuzzy left and right compatible. We
may show that US® (U v)" is the weak fuzzy congruence generated by
iU v by the same way as shown in Theorem 3.2. [

We now turn to the characterization of the weak fuzzy congruence
generated by a fuzzy relation on a semigroup.
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DEFINITION 4.5. Let u be a fuzzy relation on a semigroup S and let
St = S U {e}, where e is the identity of S. We define the fuzzy relation
@*on S as

pr(x,y) = U w(a,b) for all z,y € S.

c,deSt, cad=z,cbd=y

PROPOSITION 4.6. Let p and v be two fuzzy relations on a semigroup
S. Then

(1

(2) ()t = ()

(3)

(4) (puv) =p uv

(5) p = p* if and only if p is fuzzy left and right compatible
(6) (u*)* =u*

Proof. See Proposition 3.5 of [6]. O

THEOREM 4.7. Let p be a fuzzy relation on a semigroup S. Then the
weak fuzzy congruence in S generated by p is U2, (u* U p* U 0*)", where
0 is a fuzzy relation in S such that 0(x,y) < p(z,y) for all x,y € S with
x #y and 0(t,t) = max [€, SUP,,, . es (2, y)] for allt € S, and p is a
fuzzy relation in S such that p(z,z) = 0 for all z € S and for all x,y € S
such that x # y,

(1) if p(w,y) = ply, x) = 0, then p(z,y) = p(y,x) =0,
(2) if pw(z,y) > 0 and p(y,z) = 0, then p(z,y) = 0 and p(y,x) =
min [p(z,y), 0] for some § > 0,
(3) if u(z,y) > 0 and p(y,x) > 0, then p(x,y) = p(x,y) and p(y, x) =
(Y, ).
Here p*, p*, 0" are fuzzy relations defined in Definition 4.5.

Proof. Let py = pUpUB. By (4) of Proposition 4.6,
py=(pUpUO) =p" Up Ul

Since py(z,z) > 0(z,x) > € > 0, pi(x,x) > € by (1) of Proposition 4.6.
Let 7,y € X with x # y and let S = S U {e}, where e is the identity of
S. Since z # y implies a # b in Definition 4.5,

p(z,y) < sup p(z,y) < 0(t 1)
rH#yesS
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(

for all t € S. Since 0(x,y) < u(x
sition 4.6. That is, 0*(z,y) <
for all a,b € S,

y), 0% (v, y) < p*

Y (x,y) by (3) of Propo-
(t,t). Since p(a,b

T,y
) < SUP,ses (T, Y)

p*(z,y) < sup p(z,y) < 6(t,t)
rH£yeS

for all t € S. Thus pj(z,y) < 6(t,t), and hence
i x > 1 * > > uy .
inf pi1(2,2) > inf 07(2,2) > 0(t,) > pi (@, y)

Thus pj is w-reflexive. By Proposition 2.6, U2, (u})" is w-reflexive.
(i) Suppose that pj(z,y) = max|u*(z,y), p*(z,y),0"(z,y)] = 0. Then
p*(z,y) = 0 and p*(z,y) = 0. Since p*(z,y) = 0, p(a,B) = 0 for
every o, 3 € S such that cad = = and ¢Bd = y for ¢,d € S*. Since
p(z,y) = 0, pla, B) = 0 for every «a, 5 € S such that cad = = and
cfd = y for c,d € S'. By the hypothesis, u(8,a) = p(8,a) = 0 for
every o, 3 € S such that cad = z and ¢8d = y for ¢,d € S'. That is,
pi(y,z) = p*(y,x) = 0. Since 0*(y,x) < p*(y,x), pi(y, ) = 0. Thus
min [17(z,y), pi(y,z)] = 0.
(ii) Suppose that pij(z,y) > 0. Since 0*(z,y) < p*(x,y), max [p*(z,y),
p*(xz,y)] > 0. Thus p*(x,y) > 0 or p*(x,y) > 0. If u*(z,y) > 0, then
p(a, ) > 0 for some «, € S such that cad = x and ¢fd = y for
c,d € S'. By the hypothesis, p(83,a) > 0 for some «, 3 € S such that
cad = z and cfd = y for ¢,d € S*. That is, p*(y,z) > 0, and hence
pi(y,xz) > 0. If p*(z,y) > 0, then p(a, B) > 0 for some «, f € S such
that cad = x and ¢fd = y for ¢,d € S'. By the hypothesis, u(5,a) > 0
for some o, B € S such that cad = x and ¢fd = y for ¢,d € S*. That is,
1" (y,x) > 0, and hence pj(y,z) > 0. Thus min [1i(z,y), pi(y, z)] > 0.
From (i) and (ii), x} is w-symmetric, and hence U, (u})™ is w-symmetric
by Proposition 2.8. By Proposition 2.5, U2, (u})" is transitive. Thus
U, (i)™ is a weak fuzzy equivalence relatlon containing p. By (4) and
(6) of Proposition 4.6,

(11)" = (u"Up U8 = (") U (p") U(0") =p " Up U8 = p.
By (5) of Proposition 4.6, uf is fuzzy left and right compatible. By
Proposmon 4.2, U 1(u1)” is fuzzy left and right compatible. Thus

UX  (u)™ is a Weak fuzzy congruence containing p. Let v be a weak
fuzzy congruence containing .

(i)" We consider the case of u(x,y) = u(y,z) = 0. Since p(z,y) =
ply,x) =0, pui(z,y) < v(x,y) for all z,y € S such that = # y.
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(ii)’ We consider the case of ju(z,y) > 0 and u(y, ) = 0. Since u(z,y) >
0, v(z,y) > 0. Since v is w-symmetric, v(y,z) > 0. Thus v(y,x) >
d > 0 for some ¢ > 0. Since p(z,y) = 0 and p(y,z) = min [u(z,y), ],
p(y,z) < v(y,z), and hence py(z,y) < v(z,y) for all x,y € S such that
T #£ .

(iii)" We consider the case of pu(z,y) > 0 and u(y,z) > 0. Since p(z,y) =
p(x,y) and p(y, z) = u(y, ), pi(z,y) < v(z,y) for all z,y € S such that
T #y.

From (i)', (i), and (iii)’, p1(z,y) < v(z,y) for all 2,5y € S such that
z # y. Since p(z,y) < v(z,y) < v(t,1), SuPrry oyex M@, y) < v(t,1)
for all t € X, and hence 0(t,t) < v(t,t). Clearly p(t,t) < v(t,t). That
is, p1(t,t) < wv(t,t). Thus puy C v. By (3) of Proposition 4.6, uj C v*.
Since v is fuzzy left and right compatible, v* = v by (5) of Proposition
4.6. That is, u} C v. Suppose that (u})* C v. Then

()" (@, y) = (3 0 (u1)*) (2, y) = sup min[ui(x, 2), (17)* (2, )]

zeX
<sup min[v(z,2),v(z,y)] = (vov)(x,y).
zeX
Since v is transitive, (u})*! C vor C v. By the mathematical induction,
(u3)™ C v for all natural numbers n. Thus

Uner (1) = w1 U (ppopg) U (ppopgopy) - Cu.
O

In next theorem, we find the largest weak fuzzy congruence contained
in the given weak fuzzy congruence on a group.

THEOREM 4.8. Let i be a weak fuzzy congruence on a group S. Then
the function v : S x S — R defined by v(a,b) = inf, yes p(ray, xby) is
the largest weak fuzzy congruence on S contained in p.

Proof. Let v(a,b) = inf, yes p(ray,zby). Clearly v(a,a) > e > 0.
Since S is a group, ¢ # d implies xzcy # xdy for ¢, d,z,y € S. Thus
inf,eq v(t,t) = infieg inf, yeg p(aty, vty) = inf, yes infies p(aty, xty) >
inf, yes p(zcy, xdy) = v(c,d) for ¢,d € S such that ¢ # d. That is, v is
weakly reflexive. Since p is weakly symmetric,

min [v(a,b), v(b,a)] = min[ inf u(xay,zby), inf wp(zby, zay)] >0
z,yeS z,yeS
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or v(a,b) = v(b,a) = 0. That is, v is weakly symmetric. Since

sup min[ inf p(zay,zcy), inf p(xey, xby)]
ceS z,yeS z,yeS

is a lower bound for the set { sup,g min [u(zay,zcy), p(zrey, zby)] :
z,y € S},

sup min [ inf p(zay,zcy), inf p(zcy, zby)]

ces z,yes z,yes
< inf sup min [p(zay, xcy), p(zrey,xby)l.

T,Y€S eS8

Since p is transitive,

(vov)(a,b) < inf sup min [u(zay, zcy), p(zey,zby)]
TYES (S

< inf  p(xay,zby) = v(a,b).
z,yeS

That is, v is transitive. Thus v is a weak fuzzy equivalence relation in
S. Since p is compatible,

p(a,b) < u(pa, pb) < ;gg p(pay, pby)
< inf - p(wpay, wpby) = v(pa, pb).
x,ye

It is easy to see that v(a,b) = inf, es p(zay,zby) < p(a,b). Thus
v(a,b) < v(pa,pb). Similarly v(ap,bp) > v(a,b). That is, v is a weak
fuzzy congruence on S. Let A be a weak fuzzy congruence on S such
that A C p. Then A(a,b) < Aza,zb) < ANzay, zby) < p(zray,xby) for
all z,y € S. That is, A(a,b) < inf, yes p(zay, zby) = v(a,b). Clearly
v C p. Thus v is the largest weak fuzzy congruence on S contained in
L. O

We now turn to the lattice theoretic properties of the weak fuzzy
congruences on semigroups. Let C'(S) be the collection of all weak fuzzy
congruences on a semigroup S. Then it is easy to see that (C(95), <)
is a complete lattice, where < is a relation on the set of all weak fuzzy
congruences on S defined by pu < v iff u(x,y) < v(x,y) for all z,y € S.
We define an addition on C(S) by u+v =< pUr > and a multiplication
on C'(S) by p-v = pNv, where < pUr > is the weak fuzzy congruence
generated by pUv. Then for u,v € C(9), p-v € C(S) and p+v € C(S)
by Proposition 4.3 and Proposition 4.4, respectively. Let Cx(S) = {u €
C(S): p=p"and p(c,c) =k for all ce S}.

THEOREM 4.9. Cy(S) is a sublattice of (C(S),+,) for0 < e < k < 1.
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Proof. We may show that Ci(S) is a sublattice of (C(S),+,-) for
0 < e <k <1 by the same way as shown in the proof of Theorem
3.5. m

LEMMA 4.10. Let p and v be weak fuzzy congruences on a semigroup
S such that p(c,c) = v(c,c) forallc € S. If pov =wv o pu, then pov is
the weak fuzzy congruence on S generated by uU v.

Proof. By Theorem 3.7, o v is a weak fuzzy equivalence relation.
Since S is a semigroup,

(nov)(z,y) = Sup min{u(z, a), v(a, y)] < sup min{u(zz, za), v(za, zy)]
ac zae

<sup minfu(zx,t),v(t, 2y)] = (Lo v)(zz, 2y).
tes
Thus pov is fuzzy left compatible. Similarly we may show po v is fuzzy
right compatible. Hence pov is a weak fuzzy congruence on S. We may
show that p o v is the weak fuzzy congruence generated by p U v by the
same way as shown in the proof of Lemma 3.8. [

It is well known that if ;4 and v are congruences on a semigroup S
and pov =vopu, then powv is the congruence on S generated by pUwv.
Lemma 4.10 may be considered as a generalization of this in the weak
fuzzy congruences.

THEOREM 4.11. Let S be a semigroup and let H be a sublattice of
(Cr(S),+,) such that pov = voy for all u,v € H. Then H is a
modular lattice for 0 < e < k <1.

Proof. Let p,v, p € H with 1 < p. Then we may show that (pov)-p <
po (v-p) by the same way as shown in the proof of Theorem 3.9. Since
p, v € Cr(S), ple,c) =v(e,¢) =k for all c € S. By Lemma 4.10, powv is
the fuzzy congruence generated by pUv. That is, p+ v = pov. Since
w,v-p€ H, po(v-p) = (v-p)ou. Clearly p(c,c) = (v-p)(c,c) = k for all
c € S. By Lemma 4.10, po(v-p) is the weak fuzzy congruence generated
by pU(v-p). That is, u+(v-p) = po(v-p). Thus (u+v)-p < p+(-p).
Hence H is modular. O

COROLLARY 4.12. If S isa group and 0 < € < k < 1, then (Cx(S), +, -)
is a modular lattice.
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Proof. 1t is easy to see that pov = vop for all p,v € Cy(S) since
S is a group (see the proof of Proposition 4.3 in [6]). By Theorem 4.11,
(Ck(S),+, ) is modular. O

Open Problems. In this note, we defined weak fuzzy equivalence re-
lations (or fuzzy congruences) and developed some crucial properties of
those relations (or congruences). It is an open problem to find weaker
fuzzy equivalence relations (or fuzzy congruences) which still have so
many nice properties as those relations (or congruences) in this note.
In Theorem 4.12, we found the largest weak fuzzy congruence contained
in a given weak fuzzy congruence on a group. We suggest a problem
of finding the largest weak fuzzy congruence contained in a given weak
fuzzy equivalence relation (or congruence) on a semigroup.
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