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PROPERTIES OF INDUCED INVERSE POLYNOMIAL
MODULES OVER A SUBMONOID

EunaA CHO AND JINSUN JEONG*

ABSTRACT. Let M be a left R-module and R be a ring with unity,
and S = {0,2,3,4,---} be a submonoid. Then M[z~*] = {ag +
asr % +azx™3+ -+ a,z™" | a; € M} is an R[z*]-module. In this
paper we show some properties of M|[z~?°] as an R[z*]-module.

Let f : M — N be an R-linear map and M[z~*] = {agz ™2 +
azr 3 + -+ a,x~" | a; € M} and define N + M[z=%] = {by +
asr % +azx 3+ +a,x" | bgp € Nya; € M}. Then N + Mz~
is an R[z®]-module.

We show that given a short exact sequence 0 — L — M —
N — 0 of R-modules,0 — L — M[z~%] — N+M[z~%] — Ois
a short exact sequence of R[z*]-module. Then we show F; + Eo[z~*]
is not an injective left R[x®]-module, in general.

1. Introduction

Let M be a left R-module and R be a ring with unity and S =
{0,2,3,4,---} be a submonoid. Then M[z*] = {ap+ asx® + azx®+- -+
a,x" | a; € M} is an R[x*]-module defined by

o*(ag +asr? +asz® + - -+ a,a") = agr® +apr®F 4 azx® £ 4 tF

for z¥ € R[z*].
Also M[z7%] = {ao + agx™? + azz™ + -~ + a,z™" | a; € M} is an
R[z*]-module defined by

k 2 -3 - 2 -3 —ntk
" (ag+asr > +azr 4 +a,27") = aptap ot ap3r 0+ Fapr T
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for % € R[z*]. For example,

2 (ag+agr 2 +azr P+ ta,xzT" = agtasr At agr P+ Faa

Induced inverse polynomial module was introduced in ([8]). Let M

and N be left R-modules and f : M — N be an R-linear map. Then
an induced polynomial N + z~'M[z™!] is a left R[zx]-module defined by

(b +arx ™+ -+ ax") =by +agrT 4+ ar

where f(a;) = b1,bp € N, and a; € M. In this paper we generalized
induced polynomial modules over a submonoid.

Let f : M — N be an R-linear map and let M[z~°] = {ayz~% +
a3+ + a2 | a; € M} and define N + M[x~*] = {by + agz~2 +
asz™3 + -+ apw " | by € Nya; € M}. Then N + M[x~*] is an R[z*]-
module defined by

a:k(bo tagr 2 Fasr >+ +az")
= flag) + Qpsot ™ + sz ™ 4+ - + az "
For example,
2% (bg+asr ?Hazx 4+ - Fa,r") = flag)+agr *Hasz - Fa,a "

A left R-module F is said to be injective if given any injective linear
map o : M’ — M and any linear map h : M’ — E, there is a linear
map g : M — E such that g oo = h. That is,

0 M 7> M
h

e

E

can always be completed to a commutative diagram([9]).
The map f : 2?E[z°] — E[z*] defined by f(ex?) = e is an R[z°]-
linear map. So consider the following diagram

0 —— 2?E[z°] — E[z°]
f

E[z®].
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Then we easily see that the above diagram can not be completed for any
R[z*]-linear map. Thus E[z*] is not an injective left R[z*]-module with
E #0.

Northcott([3]) defined inverse polynomial modules and used inverse
polynomial modules to study the properties of injective modules and he
studied K[z™!] as K[z]-module on field K. And McKerraw([2]) showed
that if R is a left noetherian ring and E is an injective left R-module,
then E[z7!] is an injective envelope of M|[x~!] as R[z]-module. Inverse
polynomial modules were studied in ([4]),([5]) and recently in ([1]), ([5]),

([61), ([7)-

2. inverse polynomial modules over a submonoid

Through this paper we let S = {0,2,3,4,---} a submonoid.

DEFINITION 2.1. Let M be a left R-module and R be a ring with
unity and S = {0,2,3,4,---} be a submonoid. Then M[z~*] = {ay +
asr? +azx 3 + -+ a,x" | a; € M} is an R[z*]-module defined by

r(ag+asr 2 +asx >+ -Fapr ") = rag+ragr 2 +rasr P+ Ara,x"”

and

k -2 -3 — —2 -3 — k
¥ (agtasr " Hazr 4 4,2 T") = aptapior tap3r 0+ - Fapr T

where r € R and z* € R[z*].

PROPOSITION 2.2. Let ¢ : M[z~*] — M|[z°] be an R[z®]-linear
map. Then ¢(M) C (M + Mz=?)N (M + Mz~?) = M.

Proof. Suppose m € M and ¢(m) = ag+ asr > +azx >+ +a,x "
Then for 2% € R[z®], ¢(2*m) = ¢(0) = 0, and z?d(m) = ag + agz > +
o+ + a,z"% = 0 implies ay = a4 = -+ = a, = 0. Therefore, (M) C
(M + Mz?)N (M + Mx=?) = M. O

If N is a submodules of M, then we easily see
Mz~ 0 M
—_— = — 7

N - v

as R[z*]-module.



310 FEunha Cho and Jinsun Jeong

PROPOSITION 2.3. Let M be a left R-module, then
Mz~
M+ Mx—3
Proof. Define ¢ : M[x~°] — M|[x~°] by
dlag+ asr > +asr > + -+ a,z™")

= ¢(ag + axr > +azz > + -+ apx™)
n+2'

= Mlx™*.

—92 —
=ag +a4x "+ -+ apx

Then we easily see that ¢ is an R[z*®]-linear map.
Let ap + asx % 4+ azz™> + -+ + a,z™" € M[z*], then

P(apr > Fagr *rasr 24 - Fa,r " ?) = agtasr *Hazz 4 Aapr .

Thus ¢ is surjective.
Let ag+azzr™ € M|[z~°], then ¢(ag+azz3) = 0, so that M+ Mz~3 C
ker(¢). Let ap + asx™? + agz™> + -+ 4+ a,a™™ € ker(¢), then

d(a0r 2 +asr +azz 4 - ane ") = agbagr 24 tane 2 = 0,

so that ay = ay = a5 = --- = a,, = 0, so that ker(¢) C M+ Mz3. Thus
ker(¢) = M + Mz=3. Therefore,
M[x~7] _
———— = M|z
M M
O]
PROPOSITION 2.4. Let M be a left R-module, then
oM M[a)
- Mz Mfz=]

by o(f + M[z~%]) = 2*(f + M|[x™*]) is an isomorphism.
Proof. Let f+ M[z7°] € ker(c) and let f = ag+asr > +azz ™2 +---
Then
o(f + Mz™]) = 2*(f + M[z™])
=ay+axr * +asz ™ -+ M[z 9
= M[z™°].

So arz "2 4 appx 4o =0, ap = app = -+ = 0, for some k.
Thus f + M[z~*] = M[x~®]. Therefore, o is injective.
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Let f+ M[z7'] = (ag + asx™® +azz™> + -+ ) + M[z7%] €
Then there exists
g+ Mz~ = (apr 2+ apr ™ +azxr ™ + - a2 ) + M

such that o(g+M|[x~°]) = f+ M[z~*]. Therefore, o is surjective. Hence,
0 is an isomorphism. O

3. Induced polynomial modules over a submonoid

DEFINITION 3.1. Let f : M — N be an R-linear map and S =
{0,2,3,4,---} be a submonoid. Then N + M{z™~°] is an R[z*]-module,
where M[z™%] = {asz™? + azz™® + -+ + a,2™" | a; € M} be defined by

r(bo+asr 2 +asr 2+ apr ") = rbgFragx +razxT 4 Fra,x"
and
2*(bo+agz 2 +asz 3+ Fapnz ") = flag)+apror Hapizz S+ Fapz T
for x¥ € R[z%],by € N. Similarly, we can define

N+ M[z™%] = {bo+asx > +azx > +---+a,z " | by € N,a; € M}

as a left R[z®]-module.

k

THEOREM 3.2. If 0 - L — M — N — 0 is a short exact sequence
of R-modules, then

0—L— Mz %] =N+ Mz =0
is a short exact sequence of R[z*]-module.

Proof. Let flx=%] : L — M be defined by flz~*](l) = f(l) for | €
L. Then easily f[z™°] is an injective R[z°]-linear map. Let glz™] :
M[x=*] = N + M[z~*] be defined by
glz™*)(ag+azr *+azx >+ - -Ha,2™") = gag)+agr 2 +azr >+ - Fa,x "
Then easily g[z~*] is an R[x*]-linear map.

Let b+ asr 2 +azzr™> + -+ a,z™™ € N+ M[z~*]. Then since g is a
surjective R-linear map, there exists ag € M such that g(ag) = by. Thus
gl (ap+agr 2 +azz >+ +a,x") = botagr A tazr P+ Aa,x ™
So g[z~*] is a surjective R[z®]-linear map.

Now (glz™*T o fla™*)(1) = glz~*](f (1)) = g(f (1)) = 0, so that

Im(f[z™7]) € Ker(gla™]).
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And if ag + asz™? + a3z + -+ + a,x™") € Ker(g[z™*]), then

gle™*|(ag + asx 2+ asr 4 -+ apx™")

= g(ag) + agr ™ +azx > + - + apz"

implies g(ag) = 0, and as = a3 = -+ = a, = 0. Thus ay € Ker(g) =
Im(f), so that Ker(glx—*]) C Im(f[x~5]). Therefore, Im(f[x~5]) C
Ker(glz~*]). Hence,

0—L— Mz %] =N+ Mz -0
is a short exact sequence of R[z°]-modules. O

THEOREM 3.3. Let 0 — N i) Eq 2y E, —> 0 be a short exact
sequence of R-modules, with injdimpN = 1, where Ey, E; are injective
left R-modules. Then E, + Ey|x~*] is not an injective left R[x*|-module.

Proof. Suppose E; + Eo[x™¢] is an injective left R[z*]-module. Then
we can complete the following diagram

0 E1 : E1 + .Z‘_QEI

id
o

Ey + Eolz7°]
as commutative diagram by an R[z®]-linear map o. Then there exists
an R-linear map h : £y — Ej such that g o h = idg,. This contradicts

the fact that the short exact sequence 0 — N AN Ey % E, — 0is
not split. Hence, Fy 4+ Ep[z~*] is not an injective left R[z*]-module.

O

DEFINITION 3.4. Let M be a left R-module and S = {0,2,3,4,---}
be a submonoid, then M[z*, x7°| = {ag+axx® +azx®+- - -+ a;x' +byr 2+
bsx ™3+ 4+ bja? | an, by, € M} is a left R[x*]-module be defined by

r(ag + agx® + azz® + -+ ax’ + by + bgr P 4o+ bjaY)

= rag + ragx® + razx® + -+ ra;x’t +rbox? +rbyx ™ 4+ rbjzd



Induced polynomial modules 313

and
2*(ag + agx® + asz® + -+ a2t + box 2 Fbsx P -+ bz )
= apr" + apz®™F + - ra T 4 by 4 4 b TE

for zF € R[z*].
Similarly we can define M|[[z®, z~*]] as an R[z®]-module.

THEOREM 3.5. For any nonzero left R-module E, E[z®, x~*| is not an
injective left R[x*]-module.

Proof. Define f: (1+2%) — E[z*,2 %] by f(1+2?) =eforee€ E
and consider the following diagram

0

(14 22) Rla’

f

Elz®, x7].
Then we easily see that the above diagram can not be completed
for any R[z®]-linear map. Thus F[z® 2~*] is not an injective left R[z®]-
module. O
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