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A GENERALIZATION OF OSTROWSKI-TYPE
INEQUALITY

Huanc HoNG

ABSTRACT. A generalization of Ostrowski-type inequality involving
functions of two independent variables is given.

1. Introduction

In 1938, Ostrowski established the following inequality which can be
used to estimate the absolute deviation of a function form its integral
mean.

THEOREM 1.1. Let f : I — R be a differentiable mapping in the
interior intl of I, where I C R is an interval, and let a,b € intl with
a<b If| f'(t) |< M,t € [a,b], then we have

b 1 (z— (a;rb))z ,
/ ft)dt |< [Z + W](b_a> M,z € [a,b].

In [1], Ujevié has showed the following Ostrowski-type inequality:

1
b—a

| f(z) -
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THEOREM 1.2. Let f : [a,b] — R be a differentiable mapping. If
v < f'(t) <T,Vt € [a,b], then

=)= @)+ AT -0 - )
- [ rwans S0 - S s - 2

where A € [0,1] and a + 52X <z < b— 2.

Recently, many authors have studied Ostrowski-type inequality and
obtained some good results [2-6]. Among them, Sarikaya [2] proved the
following Ostrowski-type inequality involving functions of two indepen-
dent variables.

THEOREM 1.3. Let f : [a,b] X [¢,d] — R be an absolutely continuous
function such that the partial derivatives of order 2 exists and v <

P < (¢, s) € [a,b] x [¢,d], then

)+ 36w = s [ 1wt = 5 [ s
1 b
- s [ W= o + (@ =) .

- (5( /[@—a)f( s)+ (b= ) (b, s)]dt

b—a; _C//ftsdsdt

(= a)® + (b—2)’][(y +(d—y)’]
= 30— a)(d - c) (=)
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for all (x,y) € [a,b] X [c,d]|, where

Gloy) = (z = a)[(y — ) f(a,¢) + (d = y) f(a, d)]

(b—a)(d—c)
L =)y =) f(b,0) + (d = y) f(b, d)]
(b—a)(d—c)
+ ($ — a’)f(a'> y) + (b_ [L’)f(b, y)
b—a
+ (y B c)f(x,c) + (d_ y)f(l‘,d)
d—c '

In this paper, our main purpose is to establish a generalization of the
inequality (1).

2. Main Result
THEOREM 2.1. Let f : [a,b] X [c,d] — R be an absolutely contin-

uous function such that the partial derivative of order 2 exists and
v < 88115;5 <T,V(t,s) € [a,b] x [¢,d], then

S §> fe, y>+G<

i@ /Cdf(x, 5)ds

- T / (g — ) f (L) + (d — y)f (L. D)t

>

d
- s / (= a)f(a,5) + (b— ) f (b, 5))dt

o § //ftsdsdt

—(1=XN?*(a+b—2z)(c+d—2y)

I~y 2l = a)* + (b= 2)%][(y — ¢ + (d — y)?]
: | ) (b—a)(d—c)
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for all (x,y) € |a,b] x [c,d] and X € [0, 1], where

A A )y — ) f(ae) + (d— ) f(ad)
Gla,y) =50 -3) b—a)d—0)
A A (b =2)[(y — ) f(b,c) + (d —y) f (b, d)]
303 (b—a)d—0)
n (%)2(I - a)f(%yb):réb— z)f(b,y)
Aoy —o)f(z,0) + (d—y)f(z,d)
+(§) d—c ’

Proof. We define the mappings p : [a,b] X [a,b] = R and q : [¢,d] x
[c,d] — R given by

and

Then, we have

@ [ [ et o
_/m/y[t— (@4 25 — e+ A= EE )

’ 2 0tos
z prd . ) 2 S
+/x /Cy[t_(b_)\b;x)][s_(C+/\y;6)]aéft(6t;8)d3dt

bord b—ux d—y. 0*f(t,s)
—l—/x/y[t—(b—)\ 5 Ns — (d— X\ 5 )] 5105 dsdt.
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Integrating by parts twice, we have
—c O f(t
IIE8) o

I I

1—?@—@M—3W%wﬁ@w+é®—a @)~ [ e
A
2

(c+)\y

N}

F 20l - D)~ a)fa.0) + 5~ a)f(a.0) /ftcﬁ

—(z—a)| 1——/fxsds+ /fasds //ftsdsdt

(5)
/ / (- )\d;y)]agt(;’s)dsdt

~S ww-%mwwv@@ Sl afad - [ fda

+U—gﬂwﬂMO—%ﬂx—®ﬂ%w+%@—a faw) [ e

Cr—a)(1- g)/ydf(x,s)ds _ g/ydf(a, 5)ds] + / /ydf(t, §)dsdt.

—c 0% f(t,s)
> ) hs

1—y@—@@w—mﬂm» (1= 2)(b—) () - /ftyﬁ]
A
3

(c—l—)\y

+ (y—c)[)\(b—x)f(xc)—k(l—é )(b—2x)f(x,c) — /ftcdt]

(b—x)] /fbsds+ 1——/fxsds //ftsdsdt.
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// [t —(b—\ b_x s—(d—)\d;y)]aztg;s)dsdt
- y)[%—x)f(b D)+ (1= 2)(b—)f (. d) - /ftddt]

0= D= 0= 050 + (1= 300G~ [ a0l

(b— )| /fbsds—l——/fxsds //ftsdsdt

Summing up (4)-(7), we get

v §<1 - §>[<x —a)f(a,y) + (b= 2)fb.))d 0
F 20 Dl — ) (.0) + (d— ) (. )b~ a)
+ Gl — O fa,0) + (A~ y) o, D)z~ a)
F GVl — ) be) + (d— ) f(b, (0 )

(== [ ftar-1-He-a) [ feois

b
_ % /a [(y —e)f(t,c) + (d—y)f(t,d)]dt

_ 5/ [(z — a)f(a,s)ds + (b— x) f(b, s)]ds

//ftsdsdt
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We also have

9) // (x,t)q(y, s)dsdt

4( N2(b—a)(d—c)(a+b—2x)(c+d—2y).

Let C' = &2, Form (9), we get

(10) / / p(x,t)q(y,s)(agtg;s) — C)dsdt

b pd 2
:/ / p(m,t)q(y,s)agtg;s)dsdt

'+~

— (=N (b—a)(d—)(a+b—2r)(c+d—2y).

On the other hand, we have

(11) |// (z,1)q(y, s éft(; 5) _ edsd

< H)q(y, s)|dsdt.
_<t,s>er[rclﬁ]xx[cd1 Gtas ‘//’px aly, s)lds

We also have

a2f<t7 S) F -
(12) (t,s)er[%%}}i[c,d] | otds ¢l < 2
and
b d
(13) / /@@@«%w@ﬁ
)\2
=102+ 2Pl — ) + (- o)y — e + (- )]

By (11) to (13),we have

(14) \// (2, )q(y, 5 g(a) C)dsdt]

<———u—A+§>Kx—@ (b= 2)?llly — o + (d — v

8
Form (10) and (14), we get (2).
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REMARK 2.2. We choose A = 0 and 2 = %ty = <4 in (2) to

obtain [3, Corollary 1] .

REMARK 2.3. We choose A = 1 in (2) to obtain the inequality (1).

COROLLARY 2.4. Let the assumptions of Theorem 2.1 hold. We have

(15) 19f (. y) + H(z,y)

a/aftydt—i- 1_20)/cdf(x,5)ds]
b

I / [(y =) f(t.c) + (d —y)f(t d)]dt

- o= / (w — a)f(a,s) + (b— ) f(b, s)|dt

(b 8(d—c//ft5 )]dsdt

a)
5 (a—i—b—Zx)(c—l—d 2y)|
BT =N [z =a)+ (b -2y — )" + (d = y)*]
- 32 (b—a)(d—c)

for all (z,y) € [a,b] X [c,d] where

3z —a)[(y —c)f(a,c) + (d —y)[f(a,d)]
Hiz,y) = (b—a)(d—c)
L 30 =)y = f(b.e) + (d =) f(b,d)]
(b—a)(d—c)
b—1x)f(by)

(.23 — a)f(a,y

+

and in particular
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a—l—b c+d a+b c+d
(16) |36/ )+ 1( > =)

-8l /f (dic)/cdf(a;b,s)ds]

@f@/ﬁﬂu@+ﬂu®

Mf@/ﬁﬂa@+ﬂbﬁ

/ / f(t,s)]dsdt|
b—a d—c)

ar ")
§3—2(b —a)(d—c)
for all (z,y) € [a,b] X [c,d] where
1Ol Sy 3 (a0 + f(ad)) + 317 (b c) + £(b. d)

2 72
20 5+ £, T 2 )+ ()

Proof. We choose A = 1 in (2) to obtain (15) and z = %2,y = <4 in
(15) to obtain (16). O
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