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A*-CLOSED SETS AND NEW SEPARATION AXIOMS IN
ALEXANDROFF SPACES

AMAR KUMAR BANERJEE AND JAGANNATH PAL

ABSTRACT. Here we have studied the ideas of g*-closed sets, gA,-
sets and A*-closed sets and investigate some of their properties in
the spaces of A. D. Alexandroff [1]. We have also studied some
separation axioms like T%,T%u ,T,, in Alexandroff spaces and also
have introduced a new separation axiom namely TSTw axiom in this
space.

1. Introduction

Topological spaces have been generalised in many ways. A. D. Alexan-
droff (1940) weakened the union requirements where only countable
union of open sets were taken to be open.

The idea of generalised closed sets in a topological space was given
by Levine [9]. Later many works on generalised closed sets have been
done [2], [3], [5], [6] etc. In 2003, P. Das et al obtained a generalisation of
closed sets in Alexandroff spaces which was called g*-closed sets. They
investigated various properties on g*-closed sets and also introduced a
new separation axiom namely T;, axiom in Alexandroff spaces in the same
way as that of T% -spaces introduced by Levine [9] in a topological space.

Recently M. S. Sarsak [11] studied the same in a generalised topological

Received August 10, 2018. Revised December 3, 2018. Accepted December 4,
2018.

2010 Mathematics Subject Classification: 54A05, 54D10.

Key words and phrases: Alexandroff spaces, g*-closed sets, g*-open sets, A2 -sets,
gAr-sets, Ty, Te T%» and TSTw axioms, A*-closed sets, A*-open sets, weak Rg-spaces,
Strongly symmetric spaces.

© The Kangwon-Kyungki Mathematical Society, 2018.

This is an Open Access article distributed under the terms of the Creative com-
mons Attribution Non-Commercial License (http://creativecommons.org/licenses/by
-nc/3.0/) which permits unrestricted non-commercial use, distribution and reproduc-
tion in any medium, provided the original work is properly cited.


https://doi.org/10.11568/kjm.2018.26.4.709

710 Amar Kumar Banerjee and Jagannath Pal

space where a generalised topology 1 on a nonempty set X is a collection
of subsets of X such that ) € 1 and p is closed under arbitrary unions.
Members of p are called p-open sets. He also introduced some new
separation axioms namely ,u—Ti, M-Tg and u—T% axioms and studied their
properties and relations between the axioms.

Here we have studied the idea of generalised closed sets namely the
g*-closed sets in Alexandroff spaces. We have investigated few more
properties of g*-closed sets which were not studied in [5]. Also we have
obtained some separation axioms like 7', T: LT T, in Alexandroff spaces

in the same way as that of Sarsak [11] and investigate how far several
results as valid in [11] are affected in Alexandroff spaces. Also we have
introduced a new separation axiom namely T%u axiom in a Alexandroff
space which was not studied before. We have established that T% -space
can be placed in between TS?W and T, spaces, T' s axiom can be placed in
between Tw and T%u , and T'» axiom can be placed in between T and

To. In general these axioms are not equivalent. In [5] we have seen that
T, axiom is independent with 7} axiom. However, we have shown that
Ty, T7 axioms and these axioms are equivalent under certain additional
conditions.

2. Preliminaries

DEFINITION 2.1. [1] A non empty set X is called a o-space or simply
a space if in it is chosen a system of subsets F satisfying the following
axioms:

(1) The intersection of a countable number of sets in F is a set in F.

(2) The union of a finite number of sets in F is a set in F

(3) The void set () and the whole set X are sets in F.

Sets of F are called closed sets. Their complementary sets are called
open sets. The collection of all such open sets will sometimes be denoted
by 7 and the space by (X, 7). When there is no confusion, the space
(X, 7) will simply be denoted by X.

Note that a topological space is a space but in general 7 is not a topol-
ogy as can be easily seen by taking X = R and 7 as the collection of all
F,-sets in R. Several examples of spaces are seen in [4], [5], [8]. The def-
inition of closure of a set and interior of a set in a space are similar as in
the case of a topological space. Note that closure of a set in a space may
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not be closed in general. Also interior of a set in a space may not be open.

DEFINITION 2.2. [6] Two sets A, B in X are said to be weakly sep-
arated if there are two open sets U,V such that A C U, B C V and
ANV =BnU=0.

DEFINITION 2.3. [1] A space (X,7) is called Ty if for any pair of
distinct points of X, there is an open set containing one of the points
but not the other.

Observe that a space (X, 1) is Tp if and only if for any pair of distinct
points x,y € X, there is a set A containing one of the points such that
A is either open or closed.

Clearly it can be easily checked that if a space (X, 7) is Ty then for
every pair of distinct points p,q € X, either p & @ orq ¢ @

DEFINITION 2.4. [1] (X, 7) is said to be T7 space if for any pair of
distinct points z,y € X, there exist open sets U,V such that z € U,y ¢
UyeV,z&V.

DEFINITION 2.5. [7] A point 2 € X is said to be a limit point of A in
a space (X, 7) if for any open set U containing «, UN(A—{z}) # 0 . The
set of all limit points of A is called derived set of A and is denoted by A’.

DEFINITION 2.6. [10] A space (X, 7) is said to be a Ry-space if every
open set contains the closure of each of its singleton.

DEFINITION 2.7. [1] A space (X, 7) is said to be bicompact if every
open cover of it has a finite subcover.

DEFINITION 2.8. [9] A set A in a topological space is said to be a
generalised closed (g-closed for short) if and only if A C U whenever
A C U and U is open.

DEFINITION 2.9. [5] A set A is said to be a g*-closed set in a space
if and only if there is a closed set F' containing A such that ' C U
whenever A C U and U is open. A set A is called g*-open set if X — A
is g*-closed.
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Clearly every closed set is g*-closed but Example 1 [5] shows that
converse may not hold.

THEOREM 2.10. [5] For each x € X, {x} is either closed or X — {x}
15 g*-closed.

THEOREM 2.11. [5] A set A is g*-closed if and only if there is a closed
set F' containing A such that F — A does not contain any non-void closed
set.

THEOREM 2.12. [5] A set A is g*-open set if and only if there is an

open set V' contained in A such that F C V whenever F is closed and
F CA.

Note that open set is g*-open but the converse may not hold as it
can be verified from Example 1 [5]. Also union of two g*-closed sets is
g*-closed [5] and so intersection of two g*-open sets is g*-open.

THEOREM 2.13. Let A be a subset in a space (X,7), then X —
X — A= Int(A).
The proof is straightforward and so is omitted.

3. A-sets and g/\.-sets in a space

Throughout the paper X stands for a space and sets are always sub-
sets of X. The letters R and () stand respectively for the set of real
numbers and the set of rational numbers.

DEFINITION 3.1. (cf. [11]) Let A € X. We denote A2 = n{U € 7:
AcU}land AY = U{F: X —Fer:F CA}. Aiscalled a A-set if
A = A2 or, equivalently, A is the intersection of all open sets containing
A. Ais called a V,-set if A = AY or, equivalently, X — A is a A.-set (i.e.
A is the union of all closed sets contained in A).

LEMMA 3.2. Let A, B be subsets of X. Then the following hold:
(1)02 =0, 0y =0, X =X, X'=X

(2) A C A2, AV C A

(3) (A2)r = Az, (A])f = AL
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(4) AC B= A} C B).
(5) AC B= AY C BY.
(6) (X\A)) = X\AY,  (X\A), = X\A).

The proof is straightforward and so is omitted.

REMARK 3.3. It is easy to verify from definition that a set A is

g*-closed if and only if there is a closed set F' containing A such that
F C AL

THEOREM 3.4. Arbitrary union of V,-sets is a V,-set.

Proof. Suppose that A;’s are V,-sets, ¢ € I where [ is an index set
and A = U{A; :i € I}. So A; C A for each i. Therefore AiY C AY for
all i € I and so U{AiY i€ I} C AY. So, U{Ai:iel} =U{Ail: i€
I} € AY C A by Lemma 3.2(2). Therefore A = AY. O

COROLLARY 3.5. Arbitrary intersection of A,-sets is a A,-set. Proof
is simple so is omitted.

THEOREM 3.6. Intersection of two V,-sets is a V,-set.

Proof. Let A, B be two V,-sets. Then A = AY, B = BY. Now ANB C
A and AN B C B. Therefore (AN B)Y C AY and (AN B)Y C BY. So
(ANB)Y c AYNnBY=ANB.

Conversely, suppose that © € AY N BY. Since x € AY and = € BY,
there exist closed sets F, P such that € F C A,z € P C B. Therefore
r € FNP C AN B. This implies that z € (AN B)Y. Therefore
AYNBY C(ANB)Y. So ANB=A'NBY=(ANB). O

COROLLARY 3.7. Clearly collection of all V,-sets in a space (X, T)
forms a topology.

THEOREM 3.8. In a space (X,T), a set A is g*-open if and only if
there is an open set V' containing A such that AY C V.

Proof. Let A be a g*-open set. Then by Theorem 2.12, there exists
an open set V' C A such that F' C V whenever FF C A and F is closed.
So U{F : F C A, F is closed}C V. This implies that AY C V.

Conversely, let there be an open set V' C A such that AY C V. This
implies taht AY = U{F' : F' C A, F is closed}C V. So there is an open
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set V such that F' C V whenever F' C A, F is closed. Hence A is g*-open
by Theorem 2.12. O

REMARK 3.9. As in [11], following result holds in a space: if A is a
Ar-set (resp. V.-set), then A is g*-closed (resp. g*-open) if and only if
A is closed (resp. open). In particular (A2)) = A2 (resp. (AY)Y = AY).
So A is a A,-set (resp. AY is a V,-set). Therefore A2 is g*-closed (resp.
AY is g*-open) if and only if A” is closed (resp. AY is open ).

THEOREM 3.10. If A2 is g*-closed, then A is g*-closed.

Proof. et A C X and A2 be g*-closed. Then by Remark 3.3, there
exists a closed set F' containing A2 i.e. F D A} D A such that F C
(AM)2 = A2 by Lemma 3.2(3). So by Remark 3.3, we get A is g*-
closed. O

It can be easily proved that if AY is g*-open, then A is g*-open. If AY
is g*-open then X — AY = (X — A)” is g*-closed. So X — A is g*-closed
and hence A is g*-open.

But the converses may not be true in a space as shown in Example
3.11.

ExaAMPLE 3.11. Suppose that X = R — @), where G; runs over all
countable subsets of X, each contains v/2, and 7 = {X,0,G;, A;} where
Ay’s are the cocountable subsets of X each contains v/2. Then (X, 7)
is a space but not a topological space. Let A be a countably infinite
subset of X excluding V2. Then A is a closed set and so A is g*-closed.
But A2 = n{{v2} U (X —{a}),a € X —A,a # 2} = {V2} U A is
an open set which is not closed, since v/2 € A2. Since A? is a A,-set,
by Remark 3.9, A is not g*-closed. Therefore X — A is g*-open, but
(X —A)Y = X — A2 is not g*-open.

LEMMA 3.12. If A, B are two subsets of X, then AAUB = (AUB)2.

Proof. Let A, B be two subsets of X ,then A C AU B implies that
AN C (AU B)2 and B C AU B implies that B> C (AU B)?. Therefore
(A2 U B2Y) € (AU B)?. Again, A?» = n{U; : U; D A, U; is open} and
B} =n{V;:V; D B,V;isopen}. Therefore AfUB} = N{(U;,UV;) : U; D
A, V; D B,U;,V;j are open }D> N{G : G D AU B;G is open }=(AU B)".
Therefore A2 U B) = (AU B)2. O
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THEOREM 3.13. Union of finite number of N\,-sets is a N\, set.
The proof is straightforward by above Lemma 3.12 and so is omitted.

But arbitrary union of A.-sets is not a A,-set as revealed from the
Example 3.14.

ExaMPLE 3.14. Let X = R — @, G; be the all countable subsets of
X and 7 = {X,0,G;}. Therefore (X, 7) is a space but not a topological
space. Suppose A is the set of all irrationals in [0, 2]. Here every single-
ton of A is an open set, so a A,-set, but A is not a A.-set. Also A is not
closed but g*-closed.

DEFINITION 3.15 (cf. [11]) : A set A is called a generalised A,-set
denoted as gA;-set if A2 C F' whenever F' D A and F is closed. A set
A is called a generalised V,-set denoted as gV, -set if X — A is gA,-set,
or equivalently, AY D U whenever A D U and U is open.

Clearly if A is a A,-set then A is g/A,-set . But the converse is not true.

ExAMPLE 3.16. Let X = R, GG; be the all countable subsets of irra-
tionals in R and 7 = {X, 0, G;}. Therefore (X, 7) is a space but not a
topological space. Suppose A = R — Q. Therefore A = X and A = X.
Therefore A is g/A,-set | since the only closed set containing A is X. But
A=R-—Q # X = A2. This implies that A is not A,-set.

THEOREM 3.17. Union of two g/\,-sets is g/\,-set.

Proof. Suppose A, B be two gA,-sets of X, then A C F; whenever
Fy is closed and A C F} and B2 C F; whenever F; is closed and B C Fs.
Let (AU B) C F, F is closed then A C F and B C F which imply that
A) C F and BY C F. So (A} U B.) C F. Therefore by Lemma 3.12,
(AUB)} = (A2 UB2) C F. Hence AU B is gA,-set. O

But union of two gV.-sets may not be gV.-set as shown by the Ex-
ample 3.18.

ExamMpPLE 3.18. Let X = R — @, G; be the nonempty countable
subsets of X — {v/3} and 7 = {X,0,G; U {+/3}}. Therefore (X,7) is
a space but not a topological space. Assume A = {v/3}, then AY = (.
Only open set contained in A is ) and ) C ) = AY. So A is a gV, -set.
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Suppose B = {v/5}. So B is a gV,-set. Let C = AU B = {+/5,V/3}.
Then C) = (). Also C'is an open set and C' C C but C' ¢ CY. Therefore
AU B is not a gV,set.

We can easily deduce the following three results in a space (X, 7).
THEOREM 3.19. For each x € X, {x} is either open or a gV,-set.

THEOREM 3.20 . If A is a gV.-set and AY U(X — A) C F,F is
closed, then F = X.

COROLLARY 3.21. If A is a gV,.-set then AY U (X — A) is closed if
and only if A is a V,-set.

4. T, -Space

DEFINITION 4.1 [5] A space (X, 7) is said to be T,,-space if and only
if g*-closed set is closed.

In Theorem 16 [5], it is shown that every T,-space is Ty space. But
the converse is not true as shown in the Example 6 [5]. Also, in Exam-
ples 6 and 7 [5] it has been shown that 7;, and 73 axioms in a space are
independent of each other.

DEFINITION 4.2 [5] For any E C X let B* = n{A : E C A A'is
g*-closed set in X}, then E* is called g*-closure of E.

We consider the following sets which will be used frequently in the
sequel:

C={A: (X —A)isclosed} and C* = {A: (X — A)* is g*-closed}.

THEOREM 4.3 [5] A space (X, 7) is T,, if and only if
(a) for each v € X, {x} is either open or closed and
(b) C =C"~.

THEOREM 4.4. The following are equivalent:
(1) (X, 1) is T,,-space.
(2) Every g/h,-set is N.-set and C' = C*.
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(3) Every gV,-set is V,-set and C' = C*.

Proof. (1) = (2): Let (X, 1) be T,-space and let A be a gA.-set . We
wish to prove A D A”. If not, suppose x € A2 and x ¢ A. By Theorem
4.3, {x} is either open or closed. We discuss two cases:

Case (i): Suppose {z} is open. So X — {z} is closed containing A.
Since A is gA,-set , we get A» C (X — {z}) which implies that x ¢ AZ,
a contradiction.

Case(ii): Suppose {x} is closed. Then X —{z} is an open set contain-
ing A. But z € A2=n{U,U € 7,U D A} C X — {z}, a contradiction.
Hence in any case A D A? and so A = A2 which implies that A is A,-set
. Also by Theorem 4.3, C' = C™*.

(2) = (3): Let A be a gV,-set and C'= C*. Then X — A is gA,-set .
By supposition X — Ais a A-set . So A is a V,-set .

(3) = (2): Let B be a gAr-set and C' = C*. So X — B is gV -set. By
supposition, X — B is V,-set. So B is A,-set.

(2) = (1) : Let x € X and C = C*. We will prove {z} is either
open or closed. If {z} is not open, X — {z} is not closed. So X is the
only closed set containing X —{z}. Also (X —{z})} C X .Therefore by
definition X — {x} is a gA,-set . By supposition, X — {z} is A,-set i.e.
(X —{z})2 = X — {x}. So X — {x} must be open. So {z} is a closed
set. Therefore the space is T,,. O]

5. A-closed sets and \*-open sets in a space

DEFINITION 5.1. A subset A of a space (X, 7) is said to be A*-closed
if A= LNF where L is a A.-set and F' is a subset of X. A is said to
be A\*-open if X — A is A*-closed.

LEMMA 5.2. For a subset A of a space (X, 1) the following are equiv-
alent:

(i) A is N\*-closed

(ii) A=A'NF,FcCX.

(iii)) A= LNA, LisaA,-set.
(iv) A= ANN A,

The proof is simple, so is omitted.
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NoOTE 5.3. From Lemma 5.2 (iv) we can say that a subset A is said
to be A*-closed if A can be expressed as the intersection of all open sets
and all closed sets containing it.

REMARK 5.4. Clearly every A,-set is \*-closed and closed set is \*-
closed. But the converse is not true as revealed from the Example 3.14,
since the set A is A*-closed but not A,-set and not closed. It is seen
that if a subset A is closed then A is g*-closed and A*-closed. But the
converse of this result may not hold in a space which is also seen from
Example 3.14, although it is true in a Generalized Topological space [11].
However, it is true if the additional condition that C' = C* holds.

THEOREM 5.5. If A is g*-closed and X*-closed satisfies C' = C* then
A is closed.

Proof. Suppose A is g*-closed and A*-closed satisfying the condition
C = C*. Since A is g*-closed, there is a closed set F' containing A such
that FF C A2, Since A C F,AC F and so A C F C A?. Again since A
is M-closed, A=A"NA=A............ (1).

Now A is g*-closed, so A* = A, therefore (X —A) € C*. Since C' = C*,
(X — A) € C which implies that A is closed. Therefore, by (1), we have
A is a closed set. m

THEOREM 5.6. If A is N*-closed set and g/\.-set with A is closed,
then A is a N\,-set.

Proof. Suppose the conditions hold. Since A contains A and A is
gA,-set, then A2 C A. Since A is A\*-closed, A = A? N A which implies
A = A2. Hence A is A.-set. O

THEOREM 5.7. A set A of X is \*-open if and only if A = MUInt(V)
where M is a V,-set and V' is a subset of X.

Proof. Let A be a X\*-open set. Then X — A is a A*-closed set. So
X —A=LNF, where Lis a A,-set and F C X. Therefore X — L C A
and X —F C A. So by Theorem 2.13, A = L°U(F)¢ = MUInt(X—F) =
MU Int(V) where M = X — L, a V,-set and V =X — F C X.

Conversely, Let A = M U Int(V),M is a V,-set and V' C X. So
A¢ = Men (Int(V))¢ where M°is a A,-set and (Int(V))* =X —V by
Theorem 2.13. So X — A =LNF, where L= M¢and F = X — V.
Hence X — A is A*-closed and hence A is A\*-open. n
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Corollary 5.8. A is A\*-open if and only if A = AY U Int(A).

Proof. Let A is A*-open. Then A = M U Int(V) where M is a
Vy-set and V' C X. Since M C A, MY C AY and since Int(V) C
A, Int(Int(V)) C Int(A). So, A = M UInt(V) = MY U Int(V) C
AYUInt(V) =AY U Int(Int(V)) C AY U Int(A). Again since AY C A
and Int(A) C A, AY U Int(A) C A. Therefore we get A = AY U Int(A).

Conversely, let A = AY U Int(A). Since AY isa V,-set and A C X, A
is A*-open. O

REMARK 5.9. Clearly V,-sets are \*-open sets and open sets are \*-
open sets. On the other hand if a set A is open and ¢V -set then A is a
V,-set and if A is g*-open and A\*-open satisfies the condition C' = C*,
then A is open.

In view of above Note 5.3 and by Theorem 18 [5] we have the follow-
ing Theorem 5.10. However we are also giving a separate proof of the
Theorem 5.10.

THEOREM 5.10. A space (X, 7) is T, if and only if every subset of
(X, 1) is N*-closed and C' = C*.

Proof. Suppose every subset of (X, 7) is A*-closed and C' = C* and x
€ X. We shall show that {z} is either open or closed. Suppose {z} is not
open, then X — {z} is not closed. Since X — {x} is also a A*-closed set
then X —{u} = (X —{z})?N(X —{z}) = (X —{z})?NX = (X —{z})7.
Therefore X — {z} is a A,-set. So X — {x} is an open set which implies
{z} is closed. Then by Theorem 4.3, (X, 7) is T,,-space.

Conversely, suppose that (X, 7) is T,-space and A C X. Then by
Theorem 4.3, every singleton is either open or closed and C' = C*.
So each z € X — A, either {z} € 7 or (X — {z}) € 7. Let 4; =
{r:zeX-Afzx}er}, A ={r:2¢e X-AX—{z} €1}
L=nX—-{z}:zeAl=X-Ayand F =nX —{z}: 2 € A =
X — A;. Note that L is a A,-set ie. L = L) and F = F. Now,
Thus A is A\*-closed. O

Following Example shows that union of two A*-closed sets may not
be A*-closed.
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EXAMPLE 5.11. Let X = R —Q, 7 = {X,0,G; U {/3}} where G,
be all countable subsets of X — {1/2}. Then (X, 7) is a space but not a
topological space. Suppose A = {1/2}, then A" = X and A = A and so
A = A’NA. This implies that A is A*-closed. Again suppose B = {/3},
then B is also A\*-closed, since B = B2 and B = X. It can be verified
that every singleton is A*-closed. Now let C' = {/2,v/3}. Then C/ = X
and C = X. So C’NC = X # C which implies that C' is not A\*-closed.

REMARK 5.12. It is shown in [5] that in a bicompact space (Alexan-
droff space), g*-closed sets may not be bicompact. Likewise, \*-closed
sets in a bicompact space may not be bicompact as shown in the follow-
ing Example 5.13.

EXAMPLE 5.13. Let X = R—(Q), where G; be the all countable subsets
of X — {V/2}, A; be the all cofinite subsets of X and 7 = {X, 0, G;, A;}.
Then (X, 7) is a space but not a topological space. Clearly (X, 7) is a
bicompact space. Suppose A is the set of all irrationals in (0,1). Then
there is no open set of G; type containing A and so A? = N{X — {a} :
a € X — A} = A. Therefore A is a A.-set which implies A is a A*-closed
set. But A is not bicompact since {{r} : r € A} forms an open cover for
A which has no finite subcover.

In [11] it is seen that the collection of all A,-open sets forms a gener-
alised topology p on X, but unlikely the collecion of A*-open sets does
not form a space structure ¢ on X since intersection of two A*-open sets
is not A*-open as can be easily verified from the Example 5.11.

6. Tw-space, T%w—space, T%w—space

DEFINITION 6.1. A space (X, 7) is called Tw-space if for every finite
subset P of X and for every y € X — P, there exists a set A, containing
P and disjoint from {y} such that A, is either open or closed.

THEOREM 6.2. Every T -space is Ty-space.

Proof. Suppose that (X, 7) is Tw and z,y are two distinct points in
X. Since the space is T, then for every y € X — {z} there exists a set
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A, such that for every {z} C A, and {y} ¢ A, where A, is either open
or closed. This implies T'«-space is Tp-space. O]

THEOREM 6.3. A space (X, T) is T's if and only if every finite subset
of X is X\*-closed

Proof. Suppose (X, 7) is T'«-space and P is a finite subset of X. So
for every y € X — P there is a set A, containing P and disjoint from
{y} such that A, is either open or closed. Let L be the intersection of
all open sets A, and F' be the intersection of all closed sets A,. Then
L=1L"and F=F. Therefore P=LNF=LNF. So P is A\*-closed.

Conversely, let P be a finite set. So by the condition it is A*-closed.
Then by Lemma 5.2 (iii) P = LN P, where Lis a A,-set . Let y € X —P.
If y ¢ P then there exists a closed set F' = A, containing P such that
{y} ¢ A,. Againify € P— P, then y € L and so y € U for some open
set U = A, containing L. So P C U. Hence (X, 1) is T-space. O

THEOREM 6.4. A space (X, T) is Ty if and only if every singleton of
X is A\*-closed.
Proof is similar to that of the Theorem 6.3.

Note that converse of Theorem 6.2 may not be true as revealed from
the Example 5.11.

DEFINITION 6.5. A space(X, 1) is called T'ss-space if for every count-

able subset P of X and for every y € X — P, there exists a set A, con-
taining P and disjoint from {y} such that A, is either open or closed.

THEOREM 6.6. A space(X,T) is T'sw -space if and only if every count-
able subset of X 1s \*-closed.
Proof is similar to the proof of Theorem 6.3, so is omitted.

DEFINITION 6.7. A space(X,7) is called Tsu-space if for any subset
P of X and for every y € X — P, there exists a set A, containing P and
disjoint from {y} such that A, is either open or closed.

THEOREM 6.8 . A space(X,T) is T%—space if and only if for every
subset E of X is A*-closed. Proof is similar to the proof of Theorem
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6.3, so is omitted.
Note that T%; axiom does not imply C' = C*.

REMARK 6.9. It follows from Theorem 5.10, Theorem 6.8, Theorem
6.6, Theorem 6.3 that every T ,-space is T%w-space and T%w—space is T%—
space and T%u -space is Tw-space.

However, the converse of each implication may not be true as shown
in the undermentioned Examples 6.10, 6.11, 6.12.

EXAMPLE 6.10. Example of a T%u -space which is not 7T, -space.
This can be easily verified from the Example 3.14.

ExAMPLE 6.11. Example of a T%u -space which is not T%u -space.

Let X = R— (@, G, be the countable subsets of X containing V2 and
T ={X,0,G;}. So (X,7) is a space but not a topological space. Take
any countable subset A C X. Then if v/2 € A, A is an open set. There-
fore A = A? which implies that A is \*-closed. If /2 ¢ A, A) = {/2}UA
and A = A. This implies that A is A*-closed. So (X, 7) is a T%w—space.
Now let B be an uncountably infinite subset of X containing the point
V2. Therefore B> = X and B = X. Therefore BN B = X # B
which implies that B is not A\*-closed by Lemma 5.2 (iv). So (X, 7) is
not T 5w -space by Theorem 6.8.

EXAMPLE 6.12. Example of a Tw-space which is not T%w—space.

Suppose X = R— Q,X* = {2} UX. Let 7 = {0, X", {2} U (X —
A); A C X} where A’s are the finite subsets of X. Therefore (X*, 1) is
a topological space so a space also. Take any finite subset £ C X*, we
get the following observations:

if2e E,EX =n{(X —{a})U{2},a e X —E} ={2}UFE =F
which implies that F is a A,-set. Therefore E is a A*-closed set .

(i) if 2 € E, F is a closed set which implies that E is A*-closed.

So (X*,7) is a Tw-space.

Now suppose Y is a countably infinite subset of X, so 2 ¢ Y. Here
closed sets are finite. Therefore Y = X* and Y = {2} UY. Thus
YNY"={2}UY # Y. Therefore Y is not A\*-closed. Hence (X,7) is



A*-closed sets and new separation axioms in Alexandroff spaces 723

not 7T’ s -Space.
THEOREM 6.13. A space (X, 7) is T1 if and only if it is Ty and Ry.

Proof. Let (X, 1) be Ti-space. Obviously then it is Ty. Let A C X, A
be open, x € A. Since the space is Ti, for z,y € X and = # y there are
open sets U,V such that x € U and y ¢ U and y € V and x € V. Hence
y cannot be a limit point of {z}. Therefore no point lying outside {x}
can be a limit point of {z}, so {z} C {z}. Hence {z} = {z} € A. So
(X, 1) is Ry-space.

Conversely, let (X, 7) be Ty and Ry. So for z,y € X and x # y, either
x & {y} ory & {x}. Suppose = & {y}. Then there exists a closed set F
containing y such that x ¢ F. Therefore x € X — F, an open set and
y ¢ X — F. Since the space is also Ry, {z} C X — F. So {z} N F = {)
which implies that {z} N {y} = 0. Hence y & {z}, so y is not a limiting
point of {z}. Therefore there exists an open set V' containing y such
that x € V. Since z,y € X and z # y, we get two open sets X — F' and
V' containing x,y respectively and y ¢ X — F and z ¢ V. Thus (X, 1)
is T-space. O

THEOREM 6.14. A space (X, 1) is Ty if and only if every singleton
15 N\,-set.

Proof. Let (X, 7) be Ty. So by Theorem 6.13, (X, 7) is Ty and Ry.
Since (X, 1) is Ty, every singleton is A*-closed , by Theorem 6.4. Suppose
z € X, then {z} is M-closed. So {z} = {z}? N {z}, by Lemma 5.2
(iv). We claim that {z} = {z}2. If not, there exists y € {z}* — {z}.
So y & {z}, hence there is a closed set F, F' O {x} such that y ¢ F.
Therefore y € X — F, an open set. Again since (X,7)is Ry, {y} € X —F.
Thus {y} N F = ). Since x € F, z & {y}. Therefore there exists an
open set V' containing x but y §Z V. This implies that y ¢ {z}}, a
contradiction. Hence {z} is a A,-set.

Conversely, let z,y € X and =z # y. So y ¢ {z}. By supposition
{z} and {y} are A,-sets i.e. {x} = {x}" and y & {x}2. Therefore there
exists an open set V' such that x € V', but y ¢ V'. Similarly, since
{y} = {y} , there exists an open set U’ such that y € U’ and = ¢ U’.
Hence z,y are weakly separated by open sets V' and U’ and (X, 1) is
Ti-space. ]



724 Amar Kumar Banerjee and Jagannath Pal

DEFINITION 6.15. A space (X, 7) is said to be Weak Ry-space if
every \*-closed singleton is a A -set.

THEOREM 6.16. Every Ry-space is a Weak Ry-space.

Proof. Suppose x € X and {z} is A*-closed, then {z} = {z}2N{z} by
Lemma 5.2(iv). We claim that {z} is a A,-set. If not, then {z} # {x}/
and so let y € {x}? — {x}. Then y & {z}. So there is a closed set
F,F D {x} such that y ¢ F. This implies that y € X — F, an open set.
Since(X, 7) is Rg-space, {y} € X — F. Therefore {y} N F = (). Since
reF,xé&{y} ={y}U{y} where {y} denotes the set of limit points
of {y}. Therefore there exists an open set V' O {z} such that y ¢ V,
since © # y and z is not also the limit point of {y} . This implies that
y & {x}?, a contradiction. Hence (X, ) is weak Ry-space. O

But following Example shows that the converse of the Theoem 6.16
may not be true.

ExAaMPLE 6.17. Let X = R and G; be the all countable subsets of
X - Q—{Vv2}, 7={X,0,G;}. Then (X,) is a space but not a topo-
logical space. We will easily check that rational singletons including
v/2 are not A*-closed. For any irrational r except v/2, {r} is A*-closed
and {r} = {r}’. So (X,7) is a weak Rg-space. If B = {\/5} then
B = BUQU {2} and B is an open set but B does not contain B,
hence the space is not Rj.

LEMMA 6.18. If every subset of X is A.-set, then (X, ) is Ti-space.
The proof is simple.

NOTE 6.19. By Theorem 6.14, converse of Lemma 6.18 is not true as
revealed from the Example 3.14. But the converse is true by imposing
additional conditions as given in the undermentioned Lemma 6.21. Also
note that the converse part is true in a u-space [11].

DEFINITION 6.20 [5] A space (X, 7) is said to be strongly symmetric
if {x} is g*-closed for each x € X.

LEMMA 6.21. If (X, 7) is a strongly symmetric Ti-space and satisfies
the condition C' = C*, then every subset of X is a N\,-set.
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Proof. Let (X, 7) be a strongly symmetric T}-space satisfying the con-
dition C' = C*and A C X,z € X and x ¢ A. Then, by definition, {x} is
g*-closed. Since (X, 7) is T1-space, {x} is a A,-set by Theorem 6.14 and
so a A*-closed set. Therefore {x} is a closed set by Theorem 5.5. There-
fore X —{x} is an open set containing A. So A = N{X —{z},z € X - A}
which implies A is a A,-set. O]

REMARK 6.22. If the space (X, 7) is a strongly symmetric 7}-space
and satisfies the condition C' = C*, then union and intersection of two
A*-closed sets are \*-closed sets.

THEOREM 6.23 (cf. [11]) For a space (X, T) , the following statements
are equivalent:
(1) (X,7) is Th
(2) (X,7) is Ty and Ry
(3) (X, 7) is Ty and weak Ry.
) =

Proof. (1 (2): It follows from Theorem 6.13.

(2) = (3): It follows from Theorem 6.16.

For (3) = (1): Let (X,7) be Ty and weak Ry and {z} C X. So by
Theorem 6.4, {z} is A*-closed . Again (X, 7) is weak Ro, {z} is A,-set.
By Theorem 6.14, (X, 7) is 7. O

THEOREM 6.24. If (X, T) is a strongly symmetric T1-space and sat-
isfies the condition C' = C*, then it is Tw-space.

Proof. Let (X, 7) be strongly symmetric Tj-space satisfying the con-
dition C' = C* and let A be a g*-closed set. Then A* = A and so A*
is g*-closed. Therefore A° € C* = C which implies that A is closed.
Now let # € A — A. Since (X, 7) is T} and Strongly symmetric space,
{z} is g*-closed and A*-closed and since C' = C*,{z} is a closed set by
Theorem 5.5. But by Theorem 2.11, {z} ¢ A — A. Therefore v € A
and so A = A which implies that A is a closed set and hence the space
(X,7)is T,,. O

THEOREM 6.25. If the space (X, T) is strongly symmetric, Weak Ry,
and satisfies the condition C' = C*, then the following are equivalent:

(1) (X, 1) is Ty

(2) (X,7) is Ty
(3) (X, 1) is T,
(4) (X, 1) is T%w
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(5) (X,7) is Tse
(6) (X,7) is Tw.

7. Conclusion

In this paper we have characterised g*-closed sets in terms of A -sets,
and also T},-space in terms of generalized A, (in short gA,)-sets and A*-
closed sets. Besides, introducing few new separation axioms viz. T', Tsw B

and T5w in Alexandroff spaces we have shown that a T}, space is T5§u,

Tsw B space is TS;), a TSW space is Tw and a Tw space is Ty but the reverse
1mphcat10ns may not hold which are substantlated by suitable examples.
We have seen in [5] that T, and 7} axioms in a space are independent
of each other. But we have obtained a result showing that Tq, 77 and all
the above axioms are equivalent under additional three conditions viz.
the space is (i) strongly symmetric (ii) weak Ry and (iii) it satisfies the
condition C' = C™*.
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