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THE PROPERTIES OF FUZZY CONNECTIONS
YoNG CHAN KiM* AND YOUNG SuN KiMm

ABSTRACT. We investigate the properties of fuzzy connections. We
find generating functions which induce fuzzy connections. In par-
ticular, we show that their connections relate to fuzzy relations.

1. Introduction

Wille [7] introduced the formal concept lattices by allowing some
uncertainty in data as examples as Galois, dual Galois, residuated and
dual residuated connections. Formal concept analysis is an important
mathematical tool for data analysis and knowledge processing [1-4,7].
Orlowska and Rewitzky [5] investigated the algebraic structures of op-
erators of Galois-style connections. Bélohlavek [1-2] introduced the
formal concept lattices with respect to fuzzy Galois connections on a
complete residuated lattice. Fuzzy Galois connections are developed
many directions [3,4,8]

In this paper, we investigate the properties of fuzzy connections
(Galois, dual Galois, residuated and dual residuated connections) on a
complete residuated lattice. We find generating functions which induce
fuzzy connections (Galois, dual Galois, residuated and dual residuated
connections). In particular, we show that their connections relate to
fuzzy relations.

2. Preliminaries

DEFINITION 2.1. [1,2,6] A triple (X, <, ®) is called a complete resid-
uated lattice iff it satisfies the following properties:
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(L1) (X, <,1,0) is a complete lattice where 1 is the universal upper
bound and 0 denotes the universal lower bound;

(L2) (X,®,1) is a commutative monoid;

(L3) ® is distributive over arbitrary joins, i.e.

(\/ T) Oy = \/(1“@ ®vy), Vr;,y € L.
el el

Let (L, <,®) be a complete residuated lattice. For each z,y € L,
we define

x—)y:\/{ZEL\mQZSy}.

Then it satisfies Galois correspondence, that is,
(xoy) <ziff z < (y — 2).

REMARK 2.2. [1,2,6](1) A completely distributive lattice is a com-
plete residuated lattice. Moreover, the unit interval ([0, 1], <,V,A,0,1)
is a complete residuated lattice.

(2) The unit interval with a left-continuous t-norm ¢, ([0, 1], <, t), is
a complete residuated lattice.

Let (L, <,®) be a complete residuated lattice. An order reversing
map * : L — L defined by a* = a — 0 is called a strong negation if
a** = a for each a € L.

In this paper, we assume (L, <,®,* ) is a complete residuated lattice

with a strong negation *. For o € L, A, 1, € LX, we denote
(a®A)(zx) =a® Alz), (a— A)(zx) =a— A(x).

Ip(z) =1, 1.(y) =0, Vy € X — {z}.

LEMMA 2.3. [6] For each x,y, z,x;,y; € L, we have the following
properties.
HHy<z,zoy<zoOz,z—oy<z—zand z >z <y— .
2)xzoy<zAy.
) (3) z — (/\ier Yi) = /\ier(x — ;) and (vier Ti) =y = /\ier(xi —
Y).
(4) z — (ViEF Yi) > vier(w — Yi)-
(5) (/\iGF Ti) =y > vier(xi — ).
(xoy)—z=x—(y—2)=y— (x— 2).
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rO(x—=y)<yandz =y <(y—2) = (x— 2).
yoz<zr— (zrQyoz)andx @ (z0y — 2) <y — 2.
r—=y<(x®z)— (yo=2).
(x—=y)oy—z) <z— =2
r<y—zify<z— z

r—y=1iff x <uy.

14) Nier 27 = Vier @i)" and V,cp af = (N\jer zi)™
DEFINITION 2.4. [8] Let X be a set. A function ex : X x X — L is
called a fuzzy partially order on X if it satisfies the following conditions:
(E1l) ex(z,z) =1 for all x € X,
(E2) ex(z,y) ©®ex(y, 2) <ex(x,z), for all z,y,z € X,
(E3) if ex(x,y) = ex(y,x) =1, then z = y.
The pair (X, ex) is a fuzzy partially order set (simply, fuzzy poset).

We define a function ey x : LX x LX — L as
erx(4,B) = N (A(z) = B(x)).
reX

Then (LX,epx) is a fuzzy poset from Lemma 2.3 (10-11).
We define fuzzy connections in a sense [8].

DEFINITION 2.5. Let (X, ex) and (Y, ey) be fuzzy posets and f :
X =Y andg:Y — X maps.
(1) (ex, f,g,ey) is called a Galois connection if

ey (y, f(x)) = ex(z,9(y)), Yz € X,y € Y.

(2)(ex, f,g,ey) is called a dual Galois connection if

ey(f(z),y) =ex(9(y),z), Vz € X,y € V.

(3) (ex, f,g,ey) is called a residuated connection if

ey(f(z),y) = ex(z,9(y)), Vz € X,y € V.

(4) (ex, f,g,ey) is called a dual residuated connection if

eY(fU?f(x)) = eX(g(y),w), Vee X,yeY.
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3. The properties of fuzzy connections

THEOREM 3.1. The following statements hold:

(1) There exists a Galois connection (erx, F, G, ery) iff there exists a
function F : L — LY with F(\,cp Ai) = Njer F(4i) and F(a©A) =
a— F(A) and F(1,)(y) = G(1,)(z), Vz € X,y € Y.

(2) There exists a residuated connection (epx,F,G,ery) iff there
exists a function F : L* — LY with F(\/zer i) = Vier F(A;) and

Fla®A)=ao F(A) and F(1,)"(y) = G(1;)(z), Vz € X,y € Y.

(3) There exists a dual Galois connection (erx, F,G,epy) iff there
exists a function F : L — LY with F(\,;cr Ai) = Vier F(4i), F(a —
A)=a© F(A) and F(1})(y) = G(1;)(z), Vx € X,y € Y.

(4) There exists a dual residuated connection (epx,F,G,ery) iff
there exists a function F : L — LY with F(\,cp Ai) = Njer F(Ai)
and F(a - A) = o — F(A) and F(1})(y) = G(1,)*(z), Vo € X,y €
Y.

Proof. (1) (=) By Lemma 2.3 (3,6), we have

ey (B, F(\/ A)) = erx(\/ 4i,G(B)) = \ erx(Ai,G(B))

el el el

= N\ ey (B, F(A)) = erv (B, )\ F(4;

i€l i€l
ery (B,F(a®A)) =ex(a®A,G(B)) =a—erx(A,G(B))
=a—epy(B,F(A) =erv(a® B, F(A))
=erv(B,a — F(A)).

For B=1, €LY,

F(\/ A)(y) = erv (1, F(\/ A4)) = erv (1, \ F(A

i€l el el
=\ F(A
el
Fla© A)(y) = ey (ly, Fla© A)) = epy (1y,a = F(A))
=a — F(4)(y)

Moreover, G(1,)(z) = epx (15, G(1y)) = epv (1, F(1z)) = F(1)(y).
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(«=) Since C' =/ . x(C(z) © 1,), we have

F(C)(y) = F(\/ (C(2) © L.))(y) = \(C(z) = F(L)(y)).

rzeX

We define a function G : LY — L with

=\/{C(x) ) > B}

=\/{C | /\ (z) = F(1,)(y) > B(y)}
(by Lemma 2.3 (11))

= \/{C \ /\ (y) = F(lo)(y) > C(x)}

= \(B( F(1:)(y))-

ery (B, F(A) = /\ (B(y) = F(\/ (Ax) © 1)) (1))

= N\ B - N\ (A) = F(1.)(y)))
aAWALE z) = F(L)(y)))

(by Lemma 2.3 (6))
= N\ (A=) = A\ (B(y) = F(1,)(1)))

= A\ (A@@) = G(B)(x)) = e1x(A,G(B)).
2)(=)
eLY(F(V A;),B) = €Lx(v A;,G(B)) = /\ erx(A;, G(B)),

= /\ erv (F(A;),B) = €LY(V F(4;),B)

ery(Fla®A),B)=erx(a®AG(B)) =a—erx(A,G(B))
=a— ey (F(A),B)=erv(a® F(A), B).
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For B =1; € LY, by Lemma 2.3 (13), F(\/;cp 4i) = V;er F(4;) from:

ey (F(\/ Ai),13) = ey (1, F(\/ A)") = F(\/ 4:)* ()

iel iel iel

ey (\/ F(4), 1) = (\/ F(4:)"(»).

el iel

Similarly, F(a ® A) = a © F(A) for all @ € L. Since G(1}) € L*
and F(1,) € LY, F(1.)*(y) = erv(ly, F(1.)*) = ery (F(1),15) =
epx (1o, G(13)) = G(15)(x).

(«=) Since C =/ . x(C(z) © 1;), we have

F(O)(y) = F(\/ (Cl) ©1.))(y) = \ (Clx) © F(1,)(y))-

rze€X zeX

We define a function G : LY — L with

G(B)(z) = \/{C(2)| F(C) < B}
=\{C() | \/(C(x) ® F(1.)(y) < B(y)}
= N\ (F(1.)(y) = B(y)).

yey

erv (F(A),B) = N\ (F(\/ (A(z) © L.))(y) = B(y))

yey reX

= A\ (V (A2) © F(1:)(y) = B(y))

yeY zeX

= A\ N\ (A@) — (F(1.)(y) = B(y)))

= N\ A@) = A (F1.)(y) = B()))

— A (Alx) = G(B)()) = eLx (A, G(B)).

rzeX
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3)(=)

erv (F(/\ Ai), B) = epx (G(B), \ 4)) = )\ erx(G(B), Ay)

el el el
= N ey (F(4;),B) = erv (\/ F(4:),B)
el el
ery(Fla— A),B) =e;x(G(B),a — A) =a — e x(G(B), A),
=a— epx(F(A),B) =epx(a® F(A), B).

For B = 1} € L, by a similar method as in (2), we have F(A, . 4;) =
Vier F(4;) and F(a — A) = a ®© F(A).

= G(L,)" (2).

(=) For A(z) = \,cx(1.(z) = A(2)) = A.ex (A7(2) = 13(2)), we
have F'(A)(y) = F(A.ex(A"(2) = 10))(y) = V.ex (A" (2) 0 F(17)(y)),

we define

= N\{C(=) | F(C) < B}
—/\{C /\( “(z

reX

=\/{C(=)| \/ (C*(z) © F(1})(y) < B(y)}

reX

) = 13)) < B}

=\{C@)| C*(x) < \ (F1)(y) = B(y)}

yey

= \/ (F(1)(y) © B*(y))-

yeyY
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erv (F(4),B)= N\ (\/ (4"(x) © F(13)(y) = B(y))

yeY zeX

— A A (B () @ FO5)() — Alx)

yeY zeX

= N\ (V (B*(y) © F(1})(y) = Alx))

zeX yeY

= N\ (G(B)(z) = A(z)) = erx (G(B), A).

rzeX

(4)(=) We have:

€Ly (B,F(/\ A;)) = erx(G(B), /\ Ai) = /\ erx(G(B), A

el

= GLY B F _BLY F
= A /\

erv (B, Fla— A)) =epx(G(B),a — A) = erx(a®G(B),A)
=a—erx(G(B),A) =a—ex(B,F(A)) =erx(B,a — F(A))

For B =1, € LY, by a similar method as in (1), we have F(A
Nier F(A;) and F(a — A) = a — F(A).

A) =

iel
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F(1%)(y)), we define

rzeX
= A\{C@) | N\ (C*(z 13)(y) = B(y)}
zeX
= N {C() | C*() < N\ (Bly) = FO5) @)}

= N\ (F(13)"(y) © B(y)).

yey zeX

= A\ N\ (Bly) o F(1) (y) = Ax))
yeY xz€X

= A\ (V B © FL) (y) =+ Al)
reX yey

= N\ (G(B)(x) > A(x)) = e1x (G(B), A).
rzeX

O

THEOREM 3.2. (1) (erx, F,G,erv) is a Galois connection iff there
exists R : X xY — L such that

F(A)(y) = )\ (A(x) = R(z,y)), G(B)x)= A (Bly) = R(x,y)).

reX yeYy

(2) (erx,F,G,ery) is a residuated connection iff there exists R :
X xY — L such that

F(A)(y) = \/ (A(2) © R(z,y)), G(B)(x) =/ (R(z,y) = B(y)).

zeX yey
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(3) (epx, F,G,ery) is a dual Galois connection iff there exists R :
X xY — L such that

F(A)(y) = \/ (4"(x) © R(z.y)), G(B)(z) = N\ (R(z.y) ® B*(y)).

zeX yey

(4) (erx, F,G,erv) is a dual residuated connection iff there exists
R C X x Y such that

F(A)(y) = \ (B(z,y) = A(2)), G(B)(x)=\/(B(y)® R(z,y)).

yey yeY

Proof. (1)(=)

F(1:)(y) = erv (1y, F(12)) = epx (12, G(1y))
= A (1.() = G(1,)()) = 61, (@).
zeX

Put R(z,y) = F(1;)(y) = G(1,)(x). Then

F(A) W) = exr (1, F(A)) = epx (4,G(1,)
= A (A@) - 60, @)

reX

- <A(m) = Rz, y)).

reX



(<)

The properties of fuzzy connections

erv(B,F(4)) = /\ (Bly) = F(A)(y))

= N\ By = A (A) = R(z.y)))

yey reX

= A A\ B = (A@x) = R(z,y)))

yeY xzeX

= N\ (A@@) = A (B(y) = R(z,y)))

rzeX yeyY

= /\ (A(z) = G(B)(x)) = epx (A, G(B)).

reX

203
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(<)

erv (F(A),B) = N\ (\/ (A(2) ® R(x.y)) + B(y))

= N\ N\ (A@) = (R(z,y) = B(y)))
= N\ (A=) = N (R(z,y) = B(y)))
= A\ (A(z) = G(B)(z)) = erx (A, G(B)).
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(<)

erv (F(4),B)= N\ (\/ (4"(x) © R(x,y)) = B(y))

yeY zeX

= A\ N\ (B*(%) © R(z,y)) = A(z))

= N\ (V (B*(y) © R(z,y)) = A(x))
zeX yey

= \ (G(B)(z) = A(x)) = erx (G(B), A).
rzeX

(4)(=)
F1)) = N\ (1y(w) = F(13)(w))
weyY

= ey (ly, F(17)) = epx (G(1y),17)
= G(1y)"(z)
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(<)

epy (B F(A) = N\ (Bly) = N (Rlz,y) = A(x)))

= A\ A (B(y) ® R(z,y)) = A(z))
= A\ (V (B(y) © R(z,y)) — A(x))
= N\ (G(B)(z) = A(z)) = erx (G(B), A).

O

THEOREM 3.3. (1) (erx, F,G,erv) is a Galois connection iff there
exists F' : L — LY with F(1,)(y) = I'x(y) such that F(\/,.p A;) =
Nier F(A;) and F(a ® A) = a — F(A).

(2) (erx,F,G,epy) is a residuated connection iff there exists F' :
LX — LY with F(1,)(y) = I's(y) such that F(\/;cr Ai) = V,er F(A;)
and F(a® A) =a ® F(A).

(3) (erx, F,G,ery) is a dual Galois connection iff there exists F :
LX — LY with F(1%)(y) = Ay (y) such that F(N\;cr Ai) = V,er F(As)
and F(a - A) =a® F(A).

(4) (erx,F,G,ery) is a dual residuated connection iff there ex-
ists ' : LY — LY with F(1%)(y) = Ag(y) such that F(\,cp Ai) =
Nier F(A;) and F(a — A) = a — F(A).

Proof. (1) (=) It follows from Theorem 3.1(1).
(«) Since €' =V, x(C(x) © 1z), F(C)(y) = F(V,ex(Clz) ©
L)) (y) = AN(C(z) = F(1:)(y)). Thus,

G(B)(z) = \/{C(2)| F(C) > B}
=\{C) | A\(C(z) = F(1.)(y)) = B(y)}
= \V{C@) | A\(By) = F(1.)(y)) > C(x)}
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erv (B, F(A) = N\ (Bly) = F(\/ (A2) © 1.))(y)

yeyY rzeX

= N\ By — A (A@) = F(1.)®)))

= A\ A\ By — (Alx) = F(1.)(1)))
= N\ (A@) > A\ (By) = T.()))
= A (A(z) = G(B)(x)) = e1v (A, G(B)).

(2)(=) It follows from Theorem 3.1(2).
(<)

G(B)(x) = \/{C(z) | F(C) < B}
= \{C() | \/(C(2) © F(1.))(y) < B(y)}

= A\ FUL)@) = B) = )\ T=(y) = B)).

yey yeYy

erv (F(A),B) = N\ (F(\/ (A(z) © 1.))(y) = B(y))

yey reX

= A\ (V (A@) @ F(1,)(y) = B(y))

= N\ N\ Aw) = (FL)(y) = B(y)
= N\ (A=) = N (Ta(y) = B(y)))
= A (A@x) = G(B)(z)) = erx (A, G(B)).

(3)(=) It follows from Theorem 3.1(3).

207
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(<) Since

F( N\ (1a = C2))) = F( \ (C*(2) = 17) = \/(C"(2) © F(1})),

reX reX

we define

= \{C(x) ) < B}
= \{C(x) /\ 1, — C(z))) < B}

reX

=\{C@) | \(C*(x)© F(13)(y) < B(y)}
=\/{C(=z) | C*(x) < N\ (F(1;)(y) = B(y))}

yey

= \/ (A:(y) © B*(y)).

yey

epv (F(A),B) = N\ (F( ((ex)s = A(x))) = B(y))

yey zeX

= N\ (V @ @) o F1)y) - By)

yeY zeX

— A A (B ) 0 FI3) (1) = A))

yeY xzeX

= A\ (V (B (1) © Auly)) = Alx))

zeX yey

= /\ (G(B)(x) = A(2)) = erx (G(B), A).

rzeX

(4)(=) It follows from Theorem 3.1(4).
(<) Since

F(/\ (L. = C(2))) = F(\ (C*(x) = 1) = N(C*(2) = F(1})(y)),

zeX zeX
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we define

= A\{C(2) | F(C) = B}
—Aw A( — C(z))) > B}

=\{C@) | \(C*(x) = F(13)(y) > B(y)}
“\/{C) | (@) < N\ (Bly) —» FO) W)}

:\/(A

yey

yeY reX

= ANBG > A\ A @ = FL))

= A By — N\ (F1) @) — A=)
yey zeX

= N\ (/\ Bly) @ F(1;)*(y) — A(x)))
yeY zeX

— A\ A (B FLYY @)~ Aw)
yeY zeX

= N\ (V (Bly) o A%y)" — Ax))
zeX yeY

= /\ (G(B)(z) — A(x)) = erx (G(B), A).
zeX

EXAMPLE 3.4. Let X = {a,b,c} and Y = {z,y, 2z} be sets with

Fi(la)(z) =1, Fi(La)(y) = 0.8, Fi(14)(2) = 0.5,
Fi(1p)(2) = 0.5, F1(1p)(y) = 0.6, Fi(1p)(2) = 0.9,
Fi(Le)(x) = 0.3, Fi(le)(y) = 1, F1(1)(2) = 0.4.
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Fy(15)(x) =1, Fa(15)(y) = 0.8, Fo(15)(2) = 0.5
By(15)(2) = 0.5, Fa(15)(y) = 0.6, F(1;)(2) = 0.9
F(10)(x) = 0.3, F2(10)(y) = 1, F2(17)(2) = 0.4

Define a binary operation ® (called Lukasiewicz conjection) on L =
[0,1] by

rOy=max{0,z +y—1}, z > y=min{l —x +y, 1}.

h( ) I Fi(Vier 4i) = Nier F1(Ai) and Fi(a © A) = a — F1(4),
then

Fi(A)(x) = (A(a) = Fi(1a)(2)) A (A(b) = F1(1p)(x))
A (Ale) = Fi(1e)(x))
= (A(a) = 1) A (A(b) = 0.5) A (A(c) = 0.3),
Fi(A)(y) = (Aa) — 0.8) A (A(b) = 0.6) A (A(c) — 1),
Fi(A)(z) = (A(a) — 0.5) A (A(b) — 0.9) A (A(c) — 0.4),

Thus (erx, F1,G1,ery) is a Galois connection.
(2) If Fl(\/iel" Az) = \/iGF Fl(ArL) and Fl(OéQA) = Oz@Fl(A), then

Fi(A)(z) = (Ala) © Fi(La)(x)) V (A(b) © Fi(1p)(z))
Vv (A(e) © Fi(le)(z))
= (A(a) ® 1) V (A(b) ® 0.5) V (A(c) ®0.3),
Fi(A)(y) = (A(e) ©0.8) V (A(b) ©0.6) V (A(c) © 1),
Fi(A)(2) = (A(a) ® 0.5) V (A(D) ® 0.9) V (A(c) ® 0.4)
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G1(B)(a) = (Fi(1a)(x) = B(x)) A (Fi(la)(y) = B(y))
A (F1(La)(2) = B(2))
= (1= B(x)) A (0.8 = B(y)) A (0.5 — B(2)),
G1(B)(b) = (0.5 — B(z)) A (0.6 — B(y)) A (0.9 — B(z)),
G1(B)(c) = (0.3 = B(x)) A (1 = B(y)) A (0.4 — B(2)).

Thus (erx, Fy,Gq,ery) is a residuated connection.
(3) If FZ(/\iGF Az) = \/iGF FZ(Al) and FQ(OZ — A) =a® FQ(A),
then

Fy(A)(x) = (A%(a) © F5(1,)(2)) V (A™(b) © Fa(13)(x))
V (A%(c) © F2(17)(2))
= (A%(a) ©1) V (A%(0) ©0.5) V (A7(c) ©0.3),
Fy(A)(y) = (A%(a) ©0.8) v (A"(b) © 0.6) V (A%(c) © 1),
Fy(A)(2) = (A%(a) ©0.5) v (A7(b) © 0.9) V (A™(¢) © 0.4),

Ga(B)(a) = (F2(1,)(2) © B*(2)) V (F2(12)(y) © B (y))
V (F2(13)(2) © B*(2))
= (10 B*(x)) v (0.8® B*(y)) v (0.5® B*(2)),
G2(B)(b) = (0.5@ B*(z)) V (0.6 ® B*(y)) V (0.9 ® B*(2)),
Ga2(B)(c) = (0.3® B*(z)) V (1 ® B*(y)) V (0.4 ® B*(2)).

Thus (erx, Fy, Ga,ery) is a dual Galois connection
(4) If FQ(/\iGF Al) = /\iEF FQ(AZ) and FQ(Oé — A) = o — FQ(A),
then

Fy(A)(x) = (F2(15)"(z) — A(a)) A (F2(15)"(x) — A(b))

A (F2(12)(z) = A(c))
= (0= A(a)) A (0.5 — A(B)) A (0.3 — A(c)),
a)) A (0.4 — A(b)) A (0.5 — A(c)),

Fu(A)(y) = (0.2 A
A

(a)) A ) A
Fa(A)(2) = (0.5 — A(a)) A (0.1 = A(b)) A (0.6 — A(c)).
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Ga(B)(a) = (F3(15)"(2) © B(x)) V (F2(1,)"(y) © B(y))
vV (F2(15)"(2) © B(2))
= (00 B(z)) V(020 B(y)) v (0.5 © B(2)),
G2(B)(b) = (0.5® B(x)) V (0.4 B(y)) V (0.1 ® B(2)),
Go(B)(¢) = (0.70 B(x)) v (0© B(y)) V (0.6 © B(2)).

Thus (erx, Fy, Ga, ery) is a dual residuated connection.
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