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ONE-DIMENSIONAL JUMPING PROBLEM INVOLVING
p-LAPLACIAN

TACKSUN JUNG! AND Q-HEING CHOT*

ABSTRACT. We get one theorem which shows existence of solu-
tions for one-dimensional jumping problem involving p-Laplacian
and Dirichlet boundary condition. This theorem is that there ex-
ists at least one solution when nonlinearities crossing finite number
of eigenvalues, exactly one solutions and no solution depending on
the source term. We obtain these results by the eigenvalues and the
corresponding normalized eigenfunctions of the p—Laplacian eigen-
value problem when 1 < p < oo, variational reduction method and
Leray-Schauder degree theory when 2 < p < co.

1. Introduction

Let Q

¢,d) C R, ¢ < d, is an open interval. Let p € (1,00)
and p’ by 1.

(
+ 4 = 1. Let LP(Q2, R) be p—Lebesgue space with its dual

p/

== |
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space L (Q) and W'P(Q, R) be the Lebesgue Sobolev space. When
1 < p < o0, it was proved in [7] the eigenvalue problem

—(J/ P2 = AufP?u in Q,
u=20 on Of.

has a nondecreasing sequence of nonnegative eigenvalues \; obtained by
the Ljusternik-Schnirelman principle tending to co as j — oo, where the
first eigenvalue ), is simple and only eigenfunctions associated with \;
do not change sign, the set of eigenvalues is closed, the first eigenvalue
A1 is isolated. Thus there are two sequences of eigenfunctions (¢,); and
(1), corresponding to the eigenvalues A; such that the first eigenfunction
¢1 > 0 in the sequence (¢;); and the first eigenfunction ¢y < 0 in the
sequence (1;);.

In this paper we consider multiplicity of solutions v € W(Q, R) for
the following one-dimensional jumping problem involving p-Laplacian
and Dirichlet boundary value condition;

—(|' P72 = blulP~2ut — alulP2uT 4 st in (1.1)
u=>0 on 0f),
where s € R, u™ = max{u,0} and v~ = — min{u, 0}.

p—Laplacian boundary value problems with p—growth conditions arise
in applications of nonlinear elasticity theory, electro rheological fluids,
non-Newtonian fluid theory in a porous medium (cf. [5], [11]. Our prob-
lems are characterized as a jumping problem. Jumping problem was first
suggested in the suspension bridge equation as a model of the nonlinear
oscillations in differential equation

Ut + Klumm + I(QU+ = W(Z‘) + Ef(l’, t),
u(0,t) =u(L,t) =0, Uz (0, 1) = Uy (L, t) =0,
This equation represents a bending beam supported by cables under a
load f. The constant b represents the restoring force if the cables stretch.
The nonlinearity u™ models the fact that cables resist expansion but do
not resist compression. Choi and Jung (cf. [1], [3], [4]) and McKenna and
Walter (cf.[10]) investigate the existence and multiplicity of solutions for
the single nonlinear suspension bridge equation with Dirichlet boundary

condition. In [2], the authors investigate the multiplicity of solutions of
a semilinear equation

Au+bu® —au” = f(z) in Q,
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u=20 on (2,

where €2 is a bounded domain in R™, n > 1, with smooth boundary 0f2
and A is a a second order linear partial differential operator when the
forcing term is a multiple s¢q, s € R, of the positive eigenfunction and
the nonlinearity crosses eigenvalues.

Let us set the operator —L by
—Lu = —(|Ju'|P"%u').
Then (1.1) is equivalent to the equation

U= (—L)*l(l)|u|f”*2u+ — a]u|p72u7 + 8(#1;71).

Our main theorem is as follows:

THEOREM 1.1. Let a < b, —00o < a < Aj,---, A\, < b < A\yyq and
s € R. Then
(i) if 1 <p < oo and s > 0, then (1.1) has no solution
(ii) if 1 < p < oo and s = 0, then (1.1) has a unique trivial solution
u=0.
(iii) if 2 < p < o0, there exists s; < 0 such that for any s with s; < s < 0,
(1.1) has at least one nontrivial solutions.

For the proof of Theorem 1.1 we use the eigenvalues and the cor-
responding eigenfunctions of the eigenvalue problem, use variational re-
duction method and calculate the Leray-Schauder degree of u—(—L) ™! (b
luP~2ut — alu|P~2u~ + s¢? ") in the neighborhood of positive solution,
and in the whole solution bounded subspace. The outline of the proof
of Theorem 1.1 is as follows: In Section 2, we introduce some prelim-
inaries. In Section 3, we prove (i) and (ii) of Theorem 1.1 and some
lemmas by using eigenvalues and the corresponding eigenfunctions of the
eigenvalue problem, calculate direct computations and Leray-Schauder
degree. In Section 4, we prove (iii) of Theorem 1.1 for the case p such
that p-Laplacian eigenvalue problem has the first eigenfunction ¥, < 0.
In Section 5, we prove (iii) of Theorem 1.1 for the case p such that
p-Laplacian eigenvalue problem has the first eigenfunction ¢; > 0.
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2. Preliminaries

Let LP(€), R) be the Lebesgue space defined by
LP(Q, R) = {u] u: Q — R is measurable, / |ulPdr < oo}
Q

which is endowed with the norm

. u(x
||u||Lp(Q) = inf{\ > 0| / |Q|p <1
Q
and W1P(Q, R) be the Lebesgue Sobolev space defined by
WP (Q, R) = {u € LP(Q,R)| ' € LP(Q, R)}

which is endowed with the norm

Hunlp (Q,R) = / ’u ’pdfﬂ P —+ / ‘u ‘de
Let 1 <p<ooandh e L"(2)), r > 1. Then the problem
—(W'P~?d) = )  in Q,
u=20 01}

has a unique solution v € C'(Q2) which is of the form

u(:v):/ggpl(cf—/gh(T)dT)dy,

(2.1)

(2.2)

where g,(t) = [t[P7%t for t # 0, g,(0) = 0 and its inverse g, ' is g, '(t) =

71 if t > 0 and g, (t) = —\t]Tll if £ < 0 and ¢ is the unique constant
such that v = 0 on 092. By [[8], Lemma 2.1 or [9], Lemma 4.2], the
solution operator S satisfies that S : LT (Q2) — C1(Q) is continuous and
by [[12], Corollary 2.3], the embedding S : LP(Q)) — C(Q) is continuous

and compact. By [6], we also have Poincaré-type inequality.
LEMMA 2.1. Let 1 < p < co. Then the embedding
WhP(Q, R) — L*(Q, R)
is continuous and compact and for every u € C§°(Q2, R), we have
[ullo@,r) < Cllullwrs@,r)
for a positive constant C' independent of u.

By Lemma 2.1, we obtain the following:
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LEMMA 2.2. Assume that 1 < p < oo, f(z,u) € LP(Q2). Then the
solutions of the problem

~(WPRY = flaw) i DA(Q),
u=20 o
belong to WhP(Q).

LEMMA 2.3. Assume that 2 < p < oo, v(u) € LP(Q2) and h(x) €
LP(QY). Then there exists a constant C' > 0 such that the solutions u of
the problem

—(|u'|P72u’) = v(u) + h(x) in LP(Q),
u=20 o0}
satisfies ||ul|w1r@q) < C.
Proof. For given v(u) € L(Q2) and h(x) € LP(2), the equation
—Lu=v(u)+ h(z)in LP()
is equivalent to the equation
u=(=L)"(v(u) + h(x)).
We observe that

I(=L) " (v(w) + ")) | o) < II%Q;I(U(U) + 1))l e )

< 500 + B i

(2.3)
If 2 < p < o0, then the right hand side of (2.3) is bounded. Thus we
prove the lemma. O]

3. Proof of Theorem 1.1

Proof of (i) of Theorem 1.1 (For the case s > 0)

We first consider the case p such that 1 < p < oo and p-Laplacian
eigenvalue problem has the first eigenfunction ¢¥; < 0. We assume that
a<b, —o0o<a<A,-, A\ <b<A41and s > 0. Then (1.1) can be
rewritten as

_ u/pru//_/\l upju: b—)\1 up’2u+— CL—>\1 Upizui‘i_sgbpil'
(3.1)
3.1
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Taking inner product both side of (3.1) with 1, we have
(= (W~2d) = M ful”™?u, )
= ((b— M) [u["?ut — (a— Ap)|ufPu” + s Ur1). (3.2)
The left hand side of (3.2) is equal to 0. On the other hand, the right
hand side of (3.2) is negative because b—X\; > 0, —(a—X\;) > 0, s¢? ' > 0
for s > 0, and ¢; < 0. Thus if s > 0, then there is no solution for (1.1).
We next consider the case p such that 1 < p < oo and p-Laplacian

eigenvalue problem has the first eigenfunction ¢; > 0. Taking inner
product both side of (3.1) with ¢, we have

(= (' P72d) = Mful"u, én)

= {(b— A)[ul2u" — (a — M) |ulPu” + séf ", ). (3.3)
The left hand side of (3.3) is equal to 0. On the other hand, the right
hand side of (3.3) is positive because b—X; > 0, —(a—X\;) > 0, s¢4 " > 0
for s > 0, and ¢; > 0. Thus if s > 0, then there is no solution for (1.1).

Proof of (ii) of Theorem 1.1 (For the case s = 0)

We first consider the case p such that 1 < p < oo and p-Laplacian
eigenvalue problem has the first eigenfunction ¢, < 0. If s = 0, then
(3.2) is reduced to the equation

(= (P72 ) =Ml "u, 1) = (b= M) u[P*u" = (a= M) Jul"u™, 4y,

ie.,

/Q (= (1 P~2) = M uf2u)in)dz = 0

_ /Q (b= M) [ulP2u™ = (@ — M) w20 )] da. (3.4)

Since b— Ay > 0, —(a — A;) > 0 and ¢; < 0, the only possibility to hold
(3.4) is that u = 0.

We next consider the case p such that 1 < p < oo and p-Laplacian
eigenvalue problem has the first eigenfunction ¢; > 0. If s = 0, then
(3.3) is reduced to the equation

<_(|u/|p—2u/)/_>\1|u|p—2u’ ¢1> = <(b—)\1)|u|p_2u+—(a—)\1)|u|p_2u_, ¢1>,
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ie.,

/Q (= (! 2Y — A ful2u)n]dr — 0

_ /Q (b= M) [uP~2u™ — (@ — M) |uf~2u" )i de (3.5)

Since b — A\ > 0 and —(a — A1) > 0, the only possibility to hold (3.5) is
that v = 0.

LEMMA 3.1. (A priori bound) Assume that 2 < p < 00, —00 < a <
Ay A < b < A\a1, s € R. Then there exist s; < 0, s > 0 and a
constant C' > 0 depending only on a, b and s such that for any any s
with s; < s < s9, any solution u of (1.1) satisfies ||u||y1r) < C.

Proof. Suppose that the lemma is false. Then there exists a sequence
(Un)n, (@n)n, (bp)n and (t,), such that —oo < a, < Ay, , A, < b, <
Ant1s 81 <ty < 8o, [t wie@) = pn — 00 and

—(Jul, |P72u) = by |un P20 = aplun P 2u, + .00 in Q0 (3.6)

n

or equivalently

Uy = (—L) 7 (bnlun P20 — anlun P20y, + .88 )  in Q

Un
Hun”WLP(Q)
subsequence, up to a subsequence (w,), such that (wn)n — w weakly

for some w in W(Q). Dividing (3.6) by [[unl/5, »()s We have

Let us set w,, = . Then (wy,), is bounded, so there exists a

Y A L i n¢p_1 in Q
)
nwpo nwlp nwlp nwlp
[t [3y20 0 "l ity [ [
(3.7)
ie.,
tag)
wy, = (—L) by |w [P 2w — ap|w, [P 2w, + —) in Q.
Bt 0

Since, by Lemma 2.1, the embedding W'?(Q2) < LP(Q) is compact,
and by Lemma 2.3, when 2 < p < oo, (—L)7! is compact operator,
(wn)n — w strongly in WH?(Q2). Moreover (a,), and (b,), satisfying
—00 < Gy < A,y Ay < by < Ay converge strongly to some a and b
with —co < a < Ay, , A\, < b < A\yy1. Moreover (t,), with s; <, <
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o also converge strongly to some s with s; < s < s5. Limiting (3.7) as
n — oo, we have

—(|w' [P0’ = blw|P?wT — a|lwP 2w (3.8)

By (ii) of Theorem 1.1, (3.8) has only trivial solution, which is absurd
because ||w||w1r@) = 1. Thus the lemma is proved. O

We shall consider the Leray-Schauder degree on a large ball.

LEMMA 3.2. Assume that 2 < p <00, —0c0o < a < A, -, A\, < b<
Ant1. Then there exist a constant R > 0 depending on a, b, s, and s; < 0
and s; > 0 such that for any s with s; < s < sg, the Leray-Schauder
degree

drs(u — (—L)_l(b|u|p_2uJr - a|u|p_2u_ + sgbzf_l), Br(0),0) =0,

where —Lu = —(|u/[P~2u’)’.

Proof. Let us consider the homotopy
F(x,u) =u— (=L)"Y (blu|P~?u™ — alu|P2u™ + s¢? ). (3.9)

By (ii) of Theorem 1.1, for any s > 0, (1.1) has no solution. Thus there
exist so > 0 and a large R > 0 such that (3.7) has no zero in Bg(0) for
any s > sg, and by the a priori bound in Lemma 3.1, there exists s; < 0
such that for any s with s; < s < s, all solutions of

u— (=L)"H0lul?ut — alul’"Pu” +s¢h ) =0

satisfy ||u|lw1r) < R and (3.9) has no zero on 0Bp for any s; < s < 5.
Since

drs(u — (=L)"Y blulP~2ut — alulP~2u™ + 596" "), BR(0),0) = 0,
by homotopy arguments, for any s; < s < s, we have
dps(u — (=L)"Y (blulP~2ut — alulP~2u™ + s¢? ™), Bg(0),0)
= dps(u—(=L) ™" (Blu"*u" —alul"u”+5¢) " +A(s2-5)¢} "), Br(0),0)

= dps(u— (=L)'(blul"ut — alul~?u" + s2¢77"), BR(0),0) = 0
for any 0 < A < 1. Thus the lemma is proved. O]
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LEMMA 3.3. Let K be a compact set in LP(2). Let & > 0 a.e. Then
there exists a modulus of continuity o : R — R depending only on K
and & such that

I(I7] = %)+||LP(Q) < a(n) for all T € K.

It follows that
I[(nT 4+ &)~ ||z < na(n).
and
I[(nT — 5)+||LP(Q) < na(n) for all T € K.

Proof. For any 7 € K, Let 7, = (|7] — %)* Since 0 < 7, < |7] and
To(x) = 0 as n — 0 a.e., it follows that ||7,||r@) — 0 for all 7 € K.
We claim that for given e > 0, there exists 6 > 0 such that if 7 € K,
then ||7,,||r() < 2€ for all n € [0,6]. Choose {7;, i =1,---,N} as an
¢ net for K. Choose § so that ||(7;)s]|zr(o) < € for i =1,---, N. Then
for any 7 € K, there exists 7, a, ||af|Lr@) < € that 7 = 75 4 a. Since
(w4 v)" < w4+ vt we have ||75]/,r) < (7k)s + || and therefore
1ol < 7sllr@) + llallr@) < 2¢ O

4. Proof of (iii) of Theorem 1.1 the case p such that 2 <
p < oo and p-Laplacian eigenvalue problem has the first
eigenfunction ¢, < 0

We assume that 2 < p < oo, —co < a < Aj,--- , A\, < b < A\y1. To
study equation (1.1), we shall reduce an infinite dimensional problem on
LP(Q2) to a finite dimensional one.

Let V' be the n—dimensional subspace of LP(2) spanned by 1, 1)s,
-+, ¥y, and W be the orthogonal complement of V' in LP(Q2). Let P
be an orthogonal projection from LP(€2) onto V. Then every element
u € LP(Q) is expressed by

uU=v+w,

where v = Pu, w = (I — P)u. Hence equation (1.1) is equivalent to a
pair of equations

(I = P)( = (|(v+w) (v +w)))
= (I - P)(bJv +w|P (v +w) " — alv +w[P2(v+w)” +s¢5 "), (4.1)
w|02 = 0,
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P(=(|(v+w) (v +w))))
= P(bJv+w|™ 2(v +w)" —alv +w]* (v +w)” +s¢t ), (4.2)
v|02 = 0.

We can consider (4.1) and (4.2) as a system of two equations in two
unknowns v, w.

LEMMA 4.1. Let 2 < p <00, —00 < a < Ap,--, A\, < b < A\iq.
For fixed v € V, (4.1) has a unique solution w = (v, s). Furthermore,
B(v, s) is continuous on V' x R.

Proof. We suppose that for fixed v € V| (4.1) has two solutions wy,
wy. Then we have

(7= PY( = (10 + wnY P20+ w2 ) — (= (0 + ws) P20+ ws)))]
= (I = P)[(blv +wi[P7?(v+wi)* —alo+w [P (v +wi)7)
— (bv 4+ wa P2 (v 4+ wa) T — alv + wol (v + w2) 7). (4.3)
Taking the inner product of (4.3) with w; — ws, we have
(I =P)[( = (|(v+w)["~*(v +w)))
— (= (v +w2) (v + wa)')) ], wy — we)
= (I = P)[(bJv +wi]P(v+w1)" — alv+ wi|P(v+wi)7)
—(blv 4+ wa|P (v 4 wa) T — alv 4+ wa|P (v 4 wa) )], wi — wo).
(4.4)
The left hand side of (4.4) is equal to
(= P(= 0+ w2 P20 + wa)Y)
— (= (v +w2) (v + wa)')) ], wy — w2)

=(-1 / (1= P)((IV (v + w2 + 0wy — ws)) ™
Q
V(v +ws + 0wy — w2))(V(wy — ws))*)]dz
> (p = Dhuss [ = PY((0 4+ ) + s = wo)(wr — ws)?)de
Q
(4.5)
by mean value theorem. On the other hand, the right hand side of (4.5)
is equal to

<(I — P)[(b|v +w P2 (v +wy) T —alv+w [P (v + wl)_)
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— (bv 4+ wa P2 (v 4 wa) T — alv 4+ wol (v + w2) )], w1 — w2)

<(p-— 1)50/[[] — Pl|v + wy + 0(wi — wy)[P(wi — wa)’|dz (4.6
for 0 < § < 1. ON the other hand, by (4.5) and (4.6), we have

(p— DAy /Q (1 — P)(|(0 + ws) + 6wy — wn) [P 2(w; — wy)?)de

< @—1%[ﬁf—ﬂw+mu+mwrwww*wn—wgmm

which is a contradiction because b < \,+;. Thus w; = wy. Thus for
fixed v € V, every solution of (4.1) is a unique solution w = f(v,s) € W
which satisfies (4.1). It follows that, by the standard argument principle,
that G(v, s) is continuous in v. Standard bootstrap arguments show that
B(v, s) is a smooth solution of (4.1) O

LEMMA 4.2. Let 2 <p < o0, —co < a <Ay, -+, A, <b< Ayyq. Let
f denote the real values function defined on W?(Q, R) by

1 b
fwﬁwaéng—yﬂp%ﬁP—QW”m\%ﬂw1mm.

If f : V x R — R is defined by

f,8) = f(o+B(v,9),5),
then f had a continuous F'rechét derivative Df with respect to v and u
is a solution of (1.1) if and only if u = v + (v, s), where v = Pu, and
Df(v,s)=0.

Proof. The function f has a continuous F'rechét derivative with re-
spect to its first variable given by

Df(u,s)(z) = /Hu’\pQu’ ' — blulP"uTw + alulP 2w — s¢h w]da
Q

and by standard regularity arguments, solution of (1.1) coincide with
solutions of Df(u,s) = 0. O

LEMMA 4.3. Let 2 < p < oo such that p-Laplacian eigenvalue prob-
lem has the first eigenfunction ¥; < 0, —00 < a < Ay,--+ , A, < b < A\p1q
and let s < 0. Then there exist s; < 0 such that for any any s with
s1 < s <0, f(0,s) has a strict local minimum at v = 0.
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Proof. Since v = 0 is a solution of (1.1) when s =0, 5(0,0) = 0. We
claim that if s < 0, then (0, s) < 0. In fact, since s¢?~! € V-+, by (4.1),
we have

—(18(0,5)'[P=25(0,5)")" = b|B(0, 5)["~25(0, 5) " —a|B(0, 5)["~*5(o, 8)_ZrS¢>ﬁ’1.
4.7
Taking the inner product of (4.7) with 1y, we have

<_<|5(Oa S),|p_26(0a 3)/)/_b|ﬁ(07 S) |p_2ﬁ(0a S)+—|—CL|B(O, 3) |p—25(07 S)_7 ¢1>

— (gt ). (45)

We suppose that 3(0,s) > 0. Then the left hand side of (4.8) is equal to
(/\1 - b)|6(07 S>|p_2¢% < O’

on the other hand, the right hand side of (4.8) is 5" "¢y > 0 because
s < 0 and ¢; < 0, which is a contradiction. Thus (0,s) < 0. Since
I + 3 is continuous, there exists a small neighborhood O; such that if
v € Oy, then v + B(v,s) < 0. We claim that §(v,s) = (0, s). In fact, if
s<0,veV,ve O and w = f(v,s), then we have

(I —=P)(=(J(v+w)P?v+w)) —blv+wP?(v+w)"
+alv +wP (v +w)” — sgzﬁ’l’*l)
=(I = P)(= (I(v + w) [P (v + w)') = alv + w["~*(v + w) = s¢] ")
=— (w'P?w') — alw|’w — st~ =0

on Q and w = 0 on 092. By Lemma 4.1, 5(v,s) = 5(0,s). Therefore, if
s <0,v eV and v € O, then v+ (v,s) < 0 and we have

fv,s)
:f(’U + 5(1)’ 8))

1 -
ZAﬁﬂv+Mu$H

1
= [ Gl = Spop 2ol + .
Q

a
-2

’ (v+ Blv, )2 u”* = 56" (v + B(v, 5)))]dx

where

1 e 1800 ) P2 B(v. 8) 2] — sdP 1 B(v. 8)\da
¢ = /Q[]—)ww,s)r 21500, 9P 2180, ] = séf 6w, )
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1 ,p_g Sp72 572_51071 s T
- / 1800, = 218(0,9) 215(0,5) ) - 561 (5(0, )l

= f(0,s).
IfveV, then v=ctV1 + -+ c,1,. Thus we have

1
/—|v’]pda:2)\1/ |v|Pdx
QP Q

1
—[V'|Pdx < A\py1 | |v|Pdx.
+
Qb Q

It follows that if s < 0, v € V and v € Oy, then we have

and

Flo,s) — F(0,5) = / %rv'rp = Ao 2o Phde 2 (- a) / [vfPdz > 0.

Thus for s < 0, f(0,s) has a strict local minimum at v = 0. O

Proof of (iii) of Theorem 1.1 for the case p such that 2 < p < oo and
p-Laplacian eigenvalue problem has the first eigenfunction ¥, < 0

By Lemma 4.2, fis C'. By (ii) of Theorem 1.1, we can obtain the
result that f satisfies (P.S.) condition. By Lemma 4.3, for s < 0, f(0, s)

has a strict local minimum at v = 0. Thus (1.1) has at least one weak
solution which is of the form u = 0+ 5(0, s). O

5. Proof of Theorem 1,1 for the case p such that 2 < p < o0
and p-Laplacian eigenvalue problem has the first eigen-
function ¢; >0

LEMMA 5.1. Assume that 2 < p <00, —0c0o < a < A, -, A\, < b<
Ani1- Then there exist a small constant € and s; < 0 such that for any
s with s; < s < 0, the Leray-Schauder degree

dps(u— (=L) 7 Oul"*u™ — alul’"2u” + s¢{ ), Besl(u0), 0) = (=1)",

where ug = (/\lib)rilgzﬁl > 0 is a positive solution of (1.1).

Proof. Let us set M = (=L — bg,)~'. Then (1.1) can be rewritten as

(=L — bg,)(u) = blulP7?ut — alulP2u” — blulP?u + 5@25]1071
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or equivalently

w = M(OulP~2ut — alulP~2u" — blufP2u + st ) = T (5.1)

The operator M is compact on LP(2), and the set K = M(B), where
B is the closed unit ball in LP(2). Then K is a compact set. Let us
set v = min{b — A\, \ys1 — b}. We can observe that if 2 < p < o0,
then ||M(u)||zr@) < ||%{g;1(u)||LP(Q). Let a be the modulus continuity
of Lemma 3.3 corresponding to K and £ = M gb’l’_l = ﬁgf)l and choose
e > 0 so that

v

b —a)7T((b—a)7T 477

(e T((b—a)7T 4777 <

We have
1bulP~?ut — alulP?u™ = DluP"ul| o) < (b= a)|[|[ulP~*u” || o)
It follows from that
(b—a)r—T

M (bulP~?u™ — alulP*u™ = blulP"*u) || o) < ———u"|lLr(@)-

For u € (A‘ls_‘b)rilqbl + (|s|ev)z’%1 with v € B,

3 s 1 EE U N
sy = H(—5)7161 + (Isle) 71 07) Lo
1
1 1
< (sle)™) sy < (is1)7

since (Al‘ib)ﬁgbl > 0. Then T(u) = M(blulP"?u™ — a|ulP"?u~ —

blulP~2u + s¢P~') can be rewritten as

T(w) = (3770 + (17T (b= a) 7T +7)wrT,  we B,

If u is a solution of (5.1), then v = T'w and by Lemma 3.3,

_ s L 1 1 1
o= llzei@) = (577 &1 + ({sle)7 (b = a)7=F + 1)w=) ooy

< ((Isl)7 (b — @) 7 +7)a(eT ((b— a)7T +7) <
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Combining (5.2) with (5.3), we have
1M (blufP~*u™ — alul™*u™ = blul”*u)||r(o)

(b—a)7T

1 1 1
< lu ey < 2 (sle)7= < 7lsle.

Thus we have shown that any solution u € (1% )P 1+ |sleB of (5.1) be-

long to ( )P T¢1+%|s|eB. This estimate holds if we replace blu|P~2ut —
aluP~2u™ —blulP~2u by A(b|u[P2ut —a|u|P~?u~ —blu|P~%u) with 0 < X\ <
1. Thus the equation

u=(=L)" (s¢? " + bluP"%u + AOulP2ut — alulP~2u — bluP%u))
)”%“251) for 0 <

has no solution on the boundary of the ball B ((5-;
A < 1. By the homotopy invariance degree,

drs(u— (—L)_l(sqb’f_l + blulP 2w 4+ A(bulP2ut — alulPuT — bluPu),
s 1
B6|5|(A1 _ b)p 1¢17O)
is defined for 0 < A <1 and is independent of X\. For A = 0,
dps(u— (=L) " (@™ + bluf"?u, Byy (( )” T¢1),0) = (=)™

)\
since u = /\‘f’ib
n eigenvalues A, ---, A\, of =A, to the left of b and thus the operator

I — b(—L)™" has n negative eigenvalues, while all the rest are positive.
When A =1, we have

drs((u—(=L)" (s +blulP?u® +1(bul’>u* —alul"~*u” —bluf’~?u),
S 1
Bes p—1 ,O
||((A1_b) ¢1),0)

S 1

= dus(sh ™+ bul 2" = alul2u, By ()7 161),0),
=

Thus by the homotopy invariance of degree, we have
S 1
)\1 -
s L
A —b
Thus the lemma is proved. O

dLS(sgzﬁll’_l + b|u|p_2u+ — a|u|p_2u_, B ((

= dps(u— (—L) " (s¢ " + blul">u, Bay((
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Proof of (iii) of Theorem 1.1 for the case p such that 2 < p < oo and
p-Laplacian eigenvalue problem has the first eigenfunction ¢; > 0

By Lemma 5.1, there is a solution (/\l‘ib)rilgzﬁl > 0in B‘s|e((ﬁ)p%l¢1).

= a)Til Then there is a large ball By centred
at origin and containing B|s|e(<)\ls_b)ril¢1)~ Since

We may assume that e < (

drs(u — (—L) 1 (blulP~2u™ — alulP~?u~ + S(/ﬁf_l), Br(0),0) =0
and

dLs(u—(—L)_l(b|u|p_2u+—a|u|p_2u_—{—sqbll)_1),B|3‘6((—)\ b p—1
| —
we have

S 1

dps(u—(—=L) " (blul"u* —alul'~*u”+s¢} "), BR(O)\B\s\e((m)ﬁ%))? 0)

— (-1)" £0.
Thus there exists the second solution in B(0)\ (B|S|e((ﬁ)p%l¢1)) . Thus
there exist at least two solutions for problem (1.1). O

Proof of (iit) of Theorem 1.1

By Chapter 4 and Chapter 5, if 2 < p < 0o, there exists s; < 0 such
that for any s with s; < s < 0, (1.1) has at least one nontrivial solutions.
Thus (iii) of Theorem 1.1. is proved. O
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