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THE SEQUENTIAL ATTAINABILITY AND
ATTAINABLE ACE

BUHYEON KANG

ABSTRACT. For any non-negative real number ¢j, we shall introduce
a concept of the ey-dense subset of R™. Applying this concept, for
any sequence {e,} of positive real numbers, we also introduce the
concept of the {e, }-attainable sequence and of the points of {e,}-
attainable ace in the open subset of R™. We also study the charac-
teristics of those sequences and of the points of {¢, }-dense ace. And
we research the conditions that an {e, }-attainable sequence has no
{€en }-attainable ace. We hope to reconsider the social consideration
on the ace in social life by referring to these concepts about the aces.

1. Introduction

In this section, we briefly introduce the concept of the ey-dense subset
in an open subset of R™ which we studied in [5]. Let’s denote by B(x,¢)
(resp. B(z,¢)) the open (resp. closed) ball in R™ with radius e and
center at x.

DEFINITION 1.1. Let ¢¢ > 0 be any, but fixed, non-negative real
number. If D is a non-empty subset of R™ then a point a € R™ is an
o-accumulation point of D if and only if B(a,€e) N (D — {a}) # 0 for all
positive real number € > €¢,. And we denote by D7 <) the set of all the
eg-accumulation points of D in R™.
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DEFINITION 1.2. Let ¢ > 0 and F be a non-empty open subset of
R™. A subset D C FE is called an ¢p-dense subset of E if and only if
ECD ) U D. In this case, we call that D is €y-dense in F.

(eo
PROPOSITION 1.3. Let D be a subset of a non-empty open subset E

in R™ and €y > 0 be any, but fixed, non-negative real number. Then
D is eg—dense in F if and only if E C bUDB(b, €) for each positive real
S

number € > €.

Proof. (=) Suppose that D is ¢y—dense in E and let any positive real
number € > ¢y be given. For any vector a € E, if a € D then we are done
since a € B(a,¢€). On the other hand, suppose that a € E — D. Since D
is eg—dense in E and € > €;, we must have B(a,e)N(D—{a}) # 0. Thus
there exists an element b € D such that b € B(a,¢). This immediately
implies that a € B(b, €). Hence we have

CB C UB
a € B(b,e) C B(b,e) C bgDB(b, €).

(<) Let any member a € E be given. And let any € > ¢; be given. If a €
D then we are done since a € Dzeo) U D. Suppose that a € E— D. Since

E C U B(b e+ 52) and 6 + 52 > ¢, we have a € B(be, o + 52)
beD

for some element b, € D. Thus we have b. € B(a, ey + S2). Since
€+ F° < € +€—¢€ = ¢ we have b € B(a, €) which implies that
B(a,e) N (D — {a}) # 0 since this set contains the element b, € D
and b, # a. Therefore, we must have a € DEEO) which completes the
proof. n

We have so far considered about the fixed value of ¢;. From now on,
we will think about changing values of €.

2. The sequentially attainable set in R™

Now let’s study about the concepts of the sequentially attainable (or
dense) sequence and the sequentially attainable (or dense) subsets in
R™ and investigate the shape of those sequences and sets. Let a =
(o, ..., ) € R™ and € be any non-negative real number. Let’s denote
by C(a,e) ={x € R™: |z, —ap| < e,k =1,2,3,...,m} and C(a,¢) =
{r € R : |z — ay| < €,k = 1,2,3,...,m} the open and closed m-
dimensional cube in R™.
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DEFINITION 2.1. Let a non-negative real number ¢; be given. For a
given point @ € R™, a point b € R™ is an ¢;—adherent point of a if and
only if b € C(a,€) for all € > ¢;. And a point b € R™ is an ¢;—isolated
point of a if and only if b ¢ C(a, €’) for some positive real number € > ¢;.

Note that a point b € R™ is an €; —adherent point of a if and only if
be Cl(a,e).

DEFINITION 2.2. Let {¢,} be any, but fixed, sequence of non-negative
real numbers. For a given sequence {a,} in R™, a point b € R™ is an
{e, }—adherent point of {a,} if and only if there exists a natural number
nog € N such that b is an €,,—adherent point of a,,. And a point b € R™
is an {e, }—isolated point of the sequence {a,} if and only if b is an €, —
isolated point of a,, for each natural number n € N.

Let’s denote by ADH ({a,},{e,}) the set of all the {¢,}—adherent

points of {a,}.

DEFINITION 2.3. Let {¢,} be any, but fixed, sequence of positive real
numbers and F be any non-empty and open subset of R™. We define that
a sequence {a,} of the elements of E is an {¢,}— attainable sequence
in £ if and only if E C ADH ({a,},{€e.}), i.e., every point of F is an
{e, }—adherent point of the sequence {a,}. In this case, the ordered pair
({an}, {€.}) is called a sequentially attainable pair of E.

Note that E can be a proper subset of ADH ({a,},{€,}) in the defi-

nition just above.

DEFINITION 2.4. Let {¢,} be any, but fixed, sequence of positive real
numbers and E be any non-empty and open subset of R™. We define
that F is an {¢,}— sequentially attainable set if and only if there is a
sequence {a,} of the elements of E such that {a,} is an {¢, } — attainable
sequence in E.

LEMMA 2.5. Let {¢,} be any, but fixed, sequence of positive real
numbers and let {a,} be a given sequence in R™. Then a point b € R™
is an {e, } —adherent point of {a,} if and only if b € UNC'(an, €n). Hence

ne

ADH({an},{ex}) = U Clan, €,).

neN

Proof. For each natural number n € N, b is an ¢,—adherent point
of a, if and only if b € C(ay,,¢€) for each positive real number € > ¢,.
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Since the last statement holds if and only if b € C(ay,€,), the result
follows. O

PROPOSITION 2.6. Let {¢,} be any, but fixed, sequence of positive
real numbers and let {a,} be a given sequence in an open subset E of
R™. The sequence {a,} is {€,}—attainable in E if and only if E C
ngNﬁ(an, €n).

Proof. This follows immediately from the lemma 2.5. [

Note that the volume of the closed m-dimensional cube C(ay,€,) is
given by
Vol (6(%, en)) = 2™,

n

LEMMA 2.7. Let E be a nonempty open subset of R™. Then E is
the union of a countable disjoint collection of half-open m-dimensional
cubes, each of which is of the form

(w1, wm) 27" <a < i+ 1)27%0=1,2,--- ,m}
for some integers ji, ja, - -+ , jm and some natural number k.

Proof. For each natural number k, let C; be the set of all the m-
dimensional cubes of the form

{(z1,- am) 2 "<z < (i +1D)27%i=1,2,--- ,m}

with arbitrary integers ji, Jo, - - - , jm. It is clear that each C} is countable
and a partition of R™. Moreover, if k; < ko then each m-dimensional
cube in C}, is contained in some member of Cy,. Now, for the given open
subset E of R™, let’s construct another collection D of m-dimensional
cubes inductively as follows. Let D be the empty set at the first step.
At the k-th step, let’s add to D those m-dimensional cubes in C} that
are included in E but are disjoint from all the m-dimensional cubes
contained in D at earlier steps. Then D is clearly a countable disjoint
collection of m-dimensional cubes whose union is included in £. Hence
we need only to verify that F is a subset of the union UD. Let x be
any element of E. Since F is an open subset of R™, the m-dimensional
cube in Cj which contains z is included in E if k is sufficiently large.
Let kg be the smallest number of such natural numbers k. Then the
m-dimensional cube in C}, that contains = belongs to D. Therefore, z
belongs to the union of the cubes in D. O



Sequential Attainability and Ace 761

THEOREM 2.8. Let {¢,} be any, but fixed, sequence of positive real
numbers and let E be a nonempty open subset of R™. If Vol(E) >
2% €, then there exists no sequence {a,} in E such that {a,} is
{e,}— attainable in E. Or equ1valently, if E is an {e,}— sequentially
attainable set then Vol(E) < 2™% > e™. And the converse is not true
in general.

Proof. Since the volume of the closed m-dimensional cube Clan, €,)
is 2me™ if Vol(E) > 2™ > >
shall contaln the set E. On the other hand, in order to prove that
the converse is not true in general, let {e,} be a sequence of positive
real numbers such that QmZ _, 6 < oo. Since 1My, 006, = 0, the
maximum €,; = max{e, : n € N} exists. Let’s choose a natural number
Ky € N so large that Ky > 3ep + 3. And choose a sequence {b,} of
vectors in R™ such that b, = ((n—1)K,,0,---,0) € R™ for each natural
number n € N. Let E be the open subset given by

E = U C(by ) = {bur}.

Then we have Vol{ E} = 2™ "> | e < co. But suppose that there exists
a sequence {a,} in F such that {an} is an {¢, }— attainable sequence in

E. Then we have £ C oleé(an, €n)- Since by ¢ E, we have a,, # by for
n=

all natural number n € N. Hence there are at least two closed cubes, say

C(ap, €,) and C(ag, €;), which have the non-empty intersections with the

cube C(byr, €pr) since €y is the maximum. If €, = €y or €, = €y then

;J C(ay, €,) must contain the set £—C(bys, €37). But this is impossible
n#p,q
since

Vol{ U C(an,en b= 2Met < 2eyt = Vol{ E — C(bp, enr) }-
And if €, # €y for all €, such that C(ay,€,) N C(byr, €ar) # O then there
is a term ¢, such that ¢, < ey and C(b,,€,) € C(an, €pr) in the best
situations since the cube C(ayy, €)7) can not contain more than one cube
in E. Hence n;JMU(an, €,) must contain the set F — C(b,,€,) which is

" then no form of the union U Clan, €,)
n=

nln

also impossible since

Vol{ E} = Z Vol{C(ayn,€,)} and Vol{C(a,,e.)} < Vol{C(anr, en)}-

neN
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Hence there is no {¢, }-attainable sequence in E. O

THEOREM 2.9. Letﬁ} be a sequence of positive real numbers which

satisfies the condition lim e, = ¢y > 0. Then any non-empty open subset
n—oo

E of R™ is an {¢, }-sequentially attainable set.

Proof. Since lim e, = €, and S > 0, there are infinitely many natural
n—oo

numbers n; < ng <mng <--- <ng <...suchthat Vk e N = ¢ — ¢ <
€n, - Oince £ is an open subset of R™ and £ N Q™ is countable, there is
a sequence {b;} in E such that E N Q™ = {by,ba,b3,...,bg,...}. Then

we have E C koglC(bk, 2). Set ng = 0. Then, for each natural number

n € N, there is a unique non-negative integer k such that ni_; +1 <
n < ng. Now, for each natural number k& € N, choose a sequence {a,}
in E such that a,, = by whenever ny_1 + 1 < n < ng. Then {a,}>°, is
an infinite sequence in £ and a,, = by for each natural number £ € V.
Thus we have

o0 60 o0 EO

- —) = =
Ec kL:JICa)k’ 2) kL:JIC(ank7 2 )
g kL:JIC(ank7 enk)

g L_ch<an7 671)

c U C(ay €)

When the dimension m = 1, we have the following proposition.

PROPOSITION 2.10. Let {€,} be a sequence of positive real numbers.

If Y €, = oo then any non-empty open subset E of the real number
n=1

system R is an {¢e, }-sequentially attainable set. And the converse is also

true.

Proof. Let any non-empty open subset E of the real number system
R be given. By lemma 2.7, F/ can be represented as the union F =

OL_jl(cn, d,] of a disjoint collection of the half-open intervals (¢, d,]. For
the interval (¢;,d;], choose a real number b; = ¢; + ¢;. Now choose a

sequence {b,} such that b,,1 = b, + €, + €,41 for each natural number
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n € N. Then we have (¢1,d;] C ilea(bi,ei) and Vol{,iq@(bi,ei)} =
2> €. Since Y €; = 0o, there is a natural number n; such that (¢, d;] C
i=1 i=1

@1[6“ €;]. Moreover, the minimal natural number, say my, of such n}s

must exist since (¢, d;] is bounded. Now choose a sequence {a;} in F

such that a; = b; for each natural number ¢ = 1,2,--- ,m; — 1 and
b, if by, € F
Uy =
! dy if b, ¢ E.

m1] —
Then we have (¢1,d;] C ‘L,lllC(ai,ei) with {a;}*; C E. Since we also
1=
o0
have > € = oo, we can prove by the same manner as the above
1=mi+1

+mo
that (cg,dy] C TnluijC(ai,ei) for some finite sequence {a;} in E and
1=mq

some natural number mso. Continuing this process, we can prove that
o0
E = U (cn,dy] C U C’(an,en) for some infinite sequence {a,} in E.

Hence E is an {en} sequentlally attainable set. And the converse is
obviously true since the set R is {¢, }-sequentially attainable. [

On the other hand, we have the following results.

LEMMA 2.11. If E is any non-empty open subset of R™ then E is
{7 }-sequentially attainable.

Proof. Since E is an open subset of R™, FE can be represented as
the union of the countable disjoint collection of the half-open cubes
C1,Cy, - - C’n, --- in R™. Let’s choose a natural number n; > 2™ s
large that 1 —7m 1s less than the length of the edge of the cube 01

Then the closure C can be written as the union of a finite collection, say

Dy, .-+, Dy, of closed cubes whose common size is (nl)ll/m X (m)ll/m XX

m terms) and with centers at C;. But D; is the union of the two

e (
X

. . . . 1 1 1
m-dimensional rectangles whose common size is (2 L /m) X Gy

- X m And the m-dimensional rectangle of this size consists of
2m~1 m-dimensional cubes of the size %(m)ll/m X %(m)ll/m X oo X %W
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Hence we have

_ 1 1 — 1 1
D, = Clay,—————YU---UC(agm-1, —————
1 (ab 2% 9 (nl)l/m> (a2 1, 2% 9 (nl)l/m)
_ 1 — 1
C Oa, JU---UC(agm s,

[4m(n1 —9om—1 4 1)]1/m (4mn1)1/m>

for some elements ay,as,--- ,aom—1 € E. Note that the last inclusion is
meaningful since 4™n; —4™(n; — 2™~ + 1) > 1. On the other hand, the
m-dimensional rectangle D, is the union of 27! x 2™ numbers of the

- ‘ o1 1 11
m-dimensional cubes of the size ST X X S T (m terms).

Hence
D O ! ! yU---U
= Q(gm—
2 (2 1+1)72X2X2(n1)1/m
al 1 1 m—1 m
Clagm-149m-1x9my, 7% 2 % 2 (nl)l/m)(Q X 2™terms)
_ 1
= (a(2 1+1) (23mn1 _gm-1 x 9m + 1)1/m)
_ 1
C m— m — m == ~a
(a(Q 1yom—1lxom), (23mn1)1/m)
for some 27! x 2™ elements A(gm-141), "+, Qm-149m-1x9m) € K. Note

that the last inclusion makes sense since 23™n; — 2™~ x 2™ 41 > 4™n,.
Continuing this process, we can show that the m-dimensional rectangle
Dy, is the union of 2™~ x (2™)*~! numbers of the m-dimensional cubes

o1 1 11
of the size 557w X - X Fr omm (m terms). Hence

1 1

k C<a’2x2k(n1)1/m)u U
— 1 m—1 myk—1
C(a., %ok —(nl)l/m)@ X (2™)" “terms)
_ 1
-
= C((l., (2(k+1)mn1 —om—1 (2m)k—1 + 1)1/m) U U

1

Cla, (2(k+1)mn1>1/m)

for some elements a.’s in E. Note that the last inclusion is meaningful
since 2(k+1my, —om=1 5 (9m)k=1 1 1 > 2kmp,  Hence the m-dimensional
closed cube C] can be contained in the union of a finite collection of
m-dimensional cubes of the form C(-, <) with centers at E. Now
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we have proved that there is a natural number A, such that C; C

My —
glC’ (bn, =) for some sequence {b,} in E. On the other hand, if we

B S
(n2)l/m

of the edge of the cube C5 and ny > M;, then we can prove by the
similar manner as the above that there is a natural number M5 such

choose a natural number ny so large that is less than the length

R M- —
that Cy C ]\LjHC’(bn, ﬁ) for some sequence {b,} in £. Continuing
n=M

this process, we have a sequence {b,} in F such that F C Olea(bn, nl%)
n=
Hence E is {7 }-sequentially attainable. O

Thus we have the following proposition.

PROPOSITION 2.12. Let {e,} be a sequence of positive real numbers

which satisfies the condition lim (nl/men) > 0. Then any non-empty
n—o0

open subset E of R™ is {€,}-sequentially attainable.

Proof. Since lim (nl/men) = « > 0, there is a natural number K € N
n—o0

such that n > K = n/™e, > 5. Hence we have

/2

JdK € N such that n > K = ¢, > U
nm

By the proof of the lemma just above, any non-empty open subset F
of R™ is also {n%?n }o° k-sequentially attainable. Thus any non-empty
open subset E of R™ is {¢,}-sequentially attainable since the cube of

. 2 . . . .
radius no‘% is contained in the cube of radius €, for each natural number

n > K. O

Note that we have the following remark when the dimension m > 1.

REMARK 2.13. It is an open problem that every open subset E is

{€n }-sequentially attainable if > €’ = oo when the dimension m > 1.
n=1

But we have the following theorem.
THEOREM 2.14. Let {¢,} be an infinite and bounded sequence of

positive real numbers. Suppose that any non-empty open subset E of
R™ is an {e, } —sequentially attainable set. Then, for each sequence {a,}
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of elements of R™ and each sequence {9, } of positive real numbers, there
is a partition
N
{2 An2)ihi2 - Akl )

of the set N of all the natural numbers for some N, € N U {oo},p =

1,2,3,--- and there are sequences {d(np)k}ivil of elements of the cube
C(ayp,0,) for every p € N such that

Ny
O(ap7 513) g kglc(d(”p)w 6(”P)k>
for each natural numbers p € N. And the converse is also true.

Proof. Let any sequence {a,} of elements of R™ and any sequence
{0,} of positive real numbers be given. And set €y, = sup{e,|p € N}
and let’s denote by e; = (1,0, --- ,0) the unit vector of R™. Now choose
a sequence {D,} of cubes in R™ as follows.

D = ©0,5)

_D2 = C([?)EM +(51 +(52] 61,(52)
D3 = C([6€M —+ (51 + 252 -+ (53] €1, 53)
D, = C(Blp—1)em+01+2(0a+ 03+ - +0,_1)+ ) e1,0,)

Then E = oleDp is a non-empty open subset of R since it is the
p:

union of the set of a countable collection of the open cubes. Hence
E is {e,}—sequentially attainable. Thus there is a sequence {b,} of

elements of F such that £ C Odlé(bp,ep). Hence there is a finite or
p:
infinite subsequence {b(np)k},]jﬁl of {b,} such that
D,N{b,:pe N} = {bm,),.lk€{1,2,3,--- ,Np}}.

Here N, = oo if it is an infinite subsequence of {b,}. Since {D, : p € N}
is a collection of the mutually disjoint open cubes, the set

{{(np)k|k S {172’37 e >Np}} ‘pe N}
is a collection of mutually disjoint subsets of V. Since if there is a natural
number ¢ € N such that g ¢ Ole{(np)k|k € {1,2,3,--- ,N,}} then we
p:
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need only to add the cube C(by, €,), we may assume that the set
{{(np)k|k S {172737 e >Np}} ‘pE N}

is a countable partition of the set N of all the natural numbers. More-

Ny _
over, we have D, C kL:JIC(b(np)k, €(ny),,) for each p € N. Now put

d(”p)k = b(np)k - [3(]9 - 1)€M + 51 + 2(52 + -+ 5p_1) + 5p] e+ a(np)k
for each p € N and k € N. Then we have

Ny _
C(apv 6p) g kglc(d(”p)k’ e(np)k>
for each p € N since it is the translation of D, by the vector

ap — [3(p— 1)ear + 01+ 2(02 + -+ + dp—1) + 0, €1

for each p € N.

In order to prove the statement of the converse in this theorem, sup-
pose that the sequence {¢,} satisfies the conclusion in this theorem. Let
any non-empty open subset E of R™ be given. Since R™ is a second
countable space and the set of all the open cubes in R™ forms a basis for
the usual topology on R™, E may be written as the union of a countable
collection {C,} of the open cubes. Hence there is a sequence {a,} of the
elements of R™ and there is another sequence {9, } of positive real num-
bers such that C, = C(a,,d,) for each p € N. Hence, by assumption,
there is a partition

)t {22 Ap)dy, )

of the set N of all the natural numbers for some N, € N U {oo},p =

1,2,3,--- and there are sequences {d(np)k}fevﬁl of elements of the cube
C(ay, 6,) for all p € N such that

Np
O(GI” 517) g kL:JIO (d(np)k7 E(np)k)
for every natural numbers p € N. Thus we have

(o) co Np 00 —
E= pglc(am 617) c pgl kL:Jl C (d(”p)k’ E(np)k) - pL:J1C (dp7 EP) :

Since each d, is an element of E for each p € N, this implies that E is
an {¢, }-sequentially attainable set. O
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Note that if {e,} is a sequence such that lim (p'/™e,) = o > 0 then

p—00
all the numbers of terms NV, in the theorem above can be chosen as the

natural numbers in view of the proposition 2.12.

COROLLARY 2.15. Let {¢,} be an infinite and bounded sequence of
positive real numbers. (1) If any non-empty open subset E of R™ is an
{ep};il—sequentially attainable set then any non-empty open subset E
of R™ is an {€, } ;2 . —sequentially attainable set for each natural number
K € N. (2) If there is a natural number K € N such that any non-
empty open subset 2 of R™ is an {ep};": x—sequentially attainable set
then any non-empty open subset E of R™ is an {e,}2,—sequentially
attainable set.

Proof. (1) Suppose that any non-empty open subset E of R™ is an
{ep}o2—sequentially attainable set and let any natural number K € N
be given. And let any non-empty open subset E of R™ be given. Since
R™ is a second countable space and the set of all the open cubes in R™
forms a basis for the usual topology on R™, E' may be written as the
union of a countable collection {C,} of the open cubes. Hence there is a
sequence {a,} of the elements of R™ and there is another sequence {4, }
of positive real numbers such that C, = C(ay, d,) for each p € N. Now
consider a sequence {D,} of cubes defined by the relation

D,=C,if (- 1K +1<p<qK

for each natural number ¢ = 1,2,--- . Then the centers of {D,} forms
an infinite sequence of vectors in R™ and the radii of {D,} forms an
infinite sequence of positive real numbers. Hence by the theorem above,
there is a partition

Np
{0t {tn2)idi2y - Aty
of the set N for some N, € N U {oo},p = 1,2,3,--- and there are
sequences {d(np)k}ivi , of elements of the cube D, for all p € N such that

Np __
DP g kglc(d(np)ka E(np)k)

for every natural numbers p € N. Since the subscripts (n,); form a
partition of N and
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for all p=1,2,--- | K, there must exist a natural number 1 < p; < K
such that (n,,), > K for all k € N. Similarly, since the subscripts form
a partition of N and, for each ¢ € N,

Np __
D(q—l)K+1 = D(q—l)K+2 = ... = DqK Q kglc(d(np)k’ E(np)k)

forallp=(q—1)K+1,(¢g—1)K+2,---,qK, there must exist a natural
number (¢ —1)K +1 < p, < ¢K such that (n,,), > K for all k € N and
for each ¢ € N. Now we have
0o 0o Npg
B=uG = qngpq < qgl kL:J1 C<d(”?q)k’ E(Wz)k)'
Therefore, E is an {¢,}72 ;- —sequentially attainable set. (2) It is obvious
since we need only to add the remaining terms. ]

3. The sequential dense-ace in R™

Let’s denote by {a,}X | a finite or infinite sequence with K € N U
{oo}. For each natural number ny € N, let’s denote by {ay}nzn, the
finite or infinite sequence which is obtained from {a, }X_, by removing
the term a,,,. Note that the (ng+1)st term a,, 1 in {a, }X_; is the ng—th
term in {ay }nzn,. Moreover, let’s denote the maximum norm of a vector
z € R™ by ||z]|e = maz{|x;| i =1,2,--- ,m}. In this section, we study
some properties of the attainable (or dense) sequence and introduce a
concept of the sequentially attainable (or dense) ace .

DEFINITION 3.1. Let {¢,}%_; be any finite or infinite sequence of
positive real numbers with K € N U {co}. And let E be a non-empty
open subset of R™. A finite or infinite sequence {a, }X_, in F is called an

K —
{€en }-attainable (or dense) sequence in E if and only if £ C L_JlC’ (ap, €n).

DEFINITION 3.2. Let {€,}X ;| be any finite or infinite sequence of
positive real numbers with K € N U {oco} and E be a non-empty open
subset of R™. Suppose that a finite or infinite sequence {a, }’_ | in F is
an {e, }-attainable sequence in E. A term a,, is called an {¢, }-attainable
ace of the sequence {a,}X | in E if and only if EZ 7L£J C(ay, €,). In this

n#ng

case, we call the ordered pair (a,,, €,,) the pair of the {¢,}-attainable
ace of {a,}5_, in E.
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Let’s denote by Aaopg({a,},{en}) the set of all the pair (ay,,, €,,) of
the {e, }-attainable ace of {a,}X | in E.

LEMMA 3.3. Let {e,}5_, be any sequence of positive real numbers
with K € N U {co}, E be a non-empty open subset of R™ and {a,}%_,
be an {e,}5_,-attainable sequence in E. Then a term a,, is an {e,}-
attainable ace of the sequence {a,}_ | in E if and only if there exists
x € E such that x € C(an,, €ny) and ||7—a,||oe > €, for alln € N—{ng}.

K —
Proof. Since E C 910 (an, €,), we have the following equivalent state-

ments:

t ¢ ¢ 2

o is an {e, } | — attainable ace of {a,}_,.

EZ U Clap,e€y,)

n#ng

Jr € Est.2¢ U Clay, €,) and 1 € C(an,, €ny)

n#ng
Jz € E st [Vne{l,2,-- K} —{no} = 2¢Can, &) Az € Clany, €n,)
3z € B s.t. 2 € Clang, €ny) AN [V1 # 1o = |7 — anlloo > €]

This completes the proof. O

Note that if {a,}5_, is an {¢, }X_,-attainable sequence in E then a,,
is not an {e, }-attainable ace of the sequence {a, }X_, in E if and only if
Vo € ENC(ang, €ny), IN # ng 8.t ||7 — anl|oo < €, Moreover, we have
the following lemma.

LEMMA 3.4. Let {e,}5_, be any sequence of positive real numbers
with K € N U {cc}, E be a non-empty open subset of R™ and {a,}%_,
be an {e,}X  -attainable sequence in E. Then a term a,, is not an
{e, }-attainable ace of {a,}_ | in E if and only if E N C(an,,é€n,) C

U C(an, €,). Here A,y = {n € {1,2,--- K} — {no} : C(ang, €ny) N

neAnO

Clan, €,) # 0}.
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Proof. We have the following equivalent statements:
an, is not an {e,}X_, — attainable ace of {a,}*_;.

K —_
& EC UlC(an,en) and EC ;J C(an, €n)
n— n#ng

IN
~ TC

a(an,en) and E N C(ang, €n0)C U Clap, €,)

n#ng

& B

& EC U Clan, €,) and E N Cang, €4,)C U Clap, €,)
n=1 n€An,
Since {a, }_, is an {e,}X_-attainable sequence in F, this implies that
n, is not an {e, }X  -attainable ace of {a,}X_, if and only if
ENC(any, €00)C U Clan, €,).
neAnO

[]

LEMMA 3.5. Let {€,}X | be any sequence of positive real numbers
with K € N U{oo}, E be a non-empty open subset of R™ and {a,}%_,
be an {e, }E_,-attainable sequence in E.

(1) If (an,, €ny), (Qny, €ny) € Aaopp({an}, {€.}) and a,, = an, then
€n, = €n, and Ny = na.
(2) It (ama Em) € AaopE({an}, {en}) and Qny = Qny for some U 7é m

then €,, > €,,.

Proof. (1) Assume that €,, # €,,. Then we first have n; # ny. Now
suppose that €,, > €,,. Since (an,, €,,) € Aaopr({an}, {€.}), we have

EC ¥ Clan, €,) and EZ U Clay, €,).
n=1 n#nsg
But this is impossible since C(apy, €1,) € C(an,, €n,) and C(ay, , €n,) is
still a member of the collection in the last union. Similarly, suppose that
€ny < €ny. Since (an,, €,,) € Aaopp({an}, {€.}), we have

EC U Clan, €,) and EZ U Clay, €,).
n#ny
But this is also impossible since C(ay,, €,,) € C(an,, €n,) and C(an,, €n,)
is still a member of the collection in the last union. Hence we have
ap, = G, and €,, = €,,. And such a proof just above also shows that
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ny = ng. (2) Suppose that (a,,,€,,) € Aaopr({a,},{€e.}) and a,, =
ap, for some ny # ny. Then we have

EC 6 Clan, €,) and EZ U C(ay,€,).

=1 n#n

Since C(ay,, €n,) is still a member of the collection in the last union, it
is impossible that €,, <€,,. Hence we have €,, > €,,. O

In view of the lemma just above, the set of all the points of the
{e, }-attainable ace of {a,} in E is well-defined and we denote it by

Aapp({an}, {€n})-

DEFINITION 3.6. Let {¢,}’_ | be a sequence of positive real numbers
with K € N U {co}, E be a non-empty open subset of R™ and {a, }’*_,
be an {e,}X*_ -attainable sequence in E. If a,, € Aapg({a,},{e,}) then
an element b € F is called an {e,}_ -replaceable ace of a,, in E if
and only if the sequence, denoted by {a,}@,,), Which is obtained from
{a,}K_, by replacing the term a,, by b is also an {e,}_ -attainable
sequence in E. And we denote by Rapg({a,}, {€n}; no) the set of all the
points of {e,}5_,-replaceable ace of a,, in E.

PROPOSITION 3.7. Let m; be the projection map from R™ onto R such
that my(x) = x, for each k = 1,2,--- ,m. Let {€,}, be a sequence
of positive real numbers with K € N U {occ} and E be a non-empty
open subset of R™. Suppose that a,, is an {€,}X_ -attainable ace of the
{e,}  -attainable sequence {a, }X_,. If we set

S=FEnN [6(@,10,6“0) - U U(an,en)}

n#ng

then

Rapg({an}, {en}; n0)
= EnN {kﬁl[sup 7,(S) — €ny, Inf m(S) + eno]} :

Here klill[eno — sup 7(9), €y + inf 7 (S)] denotes the cartesian product

of the closed intervals.



Sequential Attainability and Ace 773

Proof. Since {a,}X | is an {¢,}X_ -attainable sequence in £, E C

K —
Ulc(an, €,). But we have
n=

0 Clanca) = { U é(an,en>}u6(am,eno)

n= n#no

_ { U C(an,en>}u ﬁ(anoaw—{ 2 C<“"’€")H'

n#ng n#ng

Hence we have
E = [Em{ U ﬁ(an,en)}]
n#ng

U (E N [U(am, €no) — {ninoaa”’ 6”)}])

= [Eﬂ{ U C(an,en)H uUSs.
n#ng

Note that the set S # () since a,, is an {e,}’ -attainable ace. Since

the last union just above is the disjoint union and a,, € S, we have

b € Rapp({a,},{e.};no) if and only if b € E and S C C(b,€,,). And

these hold if and only if

be EN {kﬁl[supﬁk(S) — €ny, Inf L (S) + eno]} .

]

Now we have our main theorem which provides a way to get rid of
the ace.

THEOREM 3.8. (No Aces) Let {€,}°°, be an infinite sequence of posi-
tive real numbers and {a, }°, be an {e,}2° ;-attainable sequence in R™.

Suppose that M = S2len€N) o finite. If Aapgm ({an}, {en}) # 0 then

inf{en:nEN}
{an}oe, is not an {51;€,}22,-attainable sequence in R™. Or equiva-
lently, if {a, }5° is an {€,}5° -attainable sequence in R™, then we have
Aaprm ({an},{2Me,}) = 0.

Proof. Let an, € Aaprm({an},{€,}) # 0. Then, by lemma 3.3, we
have

o € R™ s.t. 2 € Clang, €ny) A VN # ng = |7 — oo > €] -
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Now put o = inf{e,, : n € N} and 8 = sup{e, : n € N}. Then M = £
Now the following two cases occur since M > 1.

Case 1. The case where M = 1.
In this case, there exists ¢y > 0 such that ¢, = ¢; for all n € N. Since

Vn # ng = ||z — anl|le > €o,

there is a subset F' C R™ such that C(z, L) # F and
— €0
C ny o = V.

@.9) =0
Since C(x, €) which has the same size with C(a,,, <) is a proper subset
of F', this 1rnphes that F — C(an,, $) # 0. Thus we have

R™ ¢ nglC(an, 5 ) = nL:JIC(an, 5 )

which implies that {a,}22; is not an {1¢,}>2 -attainable sequence in
R™.

Case 2. The case where M > 1.
Since ||z — ayl|co > €, for all n # ng, we have

€n — €n
C(LU, €n — m) N (ngn()c(an’ 2M>> @

for all n # ng. Since a < ¢, for all n # ngy, we have
o _
Cla,a =)0 <n£ﬁnoo<% 2M)) 0.
But we have

o (0 M« 5 6 €ng
a——>a— = = > >
2M M+1 M+1 M+1 2M — 2M
since M > 1. Hence C(an,, 52¢) does not contain the cube C(z, v —
Therefore, we must have

R™ ¢ U C(an,

C’(x,%o)gFand Fﬂ( U

n#ng

201)-

2M o)

Consequently, {a,}52; is not an {53 }>° -attainable sequence in R™.
Finally, the last statement of this theorem is induced from the contra-
position of this statement. ]

The following example shows that the theorem above does not hold
for an open subset E of R™ in general.
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EXAMPLE 3.9. Let’s choose an open subset
E=C(0,---,0),1)uC((6,0,---,0),1).

If we choose a sequence {ay,as} of vectors so that a; = (0,---,0) and
ay = (6,0,---,0) and a sequence {3,3} of positive real numbers then
{a1, a2} is a {3, 3}-attainable sequence in F and Aapg({a1,as},{3,3}) =
{a1,a2}. But {a1,as} is also a {1.5, 1.5}-attainable sequence in FE and

Aapp({a1,a2},{6,6}) = {a1,as} # 0.

We live in an age where the ace is everything. The ace is of course
important, but the ace himself will never live a happy life because he
will be tired. In some ways a society without aces might be a happier
society.
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