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THE SECOND-ORDER STABILIZED GAUGE-UZAWA
METHOD FOR INCOMPRESSIBLE FLOWS WITH
VARIABLE DENSITY

TAEK-CHEOL KM AND JAE-HONG Pyo*f

ABSTRACT. The Navier-Stokes equations with variable density are
challenging problems in numerical analysis community. We recently
built the 2nd order stabilized Gauge-Uzawa method [SGUM] to solve
the Navier-Stokes equations with constant density and have esti-
mated theoretically optimal accuracy. Also we proved that SGUM
is unconditionally stable. In this paper, we apply SGUM to the
Navier-Stokes equations with nonconstant variable density and find
out the stability condition of the algorithms. Because the condition
is rather strong to apply to real problems, we consider Allen-Cahn
scheme to construct unconditionally stable scheme.

1. Introduction

The Navier-Stokes equations [NSE] with variable density describe
fluid motion due to density differences in mixture of several fluid, like
water, oil, and air. Given a bounded polygon € in R? with d = 2 or 3,
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we consider the NSE with variable density defined in Q x (0, 77:

pt—i-u-Vp:O,
(1.1) p(u,+ (u-V)u)+ Vp — pAu =f,
V-u=0,

where the unknowns p, u and p are the density, the velocity field and
the pressure, respectively; p is the dynamic viscosity, f represents the
external force and 7" > 0 is a fixed time. The initial and boundary
conditions of the system (1.1) for u and p are given as

{ p<X7 0) = Po in and p(X7 t) = T<X7 t) on Fu(x,t)a

1.2
(1.2) u(x,0) =1y inQ and wu(x,t)=u(x,t)onl,

where I' is boundary of €2, and I'y is the inflow boundary defined by, for
any velocity field v,

Iy ={xel:v(x) -v<0}

with v being the outward unit normal vector. The forcing function
f is given, the nondimensional number g = Re™! is reciprocal of the
Reynolds and fQ p=0.

Since the saddle point approximation requires high computational
cost, projection type methods are popularly used in real computation
areas. But it is difficult to apply the methods to solve (1.1)-(1.2), because
of the nonlinear terms constructed by the multiplication of non-constant
density function. The well-known skew-symmetry equation

/(pou -V)v-vdx =0, foru, v smooth enough and u-v|r =0,
Q

for constant density pg, is a crucial tool to analyze NSE with constant
density. But this property does not hold anymore because p is not a
constant in (1.1). So we need the following equations in [3,15] to treat
the convection term: let V-u=0in Qandu-v=0on T,

1
(1.3) /(pu~V)v«vda:+§/V' (pu)v - v dz =0,
Q Q
(1.4) /u~Vp-pd:v:0, and /pV~updm=0.
Q Q
If we denote o = /p

1 1
o(ou); = pu; + Spu = puy — §V- (pu)u,
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then we can readily get the following system in conserved form in [3]:

pt+u-Vp+gV-u:0,

(1.5) o(ou), + p(u-Vju+ 3V - (puju+ Vp — pAu =f,
V-u=0.

We note here that the system (1.5) is equivalent to the original system
(1.1). The main advantage of the conserved form (1.5) is, by (1.3),

<p(u - V)u + %v (pu)u, u> ~0.

This vanishment is crucial to analyzing algorithms in §3.

the Gauge-Uzawa method which is introduced in [11,12] is the first
order unconditionally stable algorithm for NSE with constant density.
The method is applied to solve the variable density problem (1.1) and
proved that the method is unconditionally stable in [15]. Guermond
and Salgado construct the second order fractional time-stepping method
in [5] to solve (1.1). The method is based on the pressure correction
method which is constructed in [18] and is estimated errors and stability
condition for the Stokes equations in [6].

We recently construct the second order stabilized Gauge-Uzawa method
(SGUM) in [13] to solve NSE with constant density. We proved that
SGUM is unconditionally stable and is the optimal accuracy algorithm.
The goal of this paper is to introduce new algorithms for solving (1.1)
based on SGUM and to prove the stability without adjusting of the
algorithm. Unfortunately, Algorithm 1 and 2 that will be introduced
in Section 2 are not unconditionally stable, thus we construct a new
unconditionally stable algorithm applying the Allen-Cahn scheme in-
duced in [9]. In order to avoid mass conservation problem of Allen-Cahn
scheme, we hire the Lagrange multiplier which is presented in [16].

The paper is composed of follows. We first introduce the algorithms
that play with our paper in Section 2 and then prove their stability con-
dition in Section 3. Next, we present the finite element dicretization in
Section 4. In Section 5, we show some numerical results which bring out
the convergence rate of our schemes for (u,p, p) and exhibit numerical
simulations of the Rayleigh-Taylor instability compared with [3]. finally,
we conclude some remarks in the last section.
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2. The 2nd order SGUMs to solve NSE with variable density

We start this section with definition of notations: 7 is the time march-
ing size and ¢ is difference of 2 consecutive functions, for example, for
any sequence functions 2" "1,

802" = §(52" ) = 2Tt — 227 4 2l

We now introduce assumptions for the initial conditions of (1.1) and the
regularity of p:

n+1 _ . n+l n
02" =t — 2

AssUMPTION 1. There exist positive constants y and o satisfying
po € L*(Q), 0 < x <py <o,
Ug € LQ(Q)

In addition, we assume upper bounds of ¢" and p" for numerical
solution.

ASsSUMPTION 2. There exists a positive constant M such that

0n+1 — " 2 n+l _ n

max ~ , % < M,

Osn=h=t d L(0) P Lo2(9)
3 n+l 4" + n—1
max P nfl P < Mr,
0<n<N-1 P L=(Q)

o_n+1 —o" 2 n+l _ n

max P s % S Mr.

The Assumption 2 is rather strong condition, but it is still an open
problem to construct unconditionally stable second order methods to
solve (1.1) and all other papers on this topic hire simillar assumptions.
In [5], they use two hypotheses that they restrict the bound of p™:

(2.1) X < minp"(x), maxp"(x) <o,
x€€) xeN)
and there is a uniform constant M so that
pn+l . pn
(2.2) max < M.
0<n<N—1 T oo

They, in [10], proved that for the staggered discretization mesh if xy <
p" < o holds, then

x<p" <o, n=1,...,N.
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So we assert that Assumption 2 is reasonable and similar to (2.2) if p”
is bounded and 7 is small enough.

From now, we construct two SGUM algorithms to solve (1.1), so called
the convective form in §2.1 and the conserved form in §2.2. We also intro-
duce the fractional time-stepping method constructed in [5] to compare
numerical results with new algorithms. In order to remove Assumption
2, we consider Allen-Cahn method which is performed unconditionally
stable in §2.4.

2.1. Convective Form. We impose the 2nd order backward Euler for-
mula [BDF2]| for density equation and SGUM for NSE in [14] to obtain
the following convective form of SGUM:

ALGORITHM 1 (SGUM in convective form). For p° = pg, u® = ug and
5" = 0, compute u', p! and p! via any first order projection method. Set
' = —2p' and s' = 0 and then repeat for 2<n < N <T/7 —1:
Step 1: Set @"*! = 2u” — u™ ! and find p"*! as the solution of
3p" Tt —4p" + p!
(2.3) or

+a"t vt =0,

n+1 _.n+1
P p, =T

Step 2: Find u"*! as the solution of
(2.4)

il 3ﬁn+1 — 4u™ + un—l
p

2T

+ pn+1 (l—ln—i-l . v)ﬁn-}—l 4 vpn - MAﬁn—i—l — fn—&-l,

ﬁn+1|p = Up.

Step 3: Find " *! as the solution of

V- (V) = v

pn—l-l

(2.5)
0" = 0.

Step 4: Update u™*! and s"*! by
n - n 1 n n
u H:uHﬂLFVW gy,

(2.6)
" =" — vt
Step 5: Update p"*! by

n 3 n n
(27) D +1 — _Zd} +1 +:U’3 +1.
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We will prove the following stability result of Algorithm 1 in §3. For
the sake of simplicity, we consider only homogeneous Dirichlet boundary
conditions for the velocity, i.e., ulr = 0.

THEOREM 2.1 (Stability of SGUM in convective form). If Assumption
1 is satisfied, then the Algorithm 1 holds the following a priori bounds,
forallT>0and 1 < N <T/7—1,

N
28) o s+ 120" = oMo+ 3 Nl6se™ Iy = llo*o+112e =

n=1
If Assumption 2 holds, then we have
(2.9)

o N o (2~ )43

N 2
3 (s )
n=1

N N
o+ 27|V g+ D2 pr [ var; < eCMT% >l

1 2

oN+1

v¢N+1

0

1
n+1
0n+l V(Sw

n=1 n=1

+etMT <Halu1||(2) + ||lo* (2u" —u?) H(Q) + 3‘ %V@Dl

2
+2musl||§) |
0

2.2. Conserved Form. We impose time discretization on equations
(1.5) to get the conserved form of SGUM:

ALGORITHM 2 (SGUM in conserved form). For p° = py, u® = uy and
s = 0, compute u!, p! and p! via any first order projection method. Set
Pt = —2—37p1 and s' = 0 and then repeat for 2<n < N <T/7 — 1:
Step 1: Set "' = 2u" —u""! and find p"*! as the solution of (2.3)
Step 2: Find u""! as the solution of

(2.10)
ot 3o Huntt — 4;”“” +o" I G vt e
T
1 ~ -
-|—§V . <pn+1ﬁn+1)un+1 + Vpn _ MAun+1 — fnJrl7

ﬁn+1|F = .

Step 3: Find ¢"*! as the solution of (2.5)
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Step 4: Update u"™! and s"*! by (2.6)
Step 5: Update p"*! by (2.7)

The following theorem is the stability result of Algorithm 2 and is
proved in §3.

THEOREM 2.2 (Stability of SGUM in conserved form). If Assumption

1 is satisfied, then the Algorithm 2 holds the following a priori bounds,
forallT>0and 1 < N <T/1—1,
(2.11)

N
o1+ 120 = o2+ S 185074 2 = o'+ 120! = 7l

n=1

And if Assumption 2 holds, then we have

(2.12)
2
R R e R P |
N 1 2
+ Z (HO_n—i-lﬁn—f—l — 20" + Un—lun—lH?) + H JnHV(wnH 0)
n=1

n N
o 2ur [N g Yo VA < eCMT% >l

n=1 n=1

+ eCMT (HUlulHi + H201u1 B 00u0||§ + 3) %V@bl

2
+2muslui) |
0

2.3. The fractional time-stepping method. Guermond and Sal-
gado established the second order method called the fractional time-
stepping method in order to solve (1.1) in [5]. They assumed the stability
hypothesis (2.1). In order to use (1.3), they treat (1.1) with the following
process. Since density equation can be changed by p; + V- (pu) = 0, we
get

1 1
(2.13) Spa + EV “(pu) -u=0
by multiplying 5. Then, we have the following equation by adding (2.13)

to a momentum equation of (1.1):

1 1
(2.14)  pu; + Spu +p(u-V)u+ §(V (pu))u+ Vp — pAu=f.
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By applying the splitting method and BDF2 idea to (2.14), they con-
struct the following algorithm:

ALGORITHM 3 (the fractional time-stepping method [5]). For p° = py,
u’ = ugy and s° = 0, compute u', p* and p! via any first order projection
method. Set ¢! = —27p' and s' = 0 and then repeat for 2 <n < N <
T/t —1:

Step 1: Set u"™! = 2u™ —u"! and compute p"*! using any order 2
algorithm satisfying (2.1) and (2.2).
Step 2: Define

3 2 1 1
. = n+l = n —n—1 _ n+l ~ (3 n+1_4 n n—1
pi= 5P 5Pt gP p +6(p P+,
4 1
H# . .n n n—1
=p" + Y™ — = .
P p 3@/) 31/1

Then find u™t! as the solution of

s on+1 n+1,.,n n+1,,n—1
3pru"tt —4p ; u” + p"tlu +pn+1(ﬁn+1 ) v)un+1
T

1
+§v . <pn+1ﬁn+1)un+l + Vp# _ MAun—H _ fn—i-l7

un+1|r = u,.
Step 3: Find ¢"*! as the solution of
3x
—A n+l _ \VA n+1‘
v 2T v
Step 4: Update p"*! by

pn+1 — pn + wn-‘,—l'

2.4. Allen-Cahn Form. All algorithms mentioned above need rather
strong stability condition. In order to overcome the weak stability, we
consider the Allen-Cahn scheme which is introduced in [1]. To separate
the areas of two fluids, they introduce a phase function ¢ such that

1 fluid 1,
1) = { 1 fuid 2,

with a smooth layer 1 connecting the two fluids. The set {x|¢(x,t) =
0} represents the interface. Let us define the Ginzburg-Landau energy
functional

wie) = [ (51 + F@) ds
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where F(¢) = 5(¢* — 1)%. The parameter € is the gradient energy
coefficient related to the interfacional width. We can construct the Allen-
Cahn phase equation which is the dynamics of phase function:

@+0rvwzv%§=—%ﬁ¢—ﬂ@»

where f(¢) = F'(¢) and v is a constant mobility. We take v = 1 for
convenience.

In [9], they suggested the following splitting scheme to construct un-
conditionally stable algorithm for solving ¢; = —(A¢ — f(¢)):

A VR

(2.15) - = (8 A,
¢n+1 o ¢* B ¢n+1 _ (¢n+1)3

(2.16) o = > .

The equation (2.16) is a numerical time discretiztion of the ordinary
differential equation:

¢—¢°

e2

(2.17) ¢y =

with the initial condition ¢*. The equation (2.17) can be solved analyt-
ically by separation of variables. Therefore the system (2.15) and (2.16)
can be rewritten by the following system which is called the second-order
hybrid numerical method:

¢or—o¢" 1
— Z(A\o* A"
n ¢*
¢ T= _24t _2Aty
\/e 2 4 ()2 (1—e )
It is well known that the system (2.18) does not hold mass conservation.
So, we hire a Lagrange multiplier ¢ introduced in [16] to make the phase

function satisty
d
— t)dx =
% | otxnar =0

‘wawwza

Since these idea can be readily imposed all above algorithms, we apply
only SGUM in convective form as follows:

(2.18)

or
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ALGORITHM 4 (SGUM in convective form applying the Allen-Cahn
scheme). For ¢ = ¢, u’ = ug and s° = 0, compute u', ¢! and p'. Set
P! = —Zp' and s* = 0 and then repeat for 2<n < N <T/7 — 1

Step 1: Set u"*! =2u" —u" ! and " = ﬁ Jo @"dx, find ¢* as the

solution of

T

(2.19) + (@™ Vet +u"t Vo) =

2
Then, update ¢! by

(L* + Ag") — &

N | —

¢n+1 — Qb*

Step 2: Update p"*! by

p+1: 9 + 9 ¢+17

where py; = max {p} and p,,, = min {p}.
Step 3: Find u"*! as the solution of (2.4).
Step 4: Find ¢"*! as the solution of (2.5).
Step 5: Update u"*! and s"*! by (2.6).
Step 6: Update p"*! by (2.7).

REMARK 2.3. Recall that ¢ is a piecewise constant function valued
—1 or 1. In computation, interfaces of ¢ are connected by a rotationally
symmetric function. So,

/ B(ﬁ”ﬂ Vo +am V) — %(M‘ A" | dr =0,
Q

The Lagrange multiplier " acts to correct the computation error and
keep the volume of ¢* to constant.

3. The Stability Analysis

In this section, we prove Theorems 2.1 and 2.2. We start this section
with introduce well-known lemmas:
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LEMMA 3.1 (Orthogonality between divergence free and curl free func-
tions). Let u € H'(Q) and ¢ € L*(Q). If V-u=0 and u- v = 0 on 01,
then

(3.1) (u, Vg) =0.
In [17], we can find out the following crucial inequality.
LEMMA 3.2 (div-grad relation). If v € H{(Q2), then
IV-vllp < [Vvlly.

In order to treat time derivative terms, we will use the well-known
lemma in [3,5,6,13].

LEMMA 3.3 (Inner product of time derivative terms). For any sequence
(z"), we have

(3.2)

2<32n+1 — 4" _|_Zn—17 Zn+1> — 6H2n+1||2+5H2zn+1 . Zn||2+H652n+1H2’
TR S Y S

and
2 (o141 2, ) = o = = [ — |

We now introduce the discrete Gronwall lemma.
LEMMA 3.4 (Discrete Gronwall inequality). Let (a™) and (b™) be non-

negative sequences, and let ¢ be a non-negative real number. If we have

n
an+1 <c+ E anbn’
k=0

a" < cexp <Z b") )

k=0

then

At last, we will prove Theorem 2.1 and 2.2.

3.1. Proof of Theorem 2.1. We start to prove (2.8) by taking the
inner product of (2.3) with 47p"*! to obtain

<3pn+1 - 4pn _|_pn717 pn+1> — 0.

We note here that the convection term disappears by the orthogonality
(1.4). Applying (3.2) and then summing up over n from 0 to N lead to
(2.8).
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In order to prove (2.9), We take an inner product of (2.4) with 4rua™*!
to obtain
(3.3)

o™l = flo™ g + flo™ (20 = wt) [+ dpr [ VA
n+1 (2un _ un—l) H?) + Han-H (ﬁn+1 —ou” + un—l) Hz
+ar (@t v) ) At

= 47 <fn+1 ’ ﬁn+1> — 47 <Vpn’ ﬁn+1> )

= lo

In order to attack (3.3), we do first inner product of (2.3) with 2ru™*! -
u"*! to get an equation

(3.4)

<3pn+1 _ 4pn + pn—l ’ ﬁn+1 X ﬁn+1> 4+ o7 <v . (pn+1ﬁn+1)ﬁn+1 7 ﬁn+1> =0.

In conjunction with (1.3), (3.4) leads us to
(3.5)
47 <pn+1 (ﬁn+1 . V) ﬁnJrl ’ ﬁn+1> — _97 <V . (pn+1ﬁn+1)ﬁn+1 , ﬁn+1>

— <3pn+1 _ 4pn + pn—l 7 ﬁn+1 X ﬁn+1> )

Since we have the orthogonality (u"*', Véy"™!) = 0, the equation
vt = untt — #V&/}”“ yields

(3.6)
N 1 2
e R e
N 1 2
Han+1 (2un+1 _ un) Hz — Ho'ﬂJrl (ZunH _ un) Hz 4 4’ e denﬂ 07
o (@ = 2u )2 = [0 (2w )
1 1P
+ ‘ 0n+1V‘W +1 0

In addition, p"™' = — 24" 4 s in (2.7) yields

(B7) AT (V" W) =6 (V" W) — dpr (V" AT,
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In light of (3.5)~(3.7), (3.3) can be rewritten by
(3.8)

ot g o (2ut - )+ \\0"“5511"“H3 = o+t
2

_ Han+1 (2un B u"_l)Hi +4T,u||Vﬁ"+1||(2) + 6' V(wnﬂ

n+1
0

= 47 <fn+17 ﬁn+1> 4 6 <v,l/}n ’\n+1> - 4,&7' <V8 , un+1>

+ <3pn+1 4p +pn 1 n+1 An+1> ZA

where

Ay =Ar (£ A Ay i=6(Vt, ), Ay = —dpr (Vs™, atT)
A4 — <3pn+1 _ 4pn + pn—l ’ ﬁn—i—l . ﬁn+1> )

Y

We now estimate each term respectively. The first term can be bounded
by

C
39) A S v

The equation u"*! = @"*! + L5V (¢"*! — ") in (2.6) gives us

Ay =6 <vw, utl - v(sw+l>
pn

n n+1
- _6< n+1v¢ n+1V5¢ i >

= -3 1
- 0—n+1 0 o

1 n
n+1 V@/J

vwn—i—l

| ‘
0

1
n+1 ¢n+

)
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. n n__n+1 .
Since we have p,}H — pin = (pﬁﬂ — 1) pin =2 pn’fH pin, by Assumption 2

we arrive at

1
O—n—i—l

2
1
vyl = /Q s (Vyr)? da

0
1 1 ) 1
= - — n d _ n
(=) o [

2

0
2

n+l _ n 1 2 1
4p —* — V" +'7VW
P L@l o 0 g 0
1 > 1 2
<Mt —nvw” + ’ —nvwn
o 0 o 0
and Ay becomes
1 2 1 2
Az S -3 _vwn-‘rl _ _v¢n
O—nJrl 0 om 0
(3.10)
1 2 1 2
+3MT||—Vy"|| + SH = Vot
on 0 o™ 0

Invoking Lemma 3.2, the second equation s"™' = s" — V- u"*! in (2.6)
derives

2 - 2 ~ 2
|57 = s"[]y = [[V-am ] < [[vart
0 0 0
and so we conclude

Ay =4pr (s", V-u"t)
= —4ur <S” L s">

.11 = 2y (|2 = 1512 = 7+ = 1)

—2pr (|5l = lls" ) + 2 [EJ,

IN
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Fanally, by Assumption 2 we get
(3.12)

A4 _ <3pn+1 o 4pn + pn—l’ ﬁn—H X ﬁn+1>

n+1 n n—1
- HSp 4p" + p
— pn—l—l

~ 2
HO_nJrlunJrl HO

Leo(Q)

e

< a1 = ([

2
n+1 :
0
Since we can obtain

H n+1 n||0 / n+1 (un)2 dx
= [ =) ) ax o

n+41 n

Pt —p 2 2
> — ~ [o"u"(|g — [lo™u"™||g
P L= (Q)

> — Mrl|o™a"|lg — flo"u" |

as well as

ot 2w w2 Mo (2w - w07 (2u - w )

the estimations (3.9)-(3.12) make (3.8) become

6H0_n+1 n+1H§ +5HJn+1 (2un+1 n)H(Z) + ||O_n+155un+1H(2)

0 ’

< MT(uanunns+ o <2u”—u”-1>uo)

wn+1 VawnJrl

i +2u75H8”“||0 + pr |V

+30)

+ Mt <||0'n+1un+1H§ + ‘ %V&Dnﬂ

2
Cr
fn+1
)+ e,



208 Taek-cheol Kim and Jae-Hong Pyo

If 7 is small enough, then summing over n from 1 to N yields

2

. + 2ur| 4|
0

oN+1

HO_NJrluNJrIHE + HUNJrl <2uN+1 _ uN) Hi + 3' VwN+1

N 2
n n 2 1 n ~n 2
+; <Hg’ Hssu +1H0 —1—3‘ 0”+1V5w +1 ) —|—m’HVu ﬂHo)
1 2

< fJotulflg+ flo" (20" —u®)f;+ 3‘ V| 2wl
N

+ M7y (o + o7 (2u” = w ) )
n=1
S +1, n+1|2 1 +1 ’ C1 ¢ +12

S (Pl W= DI
n=1 n=1

Invoking Lemma 3.4, we arrive at (2.9) and finish this proof. O

3.2. Proof of Theorem 2.2. Because the proof of (2.11) is exactly
same with that of (2.8), we will prove here (2.12) only. We now take the
inner product of (2.10) with 47a"*!, and then apply (1.3) and (3.2) to
obtain
(3.13)

~ 2 ~ 2 112
a2 oo e — o2 20w — o
2 ~ _ _1112 ~ 2
_||0_nun||0 + Ho_n—i-lun—i-l —2™"u" + o™ lun 1||0 _{_47_H||Vun+1H0
. n+1 n+l n on+l
—4T<f , u >—4T<Vp,u >
By the same manner as (3.6), we obtain

2

1an+1]|2 1 1112 1 1
||0_n+ ut Ho :Hgn+ u"” Ho + ‘ nﬂv(wmr )
o 0
2
n+lasn+1 n..nl|2 n+1l..n+1 n..n|l2 ]' n+1
H20 u""t —o"u H :H2a u"" —o"u || +4 Vo
0 0 gn+1 o

+4< ! V5w”+1,0”u">.

0-n+l
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In conjunction with (2.7), the two equations above lead (3.13) to become
(3.14)

— —112
5H2O,n+1un+1 _O_nunHO+ HO.nJrl n+1 —2™"u" + o™ 1un 1“0

+ 5H0_n+1un+1H§ +5 Véwn-i-l

n+1

4
anlva =3

where

Ay =7 <f"+1 ) ﬁ"+1> , Ay =6 <V¢" ﬁ"+1>

Az = —dpr (Vs a1 Ay = —4< i Vo™t o™u >

3.11), respectively, it

Because Aj, Ay and Aj are the same as in (3.9)~(
= 0, we obtain

is enough to estimate A,. Since (V"™ u")

n+l _ n
A, =4 <uv5w"+l : u">
O-n+1

O.nJrl —o"
<4 o n+1V6¢”+1 lo™u"|,
L°°(Q) 0
n+1 nl|2
+1 o —0 2

< | mvown| w4 T Jo™ur

0 L>(Q)
_\ L T e

0

In conjunction with the Assumption 2, inserting estimates of A;’s,
i=1,2,3, and 4 into (3.14) gives us
2 ' 1 2
0 or 0

112 2 9 . 2
+ Ha”“ 2™ 4 ot 1H0+2;n (Hs”“”o— HS"HO> —i—uTHVu”“”O

2 2 1 n 2 CT
< CMr|o™u"||g+ CMT||—V
0 o 0

3o a2 4 a]|20" w1~ o Ho+3( i I =

v&l}n—l-l

| O )2
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Summing over n from 1 to N leads to

N
2 2 2 ~ 2
o™ (|20 T — o Mu [ 2per s[4 e DV
n=1

1 2

O-nJrl

N N
~ _ —1012

4 E :HUTH_lLln—H —2¢™a1" + o" lun 1||0 + E /‘ V(Swn—i—l
n=1 n=1

0
2

1
< flotul g+ 2urls'lg + 20w 0wl

oN+1

+ 3' VNt

1
+3' Fvwl

> Cr 1 []2 > nyn (2 1 n
+7||f 2+ oMz | o5+ | Ve
0 n=1

)

Invoking Lemma 3.4, we arrive at (2.12) and finish this proof. O

4. Finite Element Discretization

In order to introduce finite element discretization, let T = {K} be
a shape regular quasi-uniform partition of €2 with a mesh size h. We
define the spaces

Vi ={va € C(Q) : vilx € R(K), VK € T;vyr = b},
Qh :{qh € Lg(Q N C(Q) : qh|K € E(K), VK € ‘3:},
Wy—{n € C(Q) : dnlx € P(K), VK €T},

where, for all K € ¥, P(K), L(K) and R(K) are spaces of polynomials
with degree P, £ and R, respectively. Because all algorithms in this
paper can be applied by the same finite element technique, we consider
fully discretization only for convective form SGUM in Algorithm 1. One
of the difficult problems in numerical study is hyperbolic partial differ-
ential equations and one of them is density equation (2.3). It is well
known that the standard FEM solution of (2.3) does not satisfy mass
conservation. Moreover, the system is not symmetric. In order to over-
come the weakness, various techniques to solve such the first order prob-
lems are developed, for example, streamline diffusion [8], discontinuous
Galerkin [8], artificial diffusion [8], sub-grid or least-squares [2], etc. We
selected a least-squares method to solve (2.3). To simple explanation,
we consider

(4.1) p+aU- -Vp=f
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where « is a given constant and U is a given velocity with V- U = 0
and U -v|pr = 0. By taking the inner product of (4.1) with ¢ +aU - V¢,
we derive

(4.2) (p+aU-Vp, o+aU-Vo) =(f, p+aU- Vo).
DuetoV-U=0and U-v =0, we get (U-Vp, o) =—(U-Vo, p).
So (4.2) can be rewritten by

(p, ¢) +a*(U-Vp,U-Vo) = (f, p+aU-Vg).
Then, we define the least-squares method as: find p, € W, such that

(o, dn) + (U -V, U-Vop) = (f, ¢n+aU-Vey), VYo, € W

In contrast to the standard Galerkin formulation, the above linear system
is symmetric and we have the following error bound (cf. [2]):

lp = pallo + 11U - V(o = pn)llg < CH[pll,11-

Note that this estimate is only sub-optimal in the L?-norm as is in the
standard Galerkin method since it is optimal in the norm induced by
the stream-wise derivative.

FEM stabilized Gauge-Uzawa Method for variable density
problems. Let pg,, ug, be a suitable approximation of py and ug, re-
spectively. Set pf) = pon, W), = ug, and sy = 0; compute uy,, p;, and pj,
via any first order projection method. Set ¢} = —Q—Tp}L and s; = 0 and

then repeat for 2<n < N <T/7 —1:
Step 1: Set @' = 2u? — u}"" and find p}™' € W, such that,

Vo, € Wy,
3pp T —dpp + P! +1 _
’ n V n+1 n+1 V
< o o ) + (U} Ph on) =
P Irg = 7’2“-

Step 2: Find U} € VY such that

" 3A7hLl qu” + u ! (g .
<ph+1 27_h b w, )+ <p (g V)uh+1, Wh>

—(py, Vowy) +p(VayTt, Vwy,) = (£, wy,),  Vwy, € V).
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Step 3: Find ;"' € Qj, such that

1
(4.3) <pn+1 (Whtt —p), V9h>_—<un+1 Var), Van € Qp.
h

Step 4: Update u}*' and s} € Q, b
y

1
un+1 — ﬁnJrl 4 n+1 w

(sp*h, an) = (s, an) <V uptt, Qh> Van € Qp.

Step 5: Update p;™' by

3
n+1 n+1
Pt =5 B sy,

REMARK 4.1. We note that
(upt!, Van) =0 Vg, € Qy,

by inserting the first equation of (4.4) into (4.3).

5. Numerical experiments

In this section, we present error decays of Algorithms 1~3 in §5.1
and numerical simulation of Algorithm 4 for Rayleigh-Taylor instabil-
ity problem in §5.2 to assert unconditionally stable. For computing
the numerical experiments, we use a partial differential equation solver
FreeFem++ [7].

5.1. Accuracy check using an exact solution. In order to check
the convergence rate of our numerical algorithms, we employ the known
solution in [3]. We consider Taylor-Hood finite element for (u,p) and
linear element for p, i.e., (P?, P!, P) for (u,p,p). We choose an exact
solution of (1.1) to be:

u(x,y,t) = ( — ycost,xcost),
p(z,y,t) = sinxsinysint,
p(z,y,t) =2+ rcos(f —sint),
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for the unit circle [r| < 1 where r = /22 4 y? and tanf = £. We set
1 =1 and then, the force function f can be calculated:

£(z,y.1) = (ysint — z cos? t)p(z,y,t) + cosx sinysin t
R —(zsint +ycos*t)p(z,y,t) +sinxcosysint ) °

We choose the mesh size for time and space 7 = 0.1 x h and we denote
error functions

€n+l — p(tn—H) - pn—i—l’ En+l — u<tn+l> - un—i—l’ €n+1 — p(tn—H) _pn—‘rl‘

Table 1 and 2 show the errors and convergence rates of Algorithm
1 and 2, respectively. we also compute the errors of Algorithm 3 to
compare numerical performance. Since the density formulation is not
defined in Algorithm 3, we use the same density equation in Algorithm
1. We can conclude that the errors of SGUMs are smaller than that of
the fractional time-stepping method.

h =107 1/16 1/32 1/64 1/128 1/256 1/512
lell, 2.49397E-03 6.15006E-04 1.47959E-04 3.63742E-05 9.01843E-06 2.22973E-06
Order 2.020 2.055 2.024 2.012 2.016
llell o 3.34546E-03 7.02556E-04 2.13751E-04 9.29533E-05 2.89400E-05 8.85893E-06
Order 2.252 1717 1.201 1.683 1.708
[Ell, 7.05987E-04 1.58097E-04 3.94170E-05 1.01579E-05 2.61464E-06 6.63486E-07
Order 2.159 2.004 1.956 1.958 1.978
Bl 1.48873E-03 4.04066E-04 1.10927E-04 2.95630E-05 7.59910E-06 1.93690E-06
Order 1.881 1.865 1.908 1.960 1.972
|E|,;, 7.11544E-03 1.96983E-03 4.79020E-04 1.30469E-04 3.41915E-05 9.11180E-06
Order 1.853 2.040 1.876 1.932 1.908
lell,  8.60452E-03 2.07820E-03 5.17036E-04 1.31254E-04 3.31296E-05 8.03693E-06
Order 2.050 2.007 1.978 1.986 2.043
llell ,~ 6.82909E-03 2.64522E-03 7.43633E-04 1.66197E-04 4.16335E-05 1.24547E-05
Order 1.368 1.831 2.162 1.997 1.741

TABLE 1. Error and convergence rate of Algorithm 1 with
finite element (P, P!, P') for (u,p,p), 4 = 1 and 7 =
0.1 xh

5.2. Rayleigh-Taylor instability. The Rayleigh-Taylor instability doc-
umented by Tryggvason in [19] is very unstable problem. We perform the
simulation for Algorithm 1 with same conditions within [3] and find out
similar results that the computation can not reach the end of step. Since
Algorithms 1 and 2 display very similar behavior, we present only the
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h =107 1/16 1/32 1/64 1/128 1/256 1/512
e, 1.81516E-03 4.53901E-04 1.14066E-04 2.92608E-05 9.00982E-06 2.22745E-06
Order 2.000 1.993 1.963 1.699 2.016
el 2.48022E-03 6.23530E-04 2.24056E-04 9.85715E-05 2.89404E-05 8.85898E-06
Order 1.992 1477 1.185 1.768 1.708
[E[, 6.93054E-04 1.23266E-04 2.79597E-05 6.97177E-06 2.63486E-06 6.68252E-07
Order 2.491 2.140 2.004 1.404 1.979
|E|,~ 1.26361E-03 2.88777E-04 7.23136E-05 1.90954E-05 7.59912E-06 1.93691E-06
Order 2.130 1.998 1.921 1.329 1.972
|E||,;, 7.69852E-03 2.00431E-03 4.58577E-04 1.20388E-04 3.42031E-05 9.11386E-06
Order 1.941 2.128 1.929 1.815 1.908
lell,  1.23320E-02 2.89864E-03 7.10530E-04 1.78920E-04 3.31869E-05 8.05001E-06
Order 2.089 2.028 1.990 2.431 2.044
lell .~ 1.30654E-02 3.18190E-03 9.72251E-04 2.85822E-04 4.17483E-05 1.24092E-05
Order 2.038 1.710 1.766 2.775 1.750

TABLE 2. Error and convergence rate of Algorithm 2 with
finite element (P? P!, PY) for (u,p,p), 4 = 1 and 7 =

0.1xh
h=10r 1/16 1/32 1/64 1/128 1/256 1/512
e, 3.90655E-02 5.79541E-03 1.39108E-03 2.28473E-04 5.58765E-05 1.50257E-05
Order 2.753 2.059 2.606 2.032 1.895
llell e 6.44929E-02 1.74411E-02 5.19524E-03 1.17272E-03 3.09818E-04 1.08871E-04
Order 1.887 1.747 2.147 1.920 1.509
[E[, 1.24355E-03 3.53870E-04 9.55603E-05 2.51958E-05 6.50843E-06 1.66653E-06
Order 1.813 1.889 1.923 1.953 1.965
|E[,« 1.35165E-03 3.86329E-04 9.45502E-05 2.33722E-05 5.92847E-06 1.47243E-06
Order 1.807 2.031 2.016 1.979 2.009
|E[,: 6.18888E-03 1.76044E-03 4.79671E-04 1.31618E-04 3.58001E-05 9.79751E-06
Order 1.814 1.876 1.866 1.878 1.869
Tell,  9.35810E-03 2.26649E-03 5.82218E-04 1.50575E-04 3.85031E-05 9.50119E-06
Order 2.046 1.961 1.951 1.967 2.019
llell ,~  8.12956E-03 2.63253E-03 7.33496E-04 1.60061E-04 4.20599E-05 1.24434E-05
Order 1.627 1.844 2.196 1.928 1.757

TABLE 3. Error and convergence rate of Alrorithm 3 with
finite element (P2, P, P') for (u,p,p) , p = 1 and 7 =
0.1 xh

results of Algorithm 1. We try to compute the Rayleigh-Taylor instabil-
ity by Algorithm 4 and finish the computation without lose of stability.
So we conclude that Algorithm 4 is unconditionally stable numerically.

In this experiment, we define the Atwood ratio A = (par — pm)/(par +
pm). The equations are nondimensional forms using the following refer-
ences: p,, for density, d for length, and \/d/(Ag) for time, where g is the
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gravity. Then, reference velocity is v/Adg and the Reynolds number is
defined by Re = p,,\/d3g/p. The domain is [—4, 4] x [—2d, 2d]. While
in our computation, the inflow boundary is empty. The initial value of

density is the following:

oy 0) = 2 +Pm PP (y - 77(1’))’

2 * 2 0.01

where 7(z) is the initial condition of the perturbed interface. We perform
simulations for Algorithm 1 and 4 with 7 = 5/10,000 and d = 1. Since
we focus on the motion of fluids in the simulations, we choose the finite
element space (P, P, P1) for (u,p, p).

5.2.1. Convective Form(Algorithm 1). We assume that the flow remains
to be symmetric so the computational domain can be restricted by half,
ie, Q =10, %] X [—2,2]. Then, we compute following simulations under
same conditions indicated in [3].

e A low Atwood ratio problem: For the mesh size for space h =
1/128, set ppr = 3, pm = 1 and n(z) = —0.1cos(2mx). Snapshots
of the density field are displayed in Figure 1 and Figure 2 at Re =
1000 and Re = 5000, respectively.

e A high Atwood ratio problem: For the mesh size for space h =
1/256 set ppr = 7, pm = 1 and n(x) = —0.01 cos(2mz). Pictures of
the density field are plotted in Figure 3 at Re = 1000.

5.2.2. Allen-Cahn Form(Algorithm 4). In this test, we set same condi-
tions of a low Atwood ratio problem. Then we simulate the problem
for ¢ = 0.01 and n(z) = —0.1 cos(27x). Pictures of the density field are
showed in Figures 4 and 5 at Re = 1000 and Re = 5000, respectively.

6. Conclusions

We attempted several approaches about variable density problem.
We introduced new Algorithm 1~2 of order 2 by developing previous
methods and proved the stability conditions of these algorithms. We had
showed that our accuracy tests got better results than others. Rayleigh-
Taylor instability is most popular simulations of variable density. Figure
1~3 had been displayed the similar results to those in other studies.( [3],
[4]). In addition, we built the new algorithm using Allen-Cahn ideas in
order to overcome the unstability of algorithms. Figure 4~5 showed
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t=1.0 t=1.5 t=1.75 t=2.0 t=2.25 t=2.5 t=3.0 t=3.5 t=4.0
2 - 2 . . 2 ¥ . 2 - 2 il 2 - v 2 : — 2 - 2 Y v
5 5 s 5 15 s s 15 15
05 0 05 os 0 0
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FiGUure 1. A low Atwood ratio problem of Algorithm
1 with finite element (P!, P!, P') for (u,p,p) at Re =
1000(density contours 1.4 < p < 1.6)

t=1.0 t=1.5 t=1.75 t=2.0 t=2.25 t=2.5 t=3.0 t=35 t=3.9
T T T T T T T T

P P P F 2 F 2
0 0z os 0 02 os 0 oz o4 0 0z os I 0 02 o 0o 0z o4 0 0z o4 0 o0z o4

FiGURE 2. A low Atwood ratio problem of Algorithm
1 with finite element (P', P, P!) for (u,p,p) at Re =
5000(density contours 1.4 < p < 1.6)
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F1GUurRE 3. A high Atwood ratio problem of Algorithm
1 with finite element (P!, P!, P') for (u,p,p) at Re =
1000(density contours 2 < p < 4)

t=1.0 t=2.0 t=3.0 t=5.0 t=7.0 s t=10.0 s t=15.0 , t=20.0 s t=25.0

2 2 2 2 2

st [ osi| 4 osf 4 s

s 4 ak 4k

e w 0 o0z o 2w 0 02 o I 0o 0z o4 2w 0 o0z o 0 o0z o4

FIGURE 4. A low Atwood ratio problem of Algorithm
4 with finite element (P', P!, Pl) for (u,p,p) at Re =
1000(density contours 1.4 < p < 1.6)
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t=1.0 t=2.0 t=3.0 t=5.0 t=10.0 t=15.0 1=20.0 t=25.0 1=30.0
2 2 2 2 2 2 2 2

FI1GURE 5. A low Atwood ratio problem of Algorithm
4 with finite element (P*,P',P') for (u,p,p) at Re =
5000(density contours 1.4 < p < 1.6)

the acceptable performance that Algorithm 4 arrives at the end of step
unlike the others.

Our studies and results concluded that the new algorithms are suitable
for simulation of flow problems with a variable density.
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