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CERTAIN RESULTS INVOLVING FRACTIONAL
OPERATORS AND SPECIAL FUNCTIONS

ARMAN AGHILI

ABSTRACT. In this study, the author provided a discussion on one
dimensional Laplace and Fourier transforms with their applications.
It is shown that the combined use of exponential operators and in-
tegral transforms provides a powerful tool to solve space fractional
partial differential equation with non - constant coefficients. The
object of the present article is to extend the application of the joint
Fourier - Laplace transform to derive an analytical solution for a va-
riety of time fractional non - homogeneous KdV. Numerous exercises
and examples presented throughout the paper.

1. Introduction and Definitions

In this section, we introduce here a method which is free of disad-
vantages and suitable for a wide range of boundary value problems for
fractional differential equations. The method uses the Laplace transform
technique and is based on the properties of the Laplace transforms.

DEFINITION 1.1. The Laplace transform of the function f(t) is de-
fined as follows

C{f()} = / e (t)dt = F(s).
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If L{f(t)} = F(s), then L7*{F(s)} is given by [3]
10 =50 [ eFGas

210 Joino

where F(s) is analytic in the region Re(s) > c.

In the literature, there are many different definitions of the fractional
derivative, all of which generalize on the usual integer order derivative.
We will consider here the so called Riemann - Liouville and Caputo
derivatives.

DEFINITION 1.2. If the function ¢(t) belongs to Cla,b] and a < t < b,
then the left Riemann-Liouville fractional integral of order a > 0 is de-
fined as

100 = i | et (13

DEFINITION 1.3. The left Riemann-Liouville fractional derivative of
order a > 0 is defined as following [8,9].

Di9(x) = s i Jo Gogeds,  (L4)

(1—a) dz Ja (a—

it follows that DIl (x) exists for all ¢(x) belongs to Cla,b] ,and a <
x<b.

NoOTE: A very useful fact about the R- L operators is that they
satisfy semi-group properties of fractional integrals. The special case of
the fractional derivative when
a = 0.5 is called semi-derivative.

DEFINITION 1.4. The left Caputo fractional derivative of order «
(0 < a < 1) of ¢(z) is defined as follows [8,9]

DEG(a) = iy S e ¥ (). (1)

In recent years, a growing number of works by many researchers from
various fields of sciences and engineering deal with fractional differential
and integral equations which means equations involving derivatives and
integrals of non - integer order. These new models are more adequate
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than the previously used integer order models. One of the most interest-
ing applications of the Laplace transforms is solving linear differential
equations with discontinuous forcing functions which are common place
in mechanical systems and circuit analysis problems. Recently [10], the
authors used Yang- Laplace transform method to solve Volterra and
Abels integro-differential equations of fractional order.

EXAMPLE 1.1 Let us consider the following fractional differential
equation under non-zero initial condition

DY y(t) + By(t) = Axpap,  y(0)=1,t>0, a=05
NOTE. Observe that the characteristic function (g q is discontinuous

but not differentiable at ¢t = a.
The above fractional equation has the following formal solution.

y(t) = e” Erfe(BVE) + % - )\e; tErfc(ﬁ\/f) —
N T R e e
Y= Brfela(v/i=£))d.

Solution. Let us take the Laplace transform of the above fractional
differential equation term wise and using boundary condition, we get the
following

1 — e 98
s*Y (s) — s* L+ BY (s) = %,
let us put a = 0.5 we arrive at
1
(V3 + BV (s) = 2=+ 51— e

Solving the above equation, yields
1 A e
V(s +8) " s(Vs+B) s(Vs+ )
At this stage, taking the inverse Laplace transform of the above relation,
leads to

Y(s) = )+s

VD) = B eV + 5~ 2
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Let us evaluate the Laplace transform of the Kritzel function Z}(§).

DEFINITION 1.5. By definition, Krétzel function Z7(§) is as follows

o) |
AR Ee——

ul—y

Kratzel function was introduced by E.Kratzel as a kernel of the integral
transform

(K79)(§) = /O N ZY (&6 (t)dt.

We note that the Kratzel function occurs in the study of astrophysical
thermonuclear functions, which are derived on the basis of Boltzmann-
Gibbs statistical mechanics. It is also important to note that, the Kratzel
function Zy(€) is related to the modified Bessel function of second kind
K, or Macdonald’s function. Note that this function is useful in chemical
physics. Some authors, deduced explicit forms of Kratzel function in
terms of the generalized Wright function,[8].

The Laplace transform of the Krétzel function is defined as follows

cizyoy= e[ T e

u

by changing the order of integration, the following relationship will be
obtained

e  ue
du = du.
ulf”(su—i-l) “ /0 (su+1) “

c(z0) - |
Let us take s = 0 , after integration and simplifying, we arrive at
0 0 P P

At this point, if we differentiate the above relation with respect to v, we
get

1 _v+1

o 1 v+1
Z*,I/ d :_1—\/
ARG

).
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1. In special case p = 1 after simplifying,

|zt =rasn,

2. In special case v = 0 and p = 1 after simplifying, we get the following
integral representation for the Euler constant ~

AmZﬁ@M5=Vu>=—w

Note: In the above relation v = 0.57721566...., stands for the Euler -
Mascheroni constant.

2. Evaluation of Integrals by Means of The Laplace Trans-
form

The integral transform technique is one of the most useful tools of
applied mathematics employed in many branches of engineering and sci-
ence.

PROBLEM 2.1. Let us evaluate the following integrals

0o Bz o~z
1 n=[ Sy L= ST 0<p<t
0 TP 0 TP

Solution. Let us define the following integral
=1 —il, = / e~ BHm)e=p .
0
Recall the definition of the Laplace transform, it is easily verified that

I'(1—p) B 4
N P (1 = p)elp—Diog(B+im)
(B +im)t-r (1=p)e

The last equation holds because £ = "¢, on the other hand we know
that

Log(8 +im) = In(y/m? + 3?) + iarctan(’y) then we obtain

I — F(l N p)e(p—l)ln(\/m2+62)+i(p—1)arctan(%)

I=L{z?;s=[F+im} =
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consequently
L =T (1 — p)el~VIVm* 5% cos((p — 1) arctan(%)),

and

I = T(1 — p)ePDI/m>+8) i ((p — )arctan(ﬂ;)).

Let us consider the special case, p = % , B =0, we have

& 1 1
- / oS M P12 )1+ cos((1-)
0o an n n n

and

 gj 1 1 1
B [T e = ST R sin((1-5)5) = P(1-m eos(
0 Tn n n’ 2 n

KELVIN FUNCTIONS: Kelvin functions ber(x) and bei(zx), are defined as
3]
ber(z) = ReJo(ivix) , bei(x) = ImJy(iviz).

We know that E{J0(2\/_) t— S} S
il = (=) = s, gy = e (<) -

1 COSl.
s s

let a = i to get

ExAMPLE 2.1. The following integral identity holds true

(2) I—/O P ber(2v/t)dt = 1\/?005(2\/_)

Solution. Let us define the following integral
I(x) = / e P ber(2v/xt)dt
0

Taking the Laplace transform w.r.t z, and using table of the Laplace
transform leads to

1 [~ t
L{I(x);x — s} =~ e P cos —dt,
s Jo s
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Consequently, by evaluation of the above integral, we get L{I(x)} =
i\/ge_ 57 using the fact that £{zP"'} = T2 we arrive at

2s sp 7

. +o0 +o0 k 2k: 1 /= -
{\fz 4/352 k}_ \fz 4ﬁkr2k+1 2\[5005(2\/6)‘

Now, let us choose x = 1 to get the desired identity as below

1 |m 1
\/7Z 45kr2k+1) 5\/%60‘9(%)'

LEMMA 2.1. The following exponential operator relations hold true

—_

d
exp(i)\a)\lf(t) = W(t£N).
2. exp(:l:)\t%)\ll(t) = W(te?).

3. exp(EA-Lu(t) = (VL N).

tdt
4 exp(g(r) W(E) = BQUF(H) + X)),

Where F(t) is a primitive function of (q(t))™' and Q(t) is the inverse
function of F(t).

Proof. See[4,5,6] ]

Lemma 2.2. Let us assume that L(¢(t)) = P(s), then we have the
following relations

1 [ -

1 G_WSB _ _/ e—rﬁ(wcosﬁﬂ)sin(wrﬂsinﬂﬂ-)(/ e_ST_TTdT)dT’.
™ Jo 0

2. L7HDP(Vs) = ue % p(u)du

2t\/_
—kvs __ —55—4—
3. e _/0 25\/%_56 £dg.

Proof. See [1,2]. O
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LEMMA 2.3. The following exponential identity holds true.

I g (SR = 5 [T o (VE =),

Proof. Let us consider the following elementary integral

e dr \/— _)\2
a2 Vi — A2 \/_ ’

in the above integral, let us choose ¢ =

(3)

we get the following relation

id_s’
N o ¢ ge e
(4) e EH(E) = o(§),
2 V¥

after simplifying, we arrive at
1 -\ d 1 > 1
5 ex = — JE—

di 2% d_ﬁ (/&2 — x))dx.

R=
~

]

PROBLEM 2.2. Let us solve the following space fractional linear PDE
with non - constant coefficients by means of the fractional exponential
operator method

VT DEEOSy — BtA~1y 4y, = 0,
u(z,0) = ¢(x).

Solution. In order to solve the above space fractional PDE, by solving
the first order FPDE with respect to ¢, we get the formal solution as

follows
pR-L,0.5

u(x,t) = e’ e VEPTT T g (),
the right hand side of the above equation can be simplified using the
third identity of the Lemma 2.2, then, by replacing s = D, , k = t\/x,
we get the solution as below

B8 roo T —£0.— (tva)?
ul,t) = e [i° gelie % T deg(a),

after simplifiying, we arrive at

u(z,t) = e’ o 22/6?5@ % o(x — &)dE.




Fractional operators with applications 495

LEMMA 2.4. The following exponential identity holds true

2

L. exp(—/\\/%)\lf(x) = % /000 TJO(/\T)(/OOO 6\/77; U(x —n)dn)dr.

Proof. Let us start with the following Laplace transform identity

o 1
L(Jo(rt)) = / e P Jo(rt)dt = —.
0 /p2 + 7"2
The left hand side can be rewritten as Hankel transform of the exponen-
tial function of order zero as below

| St = () = ———
——tJo(rt)dt = = ,

0 t 0 0 t pQ + 7"2

upon inversion of the Hankel transforms of order zero, we get the fol-

lowing

|t =
rJo(tr)dr = .
o VrPrp t

At this stage, let us put p? = s in the above relation to obtain
eThE = t/ rJo(tr)(r* + s)*%dr,
0

in the above identity, let us choose s = % and t = A, then we get the
following exponential identity

eWVE () = A/Ooo rdo(Ar)((r? + d%)‘%\l’(x))dr,

in order to find the result of the action of the operator over the function,
we use the following well known elementary identity

1 oo
-V _ —&u V—ld >0
19 N0 /0 e ~"u u, v ,
by choosing v = % and & = 1?2 + %, and in view of the Lemma 2.1. we
get the following relation

d i

e =2 [Teaon [

exp(—A U(x —n)dn)dr.
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THEOREM 2.1. The following exponential identity holds true

2

1 exp(n) Dyw) = A% /Oor”“J (/\r)(/ooi\lf(x— ) dr
. N Y o NV AT

Proof. Let us start with the following Laplace transform identity
(2r)"T'(v + 0.5)

VT(p? + 1205

The left hand side can be rewritten as Hankel transform of exponential
function of order v as below

<Pt e Pt 27T (v + 0.5)

Lt J,(rt)) = /0 ) eI T, (rt)dt =

tl—l/) B ﬁ(pQ +T2)u+0.57
upon inversion of the Hankel transform of order v, we get the following

> 2"r"T'(v + 0.5) e~ Pt
o VR o A=

At this point, let us put p? = s in the above relation to get

2°T 0.5 o
e~ tVs — tl_”—(i/i_ ) / L () (r? + 8)_(V+%)d7“,
™ 0

in the above identity, let us choose s = % and ¢t = A, then we get the
following exponential identity

2T (v +0.5) [ d. ;1
1-v v+l 2 3y
NG /0 T (Ar) ((r +dx) (x))dr,

in order to find the result of the action of the operator over the function,
we use the following well known elementary identity

1

5’5 = m/ e’gnn5’1dn, 0 >0,
0

tlfz/'

e_)‘\/gllf(az) =

by choosing § = v + % and & = r? + %, in view of the Lemma 2.1. we
have the following

(0w = 22 [Tt [T S e and
Xp o x—ﬁor 1,7’0770.5_Va:7]77r.

]
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NoOTE. The Hankel transforms arise naturally in solving boundary
value problems formulated in cylindrical coordinates. They also occur
in other applications such as determining the oscillations of heavy chain
suspended from one end.

Solution to Singular Integral Equation with Kernel of Kelvin’s
Functions.
PROBLEM 2.3. Let us consider the following singular integral equation

2 [T ,
\/;/0 O(t) bei(2\/Et)dt = Jy(2/kE),

the formal solution is as follows

2t
o0 -\ 2t

Solution. By taking the Laplace transform of each term in the above
equation, we find

\/g/om o(t) L{bei(2\/€t); E— > stdt = L{Jo(2\/kE) : E— > s},

9 [t 1. ¢ e %
\/;/0 6(1) (= sin Syt =

For the sake of simplicity, let us take

- = W.
S

2 [t
\/i/ o(t) sinwt dt = e,
T Jo

the left hand side by definition is the Fourier sine transform of certain
functions, so that

Then we get

Fo{o(t)it— > w} = e,

Using the inversion formula for the Fourier sine transform to obtain

o(t) = \/%/JFOO e M sin(tw)dw,
0
2t
o) =2t

or
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COROLLARY 2.1. We have the following integral representation for
the Bessel’s function of order zero.

2 [T ¢ ,
Jo(2v/k€) = ;/0 P bei(2+/&t)dt.

Let us solve the following partial differential equation with non - constant
coefficients by means of exponential operators method.

EXAMPLE 2.2. Let us solve the following initial value problem

Uy = atMy — gux, a,f>0,A>1, u(z,0) = P(z).

Solution. In order to solve the above PDE, we can rewrite the above
PDE in the following form

ou G0
i 5 A

ot (a x 0x
by solving the first order PDE with respect to t, we get the formal
solution as follows

Ju,

oy Bt d

e = @ y(a),
the right hand side of the above equation can be treated using third part
of the Lemma 2.1.

u(z,t) = eo‘tA@/J(\/x? — [B?t?).

Note. It is easy to verify that
u(z,0) = ¢(x).

u(z,t) = e*

3. Stieltjes transform

DEFINITION 3.1. The Stieltjes transform is defined as follows [7]
= f(t)dt
t = .
str.sy= [0

It is well known that the second iterate of the Laplace transform is the
Stieltjes transform, that is

L2{f(t);s} = L{LLf(t)iub, s} = S{f(1), s} = F(s).
The complex inversion formula for the Stieltjes transform is defined as
follows
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ft) =S H{F(s),t} = L7HL H{F(p): s}, t}

1 c+ico . 1 c+ioco
= Sl — F Pédp | ds.
i “\ 2m / (p)erdp | ds

ExXAMPLE 3.1. The following identity holds true
1 e 1
LIZY©) = S{ure™ -}

SOLUTION.

cizyon= [

e~ v U © uremv” 1 oo 1
du = du = -S{u"e™™ : -}
ul—"<su+1) " /0 (su+1) YT fure s}

LEMMA 3.1. Let us assume that Lf(t) = F(s), L[g(t)] = G(s) and
Sf(t) = H(r), then we have the following integral relation

/ F(s)G(s)ds :/ g(r)H (r)dr.
0 0
Provided that all integrals involved converge absolutely.

Proof. 1t is not difficult to verify. O]

NOTE.The above Lemma has an interesting application as below

EXAMPLE 3.2. Let us take f(t) = Jo(2Vat), g(t) = ()2 1,(2V/B1),
then we have L£(Jy(2vat)) = F(s) = ei%, E((%)%]V(Q\/E)) =G(s) =

s

<7 and
H(r) = Sf(t) = Ko(2y/ar), by setting the above information in the

Lemma 3.1., we arrive at

co —< 8 00
e s €s r. v
/0 ( . )(31/+1)d8 = /0 (B)f[V(Q\/BT)KO(Qx/aT)dr.
After evaluating the first integral, we obtain
riy F(v+1)
—)21,(2+/0r)Ko(2var)dr = ————, ,a> [ >0.
| Ginevanmeyan - 0
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4. Main Results

In [8]the authors established explicit solutions of Cauchy type prob-
lems for fractional diffusion - wave partial differential equations involv-
ing the Riemann - Liouville fractional derivatives of order a > 0. They
also considered fractional differential equations involving the partial Ca-
puto fractional derivative with respect to time, ¢ and the Laplacian with
respect to x, with order n — 1 < a < n. They applied the joint Laplace-
Fourier integral transforms to construct analytic solutions of Cauchy
type and Cauchy problems for fractional diffusion - wave and evolution
equations.

Solution to Time Fractional Linearized KdV via The Joint
Laplace- Fourier Transform.

The KdV equations are attracting many researchers, and a great deal
of works has already been done in some of these equations. In this
section, we will implement the joint Laplace- Fourier transforms to con-
struct an exact solution for a variety of the KdV equation with the time
fractional derivative in the Caputo sense.

To the best of our knowledge, this kind of Kdv equation has not been
studied in any detail.

PROBLEM 4.1. Solving the following time fractional non-homogeneous
linearized KdV, is not yet considered

CDt%u + au + Buy + Yiger = ¢(x)
u(r,0) = f(z).

Solution. By taking the joint Laplace - Fourier transform of equation
and using boundary condition, we get the following transformed equation

S 1 F(w) 1 O (w)

Ulw,s) = — , : + - : ‘ :
Vsy/s+ (iwf —iyw? —a)  s/s+ (iwf —iyw? — a)
For the sake of simplicity, let us assume that 7 = wg — ivw? — «,
and using the inverse Laplace transform of the transformed equation to

obtain

F(w) O(w)

N 1 i W
A IV E R

;§— > t}?
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or

A~

Uw,t) = (— )x——=
(w,0) = (=) 2t\/ﬁ/0 W—/
At this stage, inverting the Fourier transform to get

1 +oo 1
u(r,t) = — e T (——) %
( ) \/271'/ (\/Wt) 2t/ it

+oo
— / ~izw) Qt\r / O 4 .

By setting 7 = ‘w3 — iyw® — «, and changing the order of integration,
we have

u(z,t) = (

(70 dé+h(t) (G +T€>dg.

“+oo 52
e T e Y dw+

1 ¢ 1 +00 .
— )% —(%) —/ F(w)e =78 duy}de+
\/H) 2t\/E el | Fw) yd¢

equivalently

—i(x+£B)w6i(7£)w3 dw}de

ula,t) = <f Qtf +Oéf{m/

1 - §2 1 /+oo B
( +af) Z(Z+£B)w i(y&)w
* I I d(w)e dwld
2t\/ 1t /0 {\/ 21 ( ) } ¢

The interior integrals can be evaluated by convolution for the Fourier

transform as below
400 +00
()« o~ (5 +ad) flx+BE—¢) . o+ B¢
u(z.) (m) th/o o | e i agac

+oo
(£ tat) Pz +PE—¢) . o+ B8
%W {m/ AR dppe

Note: Let us consider the special case

1
p— p— 0 == —
f=a=0ry 3

We get the simple standard time fractional non homogeneous KdV,

+h(t)

+

th%u + %umr = ¢(),
u(z,0) = f(x),
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with the following solution
L T ey L [ e—e) e
vl TP Tt e
BRI BT T A G P
+h<t>*2tm/o c {\/ﬁ/_w A doe

5. Conclusion

u(z,t) = (

The paper is devoted to study the Laplace, Stieltjes integral trans-
forms and their applications in evaluating the integrals. The one dimen-
sional Laplace and Fourier transforms provide a powerful method for
analyzing linear systems. The main purpose of this work is to develop
methods for evaluating some special integrals, and solution to a variety
of non homogeneous KdV equation with fractional derivative. We hope
that it will also benefit many researchers in the disciplines of engineering,
applied mathematics, and mathematical physics.
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