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OPTIMAL RADIOCOLORING OF TREES
XIAOLING ZHANG

ABSTRACT. A Radiocoloring (RC) of a graph G is a function f from
the vertex set V(G) to the set of all non-negative integers (labels)
such that |f(u) — f(v)] > 2 if d(u,v) = 1 and |f(u) — f(v)| >
1 if d(u,v) = 2. The number of discrete labels and the range of
labels used are called order and span, respectively. In this paper,
we concentrate on the minimum order span Radiocoloring Problem
(RCP) of trees. The optimization version of the minimum order
span RCP that tries to find, from all minimum order assignments,
one that uses the minimum span. We provide attainable lower and
upper bounds for trees. Moreover, a complete characterization of
caterpillars (as a subclass of trees) with the minimum order span is
given.

1. Introduction

The Frequency Assignment Problem (FAP) [1] in radio networks is
a well-studied, interesting problem, aiming at assigning frequencies to
transmitters exploiting frequency reuse while keeping signal interference
to acceptable levels. The FAP is, in many cases, studied as a graph
coloring problem, in which the vertices represent transmitters, the edges
represent interference between two transmitters and the colors represent
the frequencies. A Radiocoloring (RC) of a graph G is a function f from
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the vertex set V(G) to the set of all non-negative integers (labels) such
that | f(u) — f(v)| > 2if d(u,v) =1 and |f(u) — f(v)| > 1 if d(u,v) = 2,
where d(u,v) denotes the distance between u and v. The number of
discrete labels and the range of labels used are called order and span,
respectively.

Real networks reserve bandwidth (range of frequencies) rather than
distinct frequencies. In this case, an assignment seeks to use as small
range of frequencies as possible [2-5]. For more details, one may refer to
the surveys [6,7]. It is sometimes desirable to use as few distinct frequen-
cies of a given bandwidth (span) as possible, since the unused frequencies
are available for other use. However, there are cases where the primary
objective is to minimize the number of frequencies used and the span is
a secondary objective, since we do not want to reserve unnecessary large
span. These optimization versions of the Radiocoloring Problem (RCP)
are the main objects of study in this work and are defined as follows.

DEFINITION 1 (Minimum order RCP). The optimization version of

the RCP that tries to minimize the order. The optimal order is called
Xorder-

DEFINITION 2 (Minimum span RCP). The optimization version of
the RCP that tries to minimize the span. The optimal span is called
Xspan~

DEFINITION 3 (Minimum span order RCP). The optimization version
of the RCP that tries to find from all minimum span assignments, one

that uses as few labels as possible. The order of such an assignment is
called X/

order*

DEFINITION 4 (Minimum order span RCP). The optimization version
of the RCP that tries to find, from all minimum order assignments, one
that uses a minimum span. The span of such an assignment is called
X;pan‘

It is easy to see that Xopger < X[ g and Xgpan < X, Also, it
holds that X,der < Xgpan + 1. Another variation of FAP is related to
the square of a graph, which is defined as follows: the square G? of
a graph G is given by V(G?) = V(G) and wv € E(G?) if and only if
d(u,v) < 2. The problem is to color the square of a graph G, so that
no two neighbor vertices (in G?) get the same color. The objective is to
use the minimum number of colors, denoted x(G?) and called chromatic

number of the square of the graph. [8,9] first observed that for any
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graph G, X,rqer(G) is the same as the chromatic number of G2, i.e.
Xorder(G) = x(G?). However, notice that, the set of colors used in the
computed assignments of the two problems are different. The colors of
the distance one vertices in the RCP should be at frequency distance two
instead of one in the coloring of the G2. However, from a valid coloring
of G? we can always reach a valid RC of G by doubling the assigned
color of each vertex. Observe that x(G?) < Xpun(G) +1 < 2x(G?) — 1.

It has been proved that the problem of the minimum span RCP is
NP-complete, even for graphs of diameter 2 [10]. In [11], Lin proved that
the problem of coloring the square of a general graph (i.e. the minimum
order RCP) is NP-complete. It was also shown that the minimum span
order RCP is NP-complete for planar graphs in [8]. To our knowledge,
the minimum order span RCP has not been investigated before.

In this paper, we concentrate on the minimum order span RCP on
trees. The optimization version of the minimum order span RCP that
tries to find, from all minimum order assignments, one that uses the
minimum span. In Section 2, we provide attainable lower and upper
bounds for trees. Moreover, a complete characterization of caterpillars
(as a subclass of trees) with the minimum order span is given in Section
3.

2. The minimum order span of tree

In this section, we study the minimum order span of trees by present-
ing attainable lower and upper bounds.

A vertex v is called k-vertexr if d(v) = k, where d(v) is the degree
of v in G. Let A(G) denote the maximum degree of G. When the
context is clear, we use A instead of A(G). For a vertex v in G, let
N(v) = {w|ow € E(G)} and N[v] = N(v) U {v}. For integers i and j
with ¢ < j, we denote [i, j] as the set {i,i+1,--- ,j—1,75}. The following
lemma is easy to verify.

LEMMA 2.1.

) 2] A4+1< Xgpan(T) < A+2, where T is a tree.

2) [12] Xorger(T) = x(T?) = A+1, where T is a tree with at least one
edge.

3) A +1 S Xm"de’r(G) S ‘V(G)|

4) Xpan(G) < XL n(G), and X .. (G) = Xepan(G) if the diameter

span span
of G is at most two.
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THEOREM 2.1. Let T' be a tree. Then A+ 1 < X, (T) < 2A.

Furthermore, both the lower bound and upper bound are attainable.

Proof. Firstly, Xorger(T) = A+ 1 and X[, (T) > Xgpan(T) > A+ 1
by Lemma 2.1. Now, we obtain the upper bound by a first-fit (greedy)
labeling. First, order V(T') so that V(T') = {v1, v, ,v,}, where, for
all i > 1, v; is attached just once to {vy, vy, -+ ,v;_1}. We describe a
radiocoloring of T": label v; as 0; then successively label vy, v3, -« , v,
by the lowest available element of {0,2,4,--- ,2A}. It can be seen that
the labeling, defined above, is a radiocoloring of 7" with order A + 1 and
span 2A. Thus X[, (T) < 2A.

Finally, both values can occur. The value A+1 holds for the star K .
On the other hand, if T  is a complete A-ary tree of height at least 2,
where it means all non-leaf vertices are A-vertices. Then X| (T) = 2A.

span
This implies the conclusion. O

The following theorem provides a sufficient condition for X{ . (T) =
2A.

THEOREM 2.2. Let T be a tree. If T contains a A-vertex vy satisfying
that all the vertices in N(vg) are A-vertices. Then X,,.(T) = 2A.

Proof. Let f be a radiocoloring of T' with order A+ 1 and f(V(T)) =
{ai,as, -+ ;any1}. Let N(vg) = {vi,v9,--- ,va}. Then f(N[v;]) =
{ai,as,-+ ;aany1} for each i € [0, A], since v; is a A-vertex. Without
loss of generality, f(v;) = a;41 for i =0,1,--- ,A. Then |a; — a;| > 2
for all j # 1 and |as — aj] > 2 for all j # 2. Generally, we have
la; — a;] > 2 for all @ # j. Thus, maxycy(r) f(v) > 2A, which implies
X! () > 2A. On the other hand, according to Theorem 2.1, we have

span

Xipan(T) = 2A. O
LEMMA 2.2. Let T be a tree and f be a radiocoloring of T with order

A+1 and span A+ 1. Then we have f(u) =0 for each A-vertex u and

f(v) € {0,2, A+ 1} for each (A —1)-vertex v; or f(u) = A+1 for each

A-vertex uw and f(v) € {0,A —1,A+ 1} for each (A — 1)-vertex v.

Proof. Notice that f(u) € {0,A + 1} for each A-vertex u. Now if
f(ug) = 0 for some A-vertex ug, then f(V(7T)) = [0,A + 1]/{1} since
the order of f is A + 1. Suppose there is some A-vertex u; such that
f(u1) = A+ 1. This implies f(N(uy)) = [0, A — 1]. But this contradicts
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to f(V(T)) =[0,A+ 1]/{1}. So f(u) = 0 for each A-vertex u. In the
case, we have f(v) € {0,2,A + 1} for each (A — 1)-vertex v. Similarly,
if f(up) = A+ 1 for some A-vertex wug, then f(u) = A+ 1 for each
A-vertex u and f(v) € {0,A —1,A + 1} for each (A — 1)-vertex v. [

THEOREM 2.3. Let T be a tree. If T contains one of the following
configurations, then X[, (T) > A+ 2.

(C1) There exist two A-vertices u,v such that d(u,v) < 2.

(C2) There exist a A-vertex vy and three (A — 1)-vertices vy, vs, U3
such that d(v;,v;) < 2 for any i # j.

(C3) There exist four (A—1)-vertices vy, va, v, vy such that d(v;,v;) <
2 for any i # j.

(C4) Let vy be a A-vertex. If there exist at least A — 3 vertices in
N (vg) such that each of them is adjacent to two (A — 1)-vertices.

(C5) Let P = vjvg--- vy, be a path of T satisfying that d(v;) = A or
A —1 for all i € [1,n|. There exist two consecutive A-vertices v;,v;
(i < j)in P such that d(v;,v;) # 0(mod 3).

(C6) Let ug, uy, ug be three A-vertices and vy, vy, vy be three (A —1)-
vertices such that d(u;,v;) < 2 for all i € {0,1,2} and d(v;,v;) < 2 for
any i # j.

Proof. Suppose that T" admits a radiocoloring f with order A+ 1 and
span A 4+ 1. Without loss of generality, let f(u) = 0 for each A-vertex u
and f(v) € {0,2, A+ 1} for each (A — 1)-vertex v by Lemma 2.2.

(C1) Notice that f(u) = f(v) = 0. It is a contradiction to d(u,v) < 2.

(C2) Tn the case, f(vo) = 0 and {f(v1), f(v2), f(v5)} = {0,2, A+ 1},
again a contradiction to d(v;,v;) < 2 for any i # j.

(C3) Note that f(v;) € {0,2,A + 1} for all 7 € [1,4]. But this is
impossible, since d(v;,v;) < 2 for any 7 # j.

(C4) Let N(vg) = {v1,v, -+ ,va}. Then f(vg) =0 and f(N(vg)) =
[2, A+ 1]. If v; is adjacent to two (A — 1)-vertices, then the two (A —1)-
vertices must be labeled by 2 and A + 1, respectively. This implies
f(vi) ¢ {2,3, A, A+ 1}. Therefore, there are at most A — 4 vertices in
N(vp) such that each of them is adjacent to two (A — 1)-vertices, which
is a contradiction to the assumption.

(C5) In this case, f(v;), f(vig1), -+, f(v;) =0,2,(A+1),---,
0,2,(A+1),00r0,(A+1),2,---,0,(A+1),2,0. Thisimplies d(v;, v;) =
0(mod 3), a contradiction.
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(C6) Note that f(v;) € {2, A+ 1} since f(u;) = 0 and d(u;,v;) < 2
for all i € {0,1,2}. But d(v;,v;) <2 for any i # j, a contradiction. [

3. The minimum order span of caterpillars

In the previous section we obtain attainable lower and upper bounds
for trees. When we restrict to the subclass of trees, such as caterpillars,
a complete characterization will be given in this section.

A tree T is called a caterpillar if the removal of all vertices of degree
1 results in a path, called the spine. If A = 2, then T is a path.

THEOREM 3.1. [2] Let P, be a path on n vertices. Then

2, ifn =2,
Xspan(Pn> - 37 an = 3;4;
4, ifn > 5.
THEOREM 3.2. Let P, = v1vy---v, be a path on n vertices. Then
2, ifn =2
X;pan(Pn) - 37 an = 3;
4, ifn > 4.

Proof. Clearly, X,rger(P2) = 2 and Xopger(P,) = 3 if n > 3 by Lemma
2.1. Forn = 2,3, X/, (Py) = Xapan(Pa) = 2, X0 (Ps) = Xopan(Ps) =
3 using the Lemma 2.1 and the fact that the diameters of P, and P3 are
at most 2.

For n = 4, suppose for contradiction that there is a radiocoloring f
with order 3 and span 3. If f(ve) = 1, then {f(v1), f(vs3)} = {3,4}
and f(vy) = 0 or 2, a contradiction to Xypger(Py) = 3. If f(ve) =
2, then {f(v1), f(vs)} = {0,4}, a contradiction to the fact that the
span of f is 3. The discussion for f(v3) is the same as for f(vs).
So {f(ve), f(v3)} = {0,3}. But now {f(v1), f(vs)} = {1,2}, again a
contradiction to X,pger(Py) = 3. Hence X, . (Py) > 4. For n > 5,

Xlpan(Pn) = Xgpan(Pn) = 4 in view of Lemma 2.1 and Theorem 3.1.
For n > 4, we define a radiocoloring with order 3 and span 4 as
follows:
0, if ¢ = 0(mod 3),
f(v) =< 2, ifi=1(mod 3),
4, if i = 2(mod 3).
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Therefore, X! . (P,) <4 for n > 4. O

span

We are now ready to consider A > 3. Let T be a caterpillar with the
spine v1vy -+ - - v,. Let N{vx} = N(vg)\{vk-1,vk+1}, which denotes the
leaf neighbors of wy.

THEOREM 3.3. Let T be a caterpillar with the spine vivg - - -v,. Then
A+1< X! (T)<A+3.

span

Proof. Firstly, X! . (T) > A + 1 follows from Theorem 2.1.

span

Now we prove that X ,.(T) < A + 3 by giving a radiocoloring f of
T with order A+1 and span A+ 3. Firstly, the vertices on the spine are
labeled by the sequence 0,2, 4 repeatedly. Next, f(N{v;}) C [6,A + 3]
for each i € [1,n]. It is straightforward to check that f is a radiocoloring

of T with order A + 1 and span A + 3. Hence X! . (T) < A+3. O

span

The following two theorems give a characterization of the lower and
upper bounds, respectively.

THEOREM 3.4. LetT be a caterpillar with the spine vivs - - -v,. Then
X! (T)=A+3if and only if T contains three consecutive A-vertices.

span

Proof. Let f be a radiocoloring of T" with order A + 1. If T' contains
three consecutive A-vertices, denoted by v;, v;1, vip2. Then f(v;) is at
least two apart from each label except itself. An similar case for f(v;1)
and f(viy2). Therefore, we conclude that X.  (T) > A + 3. On the

other hand, by Theorem 3.3, we have Xgpcm(TIS =A+3.

If T' does not contain three consecutive A-vertices, then we construct
a radiocoloring f of T as follows: label each v; by 0, 2 or A+ 2 such that
each A-vertex is labeled by 0 or 2. Furthermore, f(N{v;}) C [4,A + 1]
if f(v;)=0o0r2; f(N{v;}) C [4,A] if f(v;) = A + 2. It is easy to show
that the labeling f, constructed above, is a radiocoloring of T" with order
A+ 1 and span A + 2. Thus, X! . (T) < A+ 2. This completes the

span

proof of Theorem 3.4. O]

THEOREM 3.5. Let T be a caterpillar with the spine vivg - - -v,. Then
XL () =A+1if and only if T has no structures as follows:

span
(I) There exist two consecutive A-vertices v;,vj such that d(v;,v;) #
O(mod 3) and d(vy) = A —1 forallk e i+ 1,7 —1];
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(IT) There exist two consecutive A-vertices v;,v; such that d(v;,v;) =
2(mod 3) and d(vy) < A—1 for some k € {i+1,i+4,---,5—4,j—1},
and d(v)) = A —1 foralll € i +1,j — 1] except k.

Proof. We first prove the sufficiency. If (I) holds, then X[, (T) >
A + 2 by the (C5) of Theorem 2.3. So it is enough to show (II) derives
Xipan(T) > A + 2. For the contrary, suppose f is a radiocoloring of T
with order A+ 1 and span A+ 1. Without loss of generality, let f(v;) =
f(v;) =0. Ifd(viy1) < A—=land d(v)) = A—1foralll € [i+2, j—1], then
f(vj—s) = 0 for each t € [0, j_;_2]. Thus f(vis2) = 0 since d(v;,v;) =
2(mod 3). But this is impossible, since f(v;) = 0 and d(v;, v42) = 2.
Similar arguments can be made for k € {i +4,i+7,---,j— 4,5 — 1}
Therefore, X{,,,(T) > A+ 2.

Suppose that T" has no structures (I)-(II). We now prove the necessity
by constructing a radiocoloring f of 7" with order A+ 1 and span A+ 1.
Let v;,,viy, - -+ ,v;, be all A-vertices, where i1 < iy < -+ < ig.

First, label v;,, v;,_1, -+ , v, v1 by the sequence 0,2, (A+1) or 0, (A+
1), 2 repeatedly. Then, for k € [1,41], f(N{vx}) C [3,A] if f(vx) = O;
F(N{o}) © [4,A]if f() =2, F(N{u}) © B.A— 1] flug) = A+ 1.

Next, for any two consecutive A-vertices vy, and v;,,,, we treat the
following four cases.

Case 1. d(v;;,v;,,,) = 0(mod 3) and d(vy) < Aforall k € [i;+1,i541—1].

Firstly, label v;;, vs, 41, - -, v;,,, in the following sequence: 0,2, (A 4 1),
0,2, (A+1),0 or 0, (A +1),2,---,0,(A+1),2,0. Secondly, for k €
[ij + 17ij+1 - 1]7 f(N{Uk}) C {37 A] if f(Uk) =0 f(N{Uk}) C [47 A] if
flog) = 2; f(N{ve}) C [3,A — 1] if f(vx) = A+ 1, as illustrated in
Figure 1 (a).

Case 2. d(vy;,vi,,,
i + 1,551 — 1.

Start label v;,, v;; 41, -+ ,v;,,, by the sequence: 0,2, (A +1),---,
0,2,(A+1), 0or 0,(A+1),2,---,0,(A+1),2,0 by inserting 4 such
that vy, is labeled by 4. Next, for t ¢ {k—1,k k+1}, f(N{v:}) C [3,4]
if f(v,) = 0; f(N{v}) C [4,A] if f(vy) = 2; f(N{v}) C [3,A — 1]
if f(vy)) = A+ 1. Finally, for t € {k — 1,k,k + 1}, we label the leaf
neighbours of v; in the way of X, as illustrated in Figure 2. Consequently,
we use the labelling way shown in Figure 1 (b).

) = 1(mod 3) and d(vy) < A — 1 for some k €
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. A+ 19
A+1 0 €[3,A]
0 c[3,A] Al 2 C[4,A]
2 Cl4,A] A+1 C[3,A-1]
0 <[3,A]
A+l C[3,A-1] 0 €[3.A]
: 2 Cl4,A]
: 0 c[3,A] 2 Cl4,A]
A+1 A+1 C[3,A-1]
2 Cl4,n] A+l C[3,A-1]
0 C[3,A] - 0 €[3,A] -
2 Cl4,A] — €B3.4-1] 2 Cl4,A]
A+1 - s 1
+ C[3,A-1] p A+ C[3,A-1] X| 4 -
0 c[3,4] -
2 SH4AT | | 4 0 [3,A] L
A+1 C[3,A-1] Vi 2 EQ[S,AH] v s s
P D 4 <Dc[6,A+1]00,1) :
0 HENY 0 €3.A] : -

2 cl4,A] 2 Cl4,A] A+1 C[3,A-1] 2 Cl4,A]
A+l €[3,a-1] A+1 C[3,A-1] 2 Cl4,A] A+1 C[3,A-1]
0 C[3,4] 0 C[3,4] 0 c[3,4] 0 c[3,A]
2 C[4,A] 2 Cl[4,A] A+1 C[3,A-1] 2 cl4,n]
atl SERSS S cEaA-1] 2 [4.4] A+l C[3.A-1]
0 c[3,A] 0 C[3,A] 0 C[3,A] 0 C[3,A]

(a) (b) (¢) (d)
FIGURE 1. The radiocoloring for the case (a)
d(vi;,vi,,,) = O(mod 3); (b) d(vi,vi;,,) = 1(mod 3

and d(vy) < A — 1 for some k € [i; + 1,441 — 1];
(c) d(vi,vi;.,) = 2(mod 3) and d(vx) < A — 1
for some k ¢ {i; + 1,4; + 4,--- ,i;41 — 1} (d)
d(vi;, vi,,,) = 2(mod 3) and d(vy) < A —1,d(v;) <A -1
for some k,l € {i;+ 1,4; +4, -+ ,ij+1 — 1}

Case 3. d(vi;,vi,,,) = 2(mod 3) and d(vx) < A — 1 for some k ¢

(ij+ 10 +4, i — 1}
We first label v;,, v;; 41, -
2,(A+1),0,2,4,(A+1

0,(A+1),2,

,Vi;,, by the sequence: w’ ’
# (A+1),2,0 000, (A+1),2
0,(A+1),4,2,(A )0,...’

T

, (A +1),0 such that vy, is
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0 €[5,A]u{2.3} 2 c[5,A+1] A+l C[5.A-1]u{0,1,3}
Xi 4 ooctearllolll 4 o c6.A]ui0.1) 4 ©oC6,A]ui1.2)
2 €[5.A]u10; A+1 c[5.A-1]u{1,2,3} 0 C[5,A]u{3}

(@) (b) (¢)

FIGURE 2. A radiocoloring of {vy_1, vk, vk+1} and their
leaf neighbours with order A 4+ 1 and span A + 1.

labeled by 4. Secondly, for t ¢ {k — 1,k k + 1}, f(N{v;}) C [3,4]
it f(u) = 0; f(N{u}) C [LA]if f(u) = 2 F(N{u}) C [3,A— 1]
if f(u,) = A+ 1. Finally, f(N{op_i}) € [5, A + 1] if fupy) = 2;
S(N{we}) € [6,A + 1] UA{0,1}; f(N{ve}) € [5,A = 1] U {0, 4} if

f(vrs1) = A+ 1, which is depicted in in Figure 1 (c).
Case 4. d(v;;,vi;,,) = 2(mod 3) and d(vx) < A — 1,d(v;) < A —1 for
some k,l € {i;+1,4; +4,--- ,i;51 — 1}

Initially, we label v;,, v; 41, -, vs,,, by the sequence: 0,2, (A +1),-- -,
0,2,(A+1),00r0,(A+1),2,---,0,(A+1),2,0 by inserting 4, 5 such
that vg, v, are labeled by 4 and 5 respectively. Next, fort ¢ {k—1,k, k+
17l o 1=l7l + 1}7 f(N{Ut}) C [37A] if f(vt) = 0 f(N{Ut}) C [4? A]
if f(ve) = 2; f(N{w}) € [3,A — 1] if f(v) = A+ 1. Lastly, for
t € {k— 1,k k+ 1}, we label the leaf neighbours of v; in the way
of X, as shown in Figure 2. For t € {l — 1,1, + 1}, we label the leaf
neighbours of v; in the way of Y, as shown in Figure 3. Namely, we use
the labelling way shown in Figure 1 (d).

0 cl6.A]u{2.3.47 2 cl6,A+1]u{4} A+l €[6,A-11U{0,1,3,4}
Yis o c7.a+uil3) s >C[7.A]u{0,1,3} 5 OC(7.A1u{1,2,3}
2 €[6,A]u{0.4} A+l Cl6,A-1]u{1,2,3,.4) 0 c[6,A]u{3,4}

(@) (b) (©)

FIGURE 3. A radiocoloring of {v;_1, v, vj41} and their leaf
neighbours with order A + 1 and span A + 1.

Finally, we label v;,v; 11, ,v, by the sequence 0,2, (A + 1) or
0,(A + 1),2 repeatedly. Then, for k& € [ix,n|, f(N{v}) C [3,A] if
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flow) =05 f(N{ue}) € [4, AL fue) = 25 f(N{w}) € [3,A 1] if
f(’l)k) =A+1.
The proof is complete. O

Combining Theorem 3.3, 3.4 and 3.5, we provide a complete charac-
terization of caterpillars with the minimum order span.
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