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MATRIX OPERATORS ON FUNCTION-VALUED
FUNCTION SPACES

SING-CHEONG ONG, JITTI RAKBUD, AND
TITARII WOOTIJIRATTIKAL®

ABSTRACT. We study spaces of continuous-function-valued func-
tions that have the property that composition with evaluation func-
tionals induce weak to norm continuous maps to ¢ space (p €
(1,00)). Versions of Hélder’s inequality and Riesz representation
theorem are proved to hold on these spaces. We prove a version of
Dixmier’s theorem for spaces of function-valued matrix operators on
these spaces, and an analogue of the trace formula for operators on
Hilbert spaces. When the function space is taken to be the complex
field, the spaces are just the ¢° spaces and the well-known classical
theorems follow from our results.

1. Introduction

Operators on the £, 1 < p < oo sequence spaces have matrix repre-
sentations. This is mainly a consequence of the fact that the complex
field C acts on itself as operators (self dual). It is natural to investi-
gate how much this can be pushed toward the self action of algebras.
We take an initial step by considering the closest allies of C, namely
commutative C"-algebras. We show that several of the beautiful theo-
rems for sequence spaces can be extended to this setting. As one would
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guess that the most obvious way of extension is to replace the absolute
value on C by the norm on A, then the extension of many theorems for
sequence spaces will follow almost immediately. The topology induced
on C by the absolute value has several analogues in .A. Here we use
the weak topology coupled with evaluation functionals. With a fixed
commutative C~ algebra (or algebra of continuous functions on a com-
pact Hausdorff space), A, we study .A-valued spaces of functions that
give rise to £” functions when composed with evaluation functionals, and
the composition is weak to norm continuous. We show that Holder’s
inequality [7, p.140], Riesz representation theorem [7, p.160] have ana-
logues on these spaces. We then consider operators on these spaces that
are defined by matrices with entries from A. We identify a subset of
A-matrix operators that act like the compact operators on ¢°. Then
a version of Dixmier’s decomposition theorem of linear functionals on
bounded operators on Hilbert space [3] is proved for A-valued matrix
operators, acting on A-valued function spaces. We will give two proofs
of this results. The first one is using very elementary methods, as is the
rest of the paper, except the second proof. The second proof is based on
a deep theorem of Alfsen and Effros. This work extends results in [6]

Dixmier’s theorem states that for each bounded linear functional f
on the algebra, B(H), of bounded linear operators on a Hilbert space
there are unique bounded linear functionals g and h on B(H) such that
(1) 9lery = fle on the ideal, K(H), of compact operators on H,
(2) h € (K(H))", the annihilator of X(H), (3) f = g + h and (4)
I £Il = llgll + II7]|- This result has lead to a vast literature. culminating
in the pinnacle of the introduction of the notion of M-ideals by Alfsen
and Effros [1]. A subspace Y of a Banach space X is called an M-ideal [1]
if each f in the dual space, X * of X has a decomposition f = g+h with
heY and||f| = |lgll+]|/A]. Thus Dixmier’s theorem states that /C(H)
is an M-ideal of B(H). Much of the extensions of Dixmier’s results is
along the line of operators on vector-valued sequence spaces, in which
each sequence gives rise to an " sequence of norms. Our approach is
much weaker, using only point evaluation. It’s worth mentioning that
our work is completely elementary, and that it is our hope that it can
inspire aspiring analysts.

We organize our work as follows. In Section 2, we introduce the spaces
to be dealt with in the paper. We prove a version of Riesz representation
theorem our class of function spaces in Section 3. In Section 4, we study
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properties of function-valued matrix operators. A subspace of the A-
matrix operators as a candidate for the M-ideal is identified in Section
5. An analogue of Dixmier’s theorem is proved in Section 6, in which we
also give an alternate proof using a big theorem of Alfsen and Effros [1].

2. Function-valued function spaces

Fix a nonempty set S. The collection F(S) := F of all finite subsets
of S is directed by set inclusion

F<G&FCG F, G e F(9).
A function x from S to a normed space X is summable if there is a vector
z € X such that the net, {3, X(S)}FE}_(S) of finite partial sums, norm

converges (with respect to this partial ordering of F) to x in X. If no
such a vector exists in X, x is not summable. If x is summable to x € X

.]] .
E S) = = ] E S .

seS sEF
That is ) ¢ x(s) = = if and only if for all € > 0 there is a finite subset
F € F(S) such that

T — Zx(s)

seG

<€ VF CGeF(9).

X
If Y cgx(s) =z, the vector x is called the sum of the function x. If no
such x € X exists, the sum ) __.x(s) is divergent.

For 1 < p < oo, let £°(S) denote the space of all complex-valued
functions x : S — C such that

2]} == " la(s)]” < oo
seS

A routine adaptation of the proofs for ¢ sequence spaces shows that
¢"(S) is a Banach space with the norm ||| defined above. Note that
while ¢ sequence spaces are separable, ¢’ (S) is not separable, unless S
is countable, and if S = N, then ¢"(S) = £".

A fixed commutative C"-algebra A, with identity 1 may be regarded
as, A = C(Q), the algebra of all continuous complex-valued functions on
a compact Hausdorff space 2 [5, p. 270, Th 4.4.3]. Spaces of sequences
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in a Banach space have been extensively studied in the literature, and
so have been operators acting on them. The general idea is to replace
the scalars by vectors and absolute value by norm. When the space
is replaced by a commutative C"-algebra A, we may consider weaker
versions of convergence than convergence in norm. We will consider a
very weak version that still retain most of the important and interesting
properties of £* (1 < p < c0) sequence spaces and matrix operators that
act on them.

Consider the space £°(S, .A) of all functions x : S — A such that for
each w € () the function x_, : § — C defined by

x,(s) = [x(s)](w) VselS

is in ¢"(S), and the map w +— x_ is norm continuous from 2 to ¢°(9).
Then a routine verification reveals that ¢(S,.A) is a Banach space with

the norm
1/p

[l = sup [l |, = sup [Z I[X(S)](Wﬂp] x € U'(S, A).
weN weN scS
Note that the notation has been used to study space of functions x
such that > Hx(s)Hi < 00. This more relaxed definition captures a
wider class of functions. For example with = [0, 1] (the closed unit
interval with usual topology) and S = N (the set of positive integers), the
sequence {x, } ~, where x, is the piecewise linear continuous function

whose value at the midpoint of the interval [2%, 2,1%1] is \/iﬁ and is 0

outside the interval is in £°(S, A), but {||x,[|}>>, is not in £°. We will
see that the space £”(S,.A) enjoys many nice and interesting properties
of the ¢ spaces.

For a function x € A” (the space of all functions from S to A) and
a subset G C 9, the function which agrees with x on G and take the
value 0 on S\ G will be denoted by x_ (i.e., x,(s) = x(s) for s € G and
x(s) =0for s € S\ G).

We list the following properties for convenience of reference. They all
follow directly from the definitions, and we omit their routine verifica-
tions.

PROPOSITION 1. The following are true for each x € ("(S, A).
Lo [x(s)ll, < [Ix[| for all s € S, and ||x,|| < [|x,|| forall G C H C S.

2. $UPen Dyes [(x(s)) W) = x|
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Each a € A is a function on Q and so are |a| = vaa € Aand |a|” € A
for all a > 0.

PrRoPOSITION 2. The following conditions on a function X € A® are
equivalent.

1. x e ("(S, A);
2. For each € > 0 there is an F. € F(S) such that

X =sup (x ) = sup H(X )
S\F, S\F, w
’ Ve we \Fe w ZP(S) we S\Fe p< )
1/p

=sup | > (x| <&

wea seS\F,

3. The function |x|” defined by |x|" (s) = |[x(s)|" = [(x(s))" (x(s))]""*,
for all s € S, is summable in A.

Proof. [(1)=(2)] Assume x € £°(S,.A), and let ¢ > 0. By continuity
of the map w — x, for each w €  there is an open set O, C Q such
that

I ;

<

V' e,
Py 3

w _Xw/

By compactness of 2, there exist w,,w,, -+ ,w, € € such that Q C
U?:l O, . The convergence of each of
J

implies the existence of an I, € F(S) such that

L =Y D) 1<i<n

#(s) seS

X
w .
J

S x)w,)] < (g) vi<j<n ()

SES\F;

Let F. = \J;_, F;. Then F. € F(S). We show that F_ satisfies the
requirements. Let w € Q. Then w € O, for some j, and F, C F,.
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Thus, by (t),
GRS S [C PG M (Y G
* () ! * () ! *(s)
1/p
o CAEE TR I S (O]
(s) sES\F.
< ’ n € € n € e -
X - X — —_ —_ = — €
il 2 73 26
Thus,
o€
‘ Xa\r, || = SUP (XS\Fe) = H(XW)S\FE < E < €.
we w Zp(s) ip(S)

[(2) = (3)] Suppose x satisfies the condition (2). Let ¢ > 0. Choose
an F. € F(S) that satisfy the assumption for x with the € replaced by
¢’". Let H € F(S\ F.). Then

> Xl () > (I (S))] (w)

seH seH

=sup
weN

= sup [Z [x(s)[" (W)]

weN
A seH

weN
S

This shows that for all € > 0 there is an F, € F(S) for which all finite
sums over subsets of the complement of F. have norm < e, therefore
Y oses 1x|” (s) converges in A.

[(3) =(1)] Suppose |x|” is summable in A. Then, since |x|(s) > 0 for
all s € S,

=sup [Z |(x(8)(@)I

P

X < €.

S\F,

<

> Xl (s)

seF

> Ixl ()

seS

vV F e F(S).

A A
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Hence, for each w € €,

> x.(s)] = sup ZIX = sup ZI

s€S FeF(S) seF FeF(S) seF
= sup Y [|x[" (s = Sup S )| @) < DO (s)] (w
FeF(S) ger sEF s€S

Thus x, € £"(S) for all w € Q.
To see that the map w — x, is continuous, let {w_} be a net in 2 that

converges to w, and let € > 0. The convergence of y := >~ __ x|” (s) in
A implies that there is an F. € F(S) such that

S () —supz| f<(5) vEcGaers). 1)

s€S\G s€S\G

The finiteness of F, and continuity of each x(s), s € F., together with
the convergence of w, — w, imply that there is an ¢, such that

D 1) (w) = (x(9) (. )" < 7  Vaza,.

sekF,

Let a = «,. Then, by Minkowski’s inequality for ¢”(S) and (7),

ms) Z‘X ~ Xug )|p
:Z\Xw 5 -x., @l + > ) —x, ()]

<. =
w

seF, SES\F,
=D ()W) = (x() @)+ Y 1x())(w) = (x(s)w.)]
seF;, seS\F,
1/p 1/p\ "
<%+ DolxE@I Y () (w
seS\F, seS\F,
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THEOREM 3. The space (" (S, A) is a Banach space under the usual
sum and scalar multiplication of functions and the norm defined above.

That ¢"(S,.A) is a Banach space follows from the general [9, Theorem
4.2 (p. 381)]. We give a direct proof of the completeness of the space.

Proof. Let {x,} be a Cauchy sequence in £°(S, .A). By Proposition 1
(2), for each s € S, the sequence {x,(s)} is a Cauchy sequence in A.
Since A is complete, there is an element, say x(s), of A to which {x, (s)}
converges. We show that the function x : s — x(s) in A’ is, in fact, in
¢"(S, A) and that ||x, — x| — 0 in £(S, A).

For each w € Q, since {(x,),} is a sequence in ¢"(S), and, for all
n,m € N,
<lx, —x

1<) = )l o= 106 =%l

P (s) P (9) P (3,4)

it is a Cauchy sequence in ¢"(S). The completeness of ¢”(S) implies the
convergence of {(x,),}. But since (x,)(s) — x(s) in A for each s € S,
uniqueness of limit implies that ||(x,), — X”Hep(a — 0 and x, € ((9),

for each w € €.

To see that x € ¢°(S,.A), we show that the map w — x, from € to
¢"(S) is continuous. To that end, let {w_} be a net in Q that converges
tow € Q, and let € > 0. By the Cauchy assumption on {x,} in ¢(S, A),
there is an N € N such that

Ix, x|, <= ¥n m>N.
2 (3,A) §)

Since x,, € £°(S, A), there is an a, such that

€
- < = Vara,.
||(XN)wa (XN)WHZP(S) 6 oz aO
Let a = «,. Since ||(x,), — X, || vy 0, there is a K > N such that
(S
€
).~ < <
Similarly, since H(xn)w - X, H =0, thereis an [ > N such that
«a all, (s)
€
— < —.
||(XZ)WO¢ Xwa HZP(S) 6
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Then, since k,l > N,

., =l <l =G, 60, = e,
R G PR R [C R A AN
o) ==,
<ol —xll, ety =%, +E<e

Thus x € £"(S,.A). To see that ||x, — XHzP(sm — 0, let n > 0. Then the

Cauchy assumption on {x,} implies that there is an N such that

n
_ - >
IIx,, Xm”ép(S,A) < 5 vV n, m>N.
Since
|| N ||€p(S,A) iegn( N)w ( )WHZP(S)’

there is an w, € €2 such that

n
Iy =2l < 000, =[], +F
Since
lim H(Xn)w - X, =0
n—00 0 <0 P (3)
there is a k > N such that
H(Xk:)w - Xw < Q
o “ollps 6
Let n > N.
e, =l < =%l e =,
Ui H Ui
<_ — —
6 _I_ (XN)wao X“"ao Zp(s) + 6
<3|, =G || ]|, %
3 @0 @0 P (s) i) 0 /P (s)
n n
<3 + ||XN _Xk”ep(S,A) + 6 <.

which finishes the proof of completeness of ¢*(S, A). ]
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3. Riesz representation for linear maps into A

Riesz representation theorem for bounded linear functionals on se-
quence spaces has the following analogue for bounded linear maps from
¢"(S,A) to A. Note that the second part is just Holder’s inequality.

THEOREM 4. 1. Lety € A°, 1<p<ooand%+%:1. Then

yel'(S,A) iff Z y(s)x(s) converges in A for each x € (" (S, A).

seS

2. For each 'y € ('(S, A)

D
Sovox)| <yl I, Yxel(s,A
ses 4
and
Ivl, = s | y(s)x(s)
GA xel”(5,4) || 'ses
[[x]]<1 A

Proof. (1) [=] Assume y € £*(S,A). Let x € £°(S,A) and 1 > € > 0.
Then there exists an F. € F(S) such that

- 1/p

X = sup x_(s) < €, and
s\e > Ixu(s)]
P (5,4 weh
(5:4) | s€S\G
— 1/q
Yoo =sup | > [y.(s)'| <e VECGeF(©)
s WL cag

Let H e F(S\F.) and w € Q.

S x(s)y(s)

seH

> (x()W)(y(s)) W)

seH

= sup
we

A

2
< = .
<sup [[Ge )l p o Il o <€ <€

This shows that the net, {ZseF X(S)Y(S)}Fef(sy of finite partial sums,

is a Cauchy net in the C"-algebra A. Hence it converges in A.
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Conversely, suppose y € A° “multiplies every x € " (S, A) to a sum-
mable function”. Then

Tx =Y x(s)y(s) xel'(S A)

seS

is a well-defined map from ¢°(S,A) to A. We will use the uniform
boundedness principle to prove that 7" is a bounded linear transformation
from ¢°(S, A) to A. The linearity of T' is routinely verified. For each
F € F(S), define

T.x = Zx(s)y(s) x € 0'(S, A).

seF

For each fixed x € £°(S,.A), we have

IT,x] = | - x(9)y(s)| = sup [Zx<s>y<s>] ()
=sup D)) @)y (s)) ()
feF - 1/p 1/q
<sup D)) [Z!(y(S))(w)!q]

- 1/q

<sup | > [(y(sD@)'| ],

(8,4)
weN | ser

Thus each T, is abounded linear transformation from ¢°(S,.A) to A.
Furthermore, from the convergence of the sum ) __.x(s)y(s) in A, it
follows that the collection {3, . x(s)(y(s) }FGHS) of finite partial sums

is bounded (though convergent nets may not be bounded in general), and
hence

> x(s)y(s)

seG

<oo VFeFO9).

A

|Tx[|, < sup
GeF(S)

The completeness of both ¢°(S,.A) and A imply, by the uniform bound-
edness principle, that suppcz) |75 || < co. Then for each x € £'(S, A)



386 Sing-Cheong Ong, Jitti Rakbud, and Titarii Wootijirattikal

we have

lim ™ (x(5)) (@) (y(s)) (@)

FeF(S)
seF

(W)

[Tx||, =sup |(Tx)(w)| = sup
weN weN

—sup lim_|(T,)(w)|

=sup lim
weQ FEF(S)

weQ FEF(S)

[Z x(s)y(s)

seF
< tim ITxl, < swp T,
Therefore 7" is bounded with ||T'|| < suppezg) (|7, /-

To see that y € ('(S,A), fix an w € Q and F' € F(S). Since each
z € ("(S) gives rise to a z defined by z(s) = 2(s)1, where 1 is the identity
element in A, we have £°(S) < ¢°(S,.A). Thus, by the scalar version of
the Riesz representation theorem,

1/q

Iye)oll, = [Z (¥ () @)l

e4(s)
seF

< sup

xel’ (S,A) | seF

[Ix][<1 [Ix][<1
= sup |[T(x,)l, < [T

xel’ (S,A)
lIx]I<1

Hence
< |7 -

09(8) 01(s)

Iy I, = sup [[(y).ll
FeF(S)

Since this holds for all w € 2, y € £*(S, A) with HyHMSA> < ||
(2) For x € £°(S, A) and y € £'(S, A), we have, for each w € Q,

S xov(s)|| =sup S @)y
s€S 4 Y ses
1/p 1/q
<sup [Z !(X(S))(w)|p] [Z I(.Y(S))(w)\q]
we | '77g seS
=sup ], o I¥all ) < Ml I
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It then follows that

sup (1D x()y()|| <yl - 9
ere”‘(s,A) ses § ’
x||<1

To prove the opposite inequality, let € > 0 be given. Then by definition
of Hszq(S o there is an w € Q such that

1/q
q €
Iy, = [Z (@) ] >yl 5

seS
Since
Iyull, = s |3 2(s)y.(s)
Zezp(s) seS
llz]I<1

there exists z € £*(S) such that

1Kl <1 and

sy T

> 25 (y(s)w)

seSs

€
>yl — 5

Let x(s) = z(s)1, with 1 being the identity of A. Then we have x €
0" (S, A) with HXHZP(SA) = ||Z||zp(s>' Furthermore,

D x(s)y(s)]| =D x() W)y ()@ =D 2(s)(y(s))(w)
~ Hy“”/ﬂw) B % - Hy”éq(S,A) - ©

Since € > 0 is arbitrary,

> x(s)y(s)

seS

>y, - ()

5,A)
A

Combining the two inequalities (*) and (**), equality in (2) holds. [
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4. A-matrix operators

We will fix a 1 < p < oo, a commutative C"-algebra A = C(2), and
X =/("(S,A). A function A: S x S — A (commutative C -algebra) is
said to define an operator on X := (" (S, A) if for each x € X

(Ax)(s) := Z[A(s,t)]x(t) converges in A, V se& S, and
tes
the function Ax : s~ (Ax)(s), as defined, isin X.

A uniform boundedness argument shows that whenever A defines an
operator, the operator is bounded [9]. Such an operator will be called
an A-matriz operator or simply a matrix operator.

For each A-matrix operator A and each subset G C S, denote by A,

the function x,, A (regarding A as a matrix, the “horizontal G band”
of A), ie.,

A(s,t) forallse G,and allte S
A, (s, t) = :
= 0 otherwise.
Denote by AG‘ the function x, A (the “vertical G strip” of A), i.e.,
A (s,t) = A(s,t) for all S € S,andallte G
| 0 otherwise.

For G, H C S, the function x, ,A = (4,),, will be denoted by A

H]| (GxH)
(the G x H “corner” of A), i.e.,
A(s,t) if (s,t) e G X H
A (s1) = (Ag)y (st) = '
(e 0 otherwise.
Thus A, = A and A, = A .
L4 (GxS \ Sx H)
We will also use A to denote the function A = XA e,
[€] (GxG) x
Aylst) =A, (5.8 = (4g) | (s.) = (Aal)g (5,1)
A(s,t) ifs,teG
o otherwise.

We now establish some useful properties of A-matrix operators and
their “rows”, “columns”, and “corners”.
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PROPOSITION 5. Let M denote the space of all A-matrix operators
on £"(S,A), and A € M. Then we have the following.

1. The map x+ Ax is a bounded linear operator on ("(S,A).
2. [JA(s, D), < [|A| for all 5,t € S.
3. For each G,H C S

< max {[[4,]].

A} =041
4. For each s € S, the function A{s} is an A-matrix operator on

("(S, A) and the function A(s,-) belongs to (*(S, A) with
|4, | = 1acs. 0, <4l

G X H|

09 (s,A)

Proof. (1) For each s € S, since the function A(s,-) “multiplies” each
function in ¢(S,.A) to an A-summable function in A’ by Theorem 4,
it is in £*(S,.A), and hence (4) follows.

For each F € F(S), the map T, : x — A,x on ((S, A) is clearly
linear Boundedness follows from B

ZT{S} = Z HT{S}
sel seF

Furthermore, for a fixed x € £°(S, A),
1T, =A%, <lAxl, <00 VEFeF(S)

1/p

1Tl =

S I ->||[q<S,A)]
seF

HZP(S,A F HzF(S,A

Thus, by uniform boundedness principle, there is M > 0 such that
|T,.|| < M for all F € F(S). Thus, for each x € £(S, A),

451,y = s 1A, = s (T6,
< s AT, <M, e (S A)
So x — Ax is bounded.
The following observation proves (3)
|Ax| = lAde)], = 1A < 4G,
P (5,4) (S:A)
<N A I, 1l €°(S, A) < [IA]] || Vx€el'(S,A).

2P (S, A)

Note that (2) follows from (1) and (3).
[
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We now identify the space of A-matrix operators that is the C"-matrix
analogue of operators on the ¢ space.

PROPOSITION 6. The space M of all A € A that are A-matrix
operators on X = ('(S,A), 1 < p < oo, is a Banach subalgebra of
the space of bounded linear operators on X, under the composition of
functions on X and the operator norm.

A more general version of this result is proved in [9]. We give a direct
proof of this version for completeness.

Proof. That each A € M defines a bounded linear operator 7', : x —
Ax on X follows from Proposition 5 (1).

For a fixed s € S, since ), o(A(s,t))(x(t)) converges for each x €
(S, A), by (1) of Theorem 1 the function A(s,-) belongs to £*(S, A).
For each B € M and t € S, since the function e, defined by e,(t) = 1,
and e, (u) = 0 for all u € S\ {t}, is in £'(S,.A), the function B(-,t) given
by

B(s,) = > (B(s,u))(e,(u)) = (Be,)(s) Vses

u€eSsS

also belongs to ¢"(S,.A). Thus, for each (s,t) € S x S, the sum

> (A(s,u))(B(u, 1))

ueSsS

converges in A by (1) of Theorem 1. Thus we may define the function
AB on S x S as follows:

(AB)(s,t) = > (A(s,u))(B(u,t))  V (s,t) € S x 8.

u€esS

We show that AB € M. For this it suffices to show that (AB)x exists
and belongs to ¢(S,.A) for each x € ¢"(S,.A). The existence of (AB)x
is just the usual associativity extended to the infinite sums, and we omit
its routine verification. Since Bx € ¢"(S,.A), we have (AB)x = A(Bx)
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by the extended associativity. For F' € F(S) we have

> Z(A(s,u)B(u,t))] x(t) =) Z(A(s,u)B(u,t))x(t)]

teF Lu€eS teF Lu€eS

=y ZA(s,u)(B(u,t)x(t))] => ZA(s,u)(Bm,t)x(t))]

teF LueS uesS LteF

=S Al ) | Bl ox(t) | = 3 A |3 B, (t)]
=3 As,u)(Bx, ) (u) = (A(Bx,.))(s).
ues

Since Bx € ((S,.A); and A, B both define bounded linear operators on
0’ (S, A); and limpe r(s) || Bx — Bx,.|| = 0; we have

> 1D Als,u)B(u,t) x(t):Fgg(lS) > A(s,u)B(u,t) | x(t)
teS LuesS teF LueS
=lim(A(Bx,))(s) = (A(Bx))(s).

This shows that ((AB)x)(s) = (A(Bx))(s) for all s € S, and the sum

2

tesS

That is (AB)x exists for each x € £"(S, A). It follows also that
I(AB)x[| =sup [((AB)x)(s)l| = sup [(A(Bx))(s)l| = [[A(Bx)]

> " A(s,u)B(u,t)

u€esS

x(t) converges in A, for each s € S.

<[|A[[IBIllz]l,  ie., (AB)x € £'(S, A).

This shows that M is closed under the multiplication of matrix opera-
tors, and ||AB|| < ||A] || B]| for all A, B € M.

To see completeness of M, let {A } € M be a Cauchy sequence.
For each s,t € S, the sequence {4, (s,t)} is a Cauchy sequence in the
complete space A, and hence has a limit A(s,t) € A. For the function
A e A to be in M, we show that for each s € S, the sum (Ax)(s) =:
> s A(s, t)x(t) converges for each x € £7(S, A) and that Ax € £°(S, A).

Fix s € S and x € [("(S, A)],. Since the function f,(t) = A(s,t), t €
S, is the limit of the sequence {A, (s,-)} in £(S,.A), f. belongs to
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?'(S, A). Hence we have the guaranteed convergence of

> A(s,t)x(t)  Vxel'(S, A

tes
To see that Ax is in fact in £°(S, A), let € > 0. The Cauchy assumption
on {A,} implies the existence of an N such that
€
3
Since A, x € £"(S, A), there is an F' € F(S) such that

|4, A< ¥n k>N
€
(Al <5 VGeFS\F)
Let G € F(S\ F). Since

seG

and each H(An - A){S}H —I(A — A)(s, || —0asn — oo, by
- "M

09(5,A)
Proposition 5 (4), we have

lim ||(A, — A),|| = lim

n—00 n—oo

Z(An N A)m

seG
This together with the finiteness of G gives rise to a k > N such that

—0. (1)

€
”(Ak - A>QH < g
Thus
1(A%)6l,, < NAX)G = (AR,
(AR = (A0, |+ 1A,

<= Aexcll, +lA— Al +5

2
<ll(A=a)all Il + 7 <

Since G € F(S\ F) is arbitrary,

— s (A%, <e

S\ F G —
Vllpsa  GeF(S\F) (5.4

H (Ax)
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This shows that for each € > 0 there is an F' € F(S) such that

Jias

< €.
P (s,4)

Thus Ax € ¢°(S,.A) by Proposition 2 part (2). Since x € [¢"(S,A)], is
arbitrary, A € M.

To prove the convergence of {A,} to A in the operator norm, from
the basic definitions, let n > 0. Then by the Cauchy assumption on
{A,} there is an integer N such that

S\F

HA,ﬁhH<Z Vn, m> N.

Let n > N. Since A — A, € M, there is an x € [("(S,.A)], such that
n
A=Al <[l(A—-A,)x] +7

2P (s,4)
Since (A — A, )x € (°(S,.A), by Proposition 2 part (2), there is an F €
F(S) such that
(A= A,)x]|

all

ST A, =l A,
7 (S,A)
VY FCGeF(9).

The argument for (1) also shows that the finiteness of F' € F(S) implies
the existence of a k € N such that

P (s,4) 2P (s,4)

n
H(A o Ak)EH < 4
Thus
(A — n _ Ui
A=A =14 - Al + D<Ay, +2
< H(A a Ak)E” T H(Ak - An)EH + g
<g+mg—AJ+g<n
Hence ||[A — A, || — 0, and completing the proof. O

We have the following A-matrix operators analogue of block matrix
operators on a sequence space.

PROPOSITION 7. For each matrix operator A in M, the following are
true.
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1. ForG,HCS
lAgll < 4l ||4, and |4, Il <1l4].
2. If GC HCS, then
Al <4, ana |4, <4,

3. If HC S\ G and B € M, then

42D+ Bt | = mace e B2}

These all follow straightforwardly from the fact that the norm on
¢"(S) and ¢"(S,.A) are monotone, i.e., ||x.|| < ||x,| forall GC H C S
and all x € £°(S, A). We omit the routine verifications.

5. The subclass K of M

We now identify a subclass of M that is an analogue of the compact
operators in the bounded operators on the ¢ sequence space. The fol-
lowing definition is an analogue to an equivalent formulation of compact
operators on sequence spaces.

Denote by K the space of all A € M that are (operator) norm limits

of the net {A } , l.e.,
B) FeF(S)

k={rem: tm |5~ x| -o}.

FeF(S)
PRroOPOSITION 8. K is a closed subspace of M.

Proof. Let {K }, .y be a sequence in K such that [|[K — Al — 0 for
some A € M. Let € > 0 be given. Then there is an N € N such that

1K, — A <§ Vn>N.
Now, since K, € K, there is an F, € F(S) such that

H(KN)B

<§1 VF CFeF(9).
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Let F. C F € F(S). Then

4=l <4, - .

||, = K| 1y - Al

)o

§\|A—KN||+§ <e
Thus A € K. Hence K is closed in M. ]

The following lemma provides a variety of ways to construct elements
of K. The first two are just operator matrices with finite number of
nonzero rows or columns are in K. The third one is a combination of
the first two. Fourth and fifth are about sums of disjoint horizontal and
vertical bands. That is, with the respective correspondence, M and K
have all the desirable properties for Dixmier’s decomposition theorem to
hold for B(¢°) (all bounded operators) and K(¢°) (all compact operators).

LEMMA 9. 1. Let A € M be such that A = A, for some F €
F(S). Then A € K.
2. Let A € M satisty A= A, for some F' € F(S). Then A € K.
3. Let Ac M and F € F(S). Then K =A—- A e K.
(S\F)
4. Let {A,},cn be a bounded sequence in M and {F,}, . be a pair-
wise disjoint sequence in F(S) such that A, = (A,), forall j € N.

Then for each (" sequence {&,}, .y in C,

the sum B := anAn converges in M, and B e K.

n=1

5. Let A € M. Suppose {F,}, .y be a pairwise disjoint sequence in
F(S) and A, = (A) (=) for all j € N. Then for each (" sequence

{gn}neN jn C;

the sum B := anAn converges in M, and B e K.

n=1
Proof. (1) Let € > 0. Membership in M ensures, by (1) of Theorem
1, that for each s € F, the function A(s,-) is in £*(S,.A). Thus, by the
finiteness of F', there is a G, € F(S) such that
H [A(57 ')](S\G))

€

Card(F) +1)"*

Vse L,VGeF(S\G,).

=1

£4(5,4)



396 Sing-Cheong Ong, Jitti Rakbud, and Titarii Wootijirattikal
Let F. = G, U F. We show that

44,

G

<e€ for all F. C G € F(S).

For if x € [X], and F, C G € F(S), since FF C G and A = A, we have

4= a)x| = (4, oo

_ » 1/p
<3 (Hvus,-)]ma) ||x||ép(s))

SsEF 2P (s,4)

1/p

> [t e,

p
LseF P (5,A)

- 1/p

< | (Card(F)) ((Card(F) n 1)1/p) ] <e.

IN

(2) For each t € F, A(-,t) = Ae, € ("(S, A), since the function
e, = e, defined by e,(s) =1 for s =t and e (t) = 0 for t € 5\ {t},
is a member of ¢(S,A). Let ¢ > 0. Since F is finite, memberships in
¢"(S, A) imply that there is a G, € F(S) such that

€
=1+ Card(F)

Let F. =G, UF. Let F. C G € F(S). Then

H(Aet) V teF.

(S\G¢)

HA—Ag

|

€
<27 + Card(F) = ©

teF

SO ES ) ST B> ol PN
S\G)XF S\G)x{t S\G)x{t
teF teF

:Z H(Aet>(5\c) S Z H(Aet)(S\Ge)
teF teF

(3) It suffices to observe that, as functions on S x .S,

K=A—-A =A, +A, -A which is a sum with all summands in K.
(S\F) I £ L]

(4) From part (1), each A, € K, thus for each k € N,

k
B, =) A €K
j=1
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It suffices to show that the sequence { B, }, . of partial sums is a Cauchy
sequence in K and hence converges to some B € K. By assumption, there
is an M such that ||A]H < M for all 7 € N. For ¢ > 0, since {f‘j} e,
there is an N € N such that

1/p

LZ |€J‘] <(1+M).

=N+1

For each n > N, x € [X],, we have, from disjointness of {F,},

n

H[Z eAlx] = Y i, @
e weR || j2N+1 ’
(5,4 P (s)
[ n p v
= Ssup Z Hfj[( jX)Fj](w) ]
we | TN P (s)

| 3 Je [0, 1| ]

we Lji=N+1 P (s)
n 1/p n 1/p
< LZ |£j"’ HAJ‘”p HXHP] - LZ |€j’p Mp] < €.
i=N+1 N1

(5) From part (2) each A, € K. We show that the sequence of partial
sums in K is a Cauchy sequence. Let € > 0. Since {¢, } is an £* sequence,
there is an N € N such that

[e.e] q
q €
> lel < | o]
2 [T+ 1
Let x € [X],, and n > N +1. For each j € N, denote by x; = x,, . Then
J

the x,’s have pairwise disjoint supports by assumption on the F.’s.

Since A, = A JAx=Ax = Ax_.

(F])‘ J ] J

Note that for functions z,y € ¢(S) with disjoint supports (i.e., for
all s € 5, at most one of z(s) and y(s) is nonzero),

p P P
e+ gl =il + Il

(s) (s)
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Thus for £,1 € C, we have (from a” +b" < (a + b)" for a,b > 0)

€z +nyll,, . =

p p
[SRE

1/p

P P
+ ol il | < lellall,

Halll,

Inductively, both of the preceding extend to any finite sum of such dis-
jointly supported functions, in particular the sum

Zs

Zs

j=N+1 j=N+1
| Seald |z eas| -
i=N+1 ) j=N+1 )
2(8,A) 27 (S,A)
<A DS ¢x, = [|All [sup|| > &(x,).
j=N+1 Yl i=N+1
P (5,4)
<
Al | sup Z (}f||| ||£p(s))]
j =N+1
n 1/p
< ||Al| su
<41 sup L;Hw] [zu .
6 n
< |4 [—] swp || 3 (x).
|Al + 1] |we j%;rl J
P (s)
L O . Ly
A +1 cen 7 (3) HAH+1
Thus
Z §A | <e Vn>N.

i=N+1

j=N+1

6]

Z A].({jxj)‘

P (s5,4)

by Holder’s inequality

from the above comments
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6. Functionals and decompositions

With Propositions 7 and 8, and Lemma 9, we have sufficient tools
to establish the following results leading up to the analogue of the de-
composition theorem of Dixmier. The statements of results and proofs
are just appropriate modifications of proofs of Propositions 15, 16, and
Theorem 17 of [8]. we include the proofs for completeness.

PROPOSITION 10. For each f € K, there is a unique function ]?:
S x S :— A" such that

SN (fs. ))(Als, 1) = f(A)  forall A€ K.

seS tesS
Furthermore,
1. both
FA) =303 (Fls,0))(A(s,1))  and
seS teS
g(A) = Z Z(f(s,t))(A(s,t)) converge for all A € M;
teS seSs
2. f, g e M#;

7], =0 =l and
A =1 = el an

~

4. f(A)=g(A) forall Ae M.

Note that fis the unique Hahn-Banach extension of f € K" to all of
M. Thus we may regard K" as a subspace of M”. When A = C and
p = 2 the equality in (4) is the well known fact that trace of AB is equal
to the trace of BA for a trace class operator A and a bounded operator
Bon (°.

Proof. For each (s,t) € SxSandeacha € A, define £, : Sx5 = A
by
if (s,t) =
Estu(“?’l}): a 1 (87 ) (U7U) u)UGS
v 0 otherwise.

Then E,,, € K with ||E = ||la]|. Let f € K*. Define

[f(s,D)](a) = f(E,,.) V steS, aeA

s,t,a
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Then, for each s,t € S, f(s,t) maps A to C. A routine verification
yields linearity of f(s,t). To see that it is bounded, note that

|70 = sup [(Fs.00(@)] = sup |1(E...)

ac[A],
< sup [[fII||B...|| = sup [I£]l[lall =[£Il
a€lA], ac[A];

Thus f(s,t) f(s,t)” < ||f|l. Therefore f induces a map f
from S x S to the dual A” of A. We show that

ZZ f(s,)](A(s, 1)) vV Aek

seS tesS

= > S s (Bl 1)

seS tesS

and that

converges for each B € M, and f defines a bounded linear functional
on M. Furthermore the order of the double sum is interchangeable. Let
Ae M and s e S. Foreach F € F(S5),

1)) () = T (Erinen) = Sl tla0)

teF teF tel

Let € > 0. By Lemma 9 (1), 4., € K, and
lim ] —A

Ayl -4
FeF(S) [ I 16); .
there is, by Cauchy criterion, an F. € F(S) such that

], Aol | < e

Thus, for F. C G, H € F(S),

> [F(s.O](A(s,1)) - [Z[f(s I(A(s, t))”

teG teH

“Jr(fal,) = ([, ) =|r (el -], )

<171 |[40a]_ - [

= lim

=0
FEF(S) s} s} ’

[A

V F.CG, HeF(S).

§Hf||W<€

H|
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Hence, by Cauchy criterion again,

lim S [F(s, )](A(s. ) = lim f(P%Jﬂ) exists.

FeF(S) Py FeF(S)

By continuity of f

f(AM):fCé%wP%JF):Fg%Jf(P%JF)]

= lim [Z[f(s,t)]((fl(&t)) = > (s D((A(s, 1)

FeF(S
() tesS

That is all the inner sums converge for all A € M. If A € K, since

A—A, =(A—A), forall FeF(S),

(A—AQF

Thus, by continuity of f again, we have
J(A) =] (Féljrfr(lS) AF) h FéI}HS) JA) = Fél;.’__n / (ZA )

= il [Zf @) | = i [Z (Z[ﬂs’tw(s,t»)]
=2 (Z[ﬂs,w]m(s,t») .V Aek )

Fgng)”A 4 H _Fél]l-'I(lS)

< mnHA—AHzo
FeF(S) B

seF \teS
seF \teS

The following proof by contradiction for convergence of the sum for f
is just details of adapting the different convergence behavior of > > n "
for 1A§ p < 0o to the the situation. So we assume that the double sum
for f diverges for some A € M. By Cauchy criterion, there is an € > 0
such that for all F' € F(S5), thereis a G € F(S \ F) such that

YD (s D(A(s, 1) > €

seG tesS
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Inductively, there is a pairwise disjoint sequence {F, : n € N} C F(S)
such that

SOS Fls l(Als )| > e ¥ meN.

For each n € N, let

a, =sgn [ DY [fls,O](Als, 1)

sEF, teS

where, for each z € C, sgn(z) € C satisfies z(sgn(z)) = |z| and sgn(0) =
1. Since p > 1, {D‘?”} is an " sequence. By Lemma 9(4)

B:—i[%]AFne/c.

n=1

On the other hand, by continuity of f,

=1 (S5 a) = (5] ()

=SO[3] [3 Sos onAes, 1)
n=1 seF, teS

M EDID IRl P
n=1 SEFn tesS n=1

a contradiction. Therefore the double sum in (f) converges for all A €
M.

Similar arguments can be used to show that, for each ¢ € S, the inner
sum of g(A) converges to f(A,,, ) for all A € M. Suppose that g(A)
diverges for some A € M. Then there are an ¢ > 0 and a pairwise
disjoint sequence {G, } C F(S) such that the absolute value of the outer
sum over each GG, corresponding to the matrix operator A o> 18 greater
than e. By Lemma 9 parts (2) and (5), we can form a matrix operator
B in K for which ¢g(B) diverges.

n?
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Let Ae Mandt € S. For each F € F(S),

f([ m.}) (ZEMAM) S F (Buvin) = D] (Als.1).

seF seF seF

Let € > 0. Since A, € K, by Lemma 9 (2), and

{t}|
[A{t}L — Ay, [A{t}]ﬂ — Ay,

there is, by Cauchy criterion, an F. € F(S) such that

o), = [l | <

Thus, for F. C G, H € F(S),

> [F(s.O](A(s,1)) - [Z[f(sat)](fl(sat))] |

seG seH

“Jr Bl - (ol )=l (ol - fal)

<11 4] - [Ae] || < W1y <

Hence, by Cauchy criterion again,

lim > [F(s, 0)](A(s, 1)) = lim f([A{t}]F) exists.

lim =0,

FeF(S)

lim
FEF(S)

vV F CG, He F(S).

FEF(S) £, FeF(S

By continuity of f

() = (i 1], =t 1 (),

= lim [Z[ﬂs,m(m(s,t»] = Y IFs O)(AGs. 1),

FeF(S
E()sGF ses

That is all the inner sums in the definition of g converge for all A € M.
If Ae K, since

A-A, =(A-A), foralFeF(S),
ya

(A _ A@)Fl

< lim HA AH—O

lim ‘
FeF(S)

FeF(S FeF(S)
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Thus, by continuity of f again, we have

f(A) =f <Fé1]rtr(15)A ) = FQ}H f(A,) = Fél;ns)f (Z A{t}>

=l [Zf )| = [Z (Z[f(s,t)](A(s,t)))]
=Y (Z[f(s,t)](A(s,t))) =g(4) VvV Aek. (1)

teF \seS
tesS seS

Suppose the double sum for g(A) as in () diverges for some A € M.
By Cauchy criterion, there is an € > 0 such that for all F' € F(S), there
isa G e F(S\ F) such that

SN s D] (Als, )| > e

teG seS

Inductively, there is a pairwise disjoint sequence {F : n € N} C F(S)
such that

SO s 0l(A(s, )| > e ¥ neN.

teF, se€S

For each n € N, let

B, = sgn (Z Z[f(s,t)](A(SJ)) :

Since p > 1, {7"} is an (" sequence. By Lemma 9(5)

C:= 2; [ﬂ A, €K
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and hence f(C) € C. On the other hand, by continuity of f,

(5 1) ()

=2 {%] >3 s, 0](As, 1)
n=1 teF, ses

=3 (A S om0 E =0
n=1 teF, seS —1

a contradiction. Therefore the double sum in (f) converges to g(A) for
all A e M. R
Verification of linearity of f and g is routine and omitted. To show that

f, g e ./\/l#, we make repeated use of the uniform boundedness principle.
For a fixed I € F(9), since, for each A € M, A, and A, are in K,

F(A) =D D (s ))(Als, ) = f(A,)  AeM

seF tesS

is a bounded linear functional on M with norm

Ll < I

The convergence of the double sum g(A), for each A € M, implies the
existence of an M, > 0 such that

[fe(Al <M, ¥V FeF(©S).
By the uniform boundedness principle, there is an M > 0 such that
Ifell <M vV FeF(S).
Then, for A € M,

F(A)| = lim |f,(A)] < limsup(|lf,.]| |A]) < M|A]l.
FeF(S)

FeF(S)

The boundedness of g is similarly verified.
It follows from (1) and (1) that f(A) = f(A) = g(A) for each A € K.
(3) For each A € M, since A, A, € Kforall FeF,

9(40)] = |£ac)| < I, | Aq]| < 10, 14l
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hence
A= lim g(4g)| = lm |f(4,)| < Al
) = Jim. Jo(ao)| = i [fea0)| < s1 1141
That is
loll_, < sl
Since g| =
loll , =171,
Similarly, since J?( A) =limger f(A H]?H H =/l .
K
#
(4) Define

=> "> (fls,1)(A(s, 1)) for G €F(S), and AeM.

teG seS

From earlier observations

< llgh |4,

190(A)] = |9(4,,) < ligh 14l

hence ¢, € M. We show that {9, : G € F} is a Cauchy net in

K*.oaf not, then there are an € > 0 and pairwise disjoint sequences
{G,},{H,} C F and a sequence {A, } C M such that

H.NG,=0Y n,meN, A =1 and (g9, —g, )(A,)>e€

— 1
Let B, = (A)) —(4,) . Then A’ = Z —B, € K converges in
n

(Gn) (Hp)|

n=1
norm by Lemma 9(5), while

A, :ZE Zl_ _gH ZIE

a contradiction. We conclude that {g, : G € F} is a Cauchy net in IC#,
and hence by completeness of K7, there is an h € K7 such that

li — h|| = 0.
g, — ]

3
3

Since for each A € I,

lim
GEeF

A-A,

0, and limg,(A) = lim g(4;) = g(A),
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we have g = h on K”. That is lim ||g — g,]| . = 0. A routine verifica-
GeF K#

tion shows that, for all k, [ € K, (m) =k+1 as maps from S x S
to A, and (k+1) = k+1 as bounded linear functionals on M. Thus

lim ||§ — 3, — i H/_\ — 1i g
lim [[g - gell , =lm (g —90) Pt (9= 96)| )
K
=l llg - gol ,

For each A € M, since both of the double sums for fand g converge,

(F = 96)(A) =F(A) — g, (A)
=3 S (A 0) = 3 300G )
€S teS seS te@ N
:Z > (f As, 1) =3 (s, 1) (Als, 1)
€S teS\@ seS teS

where f(s,t) = f(s,t) for t € S\ G and 0 otherwise. From part (3), we
have

o —

I |7 =], =t =G| | = tim |1 = o), )
=lim || ~ (o)l | = tim gl (00, =0

Therefore ]/C\( A) = élrr}ga (A) = g(A) for all A € M, and hence

D> (s )(Als, 1) =(4) = g(4)
=> "> (f( (s,t)) ¥V AeM.

tesS ses

]
An immediate consequence of the preceding proof is the following.

COROLLARY 11. Suppose a function ® : S x S — A" has the prop-
erties that, for each A € IC,
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1. the sum

> [(s,D)](A(s, 1))

tes

converges in C, for each s € S; and

2. the sum
D> @5, 1)](A(s, 1)

ses teS
converges.

Then the function f, : K — C defined by
F ()= ) [0 t)](A(s,1) ¥V A€k
seS teS

is a bounded linear functional on K. Furthermore, the double sum that
defines f, converges for all A € M, and

D> (s, ](A(s, 1) =, (A)
seS teS
=) ) [@(s, ))(A(s,) ¥V AEM.

tesS seSs

By Corollary 1.1.12 of [2, p. 17], the space £°(S,.A) is isometrically
isomorphic to £ (S)®.A, the injective tensor product of £°(S) and A.
Indeed, the map

k k
@:ij®a].r—>z$(-)aj keN, z,€l'(S), a,€ A, 1<j<k
J=1 J=1

is isometric from the algebraic tensor product £°(S) ® A into £°(S, A).
For x € ("(S, A) and € > 0, there is an F' € F(S) such that

156, <€ ¥ GEFS\F), ¢ es(A)

Since ® maps
> X, @x(t) €C(S)® A
teF

to the function

y(s) =Y x,(e)x(t)  ses

telr
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we also have y, =x, and y g, =0, and hence

< e.

I = yIl = %

= sup |[x.[[= sup [ sup [|@(xq)|l,
GEF(S\F) GEF(S\F) | pes(A) £®
Therefore (¢ (S)®.A) is dense in ¢” (S, A) under the isometry ®. Hence
P extends to an isometric isomorphism from £ (S)®.A4 onto £°(S, A).
This clearly leads to the question of whether the space M of ma-
trix operators on ¢"(S,.A) is naturally isomorphic to B(¢"(S))®.A (the
injective tensor product of bounded operators on £°(S) and A). The
following example shows that this is not the case, unlike £ (S, A).
With A = C([0, 1]), the matrix operator A with A(n,n) the piecewise
linear continuous function on [0,1] with value 1 at 27" and 0 outside
(277,277 is a bounded matrix operator of norm 1 on ¢’ (N, C|0, 1])
but not in the injective tensor product B(¢")&(C[0,1]) (with the usual
identification of elements in the algebraic tensor product B(¢£")®(C|0, 1])
as matrices over A).
Suppose ® is an isometric isomorphism from B(£”)®.A onto a subspace
of M the space of A-matrix operators on £°(S,.A), that extends the
natural identification

[Za ® 1, Za m,n)x

VajEB(f), v, €A 1<j<k; V m, neN

Each operator in B(¢") is identified with its matrix representation with
respect to the standard basis of ¢°. That is each algebraic tensor

k
B:Zaj@)xj cB(l"® A
=1

is identified with an infinite matrix,

k
o [Z a, @,
j=1

with entries in the finite dimensional space generated by {x]. 1< < k}

Let ¢, € [A7], be arbitrary, and let ¢, be the (m,n) entry functional
on B("), ie., ¢,(8) = B(m,n) for all f € B({"). By definition of the



410 Sing-Cheong Ong, Jitti Rakbud, and Titarii Wootijirattikal

injective cross norm, ||||A, we have
k

E o, x|l =sup

i=1 .

k m
ZO&]. ®xj - Zﬂl ®yzv ZBS [B(gp)#]w ¢ S [A#]l}
j=1 =1

>[4y (B(m,n)).|
The arbitrariness of 1, € [A”]
|1B(m,n)

Suppose otherwise: i.e., suppose A € B({")®(C[0,1]). Then there
would be a sequence {B, }, € B(¢") ® (C[0, 1]) converging to A in the
injective cross norm ||-|| . In particular,

1B, (n,n) = A(n,n)

For each k, all entries of B, are in a same finite dimensional subspace,
V,, of A. Choose k such that ||B, — Al < 5. Then

m

S 0B,

=1

1Bl =

, implies

HA <|Bl, uniformly for all m, n € N.

|, >0 ask— oo, uniformly for all n € N,

1
lA(n,n) = B, (n,n)]|, < A= B,ll, <3V neN

Thus, for distinct positive integers n and m, we have
1B, (n,n) = B, (m,m)|,
2 [[A(n,n) = A(m, m)||, — [[A(n,n) = B,(n,n)]|,
— [[A(m, m) = B, (m,m)]| ,

1 1 1 1

S T3T3T
Since the sequence {B, (n,n)}, .y is in the finite dimensional subspace
V, of A, and is bounded in norm by [[B,[|,. There is a convergent
subsequence of { B, (n,n)}, .. But this contradicts the above inequality.
From this we conclude that the following theorem does not follow

from Dixmier’s theorem on sequence space operators and tensor product
( [4, Th. VI.3.1, p. 282]).

THEOREM 12. For each f € M” there are g € K¥ — M” and
h € K= such that f = f + g and || f|| = |lg|l + |h|l. K; ie., K is an
M-ideal in M.
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First we will give an elementary and direct proof using arguments
similar to that used in [8]. Then we will give a proof using the three-ball
characterization theorem of Alfsen and Effros [1] (also [4, Th. 1.2.2, p.
18]).

Proof. Let f € M#. Then, by Proposition 10, the restriction of f to
K induces amap f:S5 xS — A" such that

f(A) = ZZ[f(sJ)J(A(S,t)) vV Aek.
s€S tesS
Moreover, the sum
9(B)=F(B) =YY [f(s,)](B(s.t)) ¥ BeM
s€S teS

defines the unique Hahn-Banach extension of f to all of M. Let h =
f —g. Then h vanishes on K by construction. Because of the triangle
inequality, it suffices to show that || f|| > ||g|| + ||2||. Let € > 0. There
are A € [K], and B € [M], such that

€ €
oA >lgll— S and  A(B) > A -
Since A € K and

lim HA—A H —0
FeF(9) La

there is an F, € F(S) such that

converges, there is an F, € F(S) such that F, C F, and

S S s 0](B(s. )| < § V E, CFeF(S).

SES\F tes



412 Sing-Cheong Ong, Jitti Rakbud, and Titarii Wootijirattikal

From this it follows that

YD s t)](Bls.1)

sEF, teS

=D [F s, 0)(B(s, 1) — { Yo > (s 0)(Bls,t)
sES teS s€S\F, teS

> ZZ[f(s,t)](B(s,t))‘— > > (s, 0)(B(s, 1)
sES teS s€S\F, teS

~¢(B) — §

Since F), is a finite set, there is a G, € F(S) such that F|, C F, C G,
and

Z Z[f(sat)KB(sat)) > Z Z[f(s7t)](3(3’t)) _ é
seF, teG s€F, tesS
>g(B) — i V G, CG e F(S).

Using Corollary 11 with ®(s,t) = f(s,t) for s € S\ F, and t € S and 0
otherwise, we have the convergence of

Yo D)= Y [fs0](D(s,1) ¥ DeM.

seS\F, tes teS seS\F.
2 2

With the B in place of D, there is a G, € F(S) such that G, O F, UG,,
and, for all G, C G € F(9),

Yo D s 0lBs 1)

teS\G s€ S\ F,

=X Y et < 5

s€S\F, teS\G

Let

A, = [AFJ . B = [B(S\Fz)} ., and C=A, +B,.

1 (5\Gy)|
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Then
> > Fs B0 < 5.
sES\F, teS\G,
Since F, C F, and G, C G,, it follows from Proposition 7 (3) that
IC]] = max {[|A, [, [IB, ]I} <1.

Since A, € K and B — B, € K, h(B,) = h(B) and h(A,) =
[FON =1F(A) + F(B)] = lg(A,) + h(A) +9(B,) + ( Dl
>19(A,) + h(B)| = |g9(B,)| = R(9(A,) + h(B)) -

€ € € 3¢ €

A)) — = _ - _ = _ _ =

SR(g(A)) = £+ [l = £ = £ > lgll = 5 + 10l - &
> gl + IR — e

mm

]

To prove this result using the characterization theorem of Alfsen and

Effros, we need to introduce some notation for convenience. For X € M
and G C S, let

X = XX, X=X X, and X =X-X°=X-X - X,

@ G G el G &
where G = S\ G (the complement of G in S). (That is think of X as
a rectangle, X@ is the G’ corner removed, X “ is the sum of the diagonal

G corner and its complimentary G corner, and X “ is the two diagonal

G and G corners removed.)
Note that by Proposition 7 (3)

’ :max{’ a‘}'

For the convenience of reference we state following version of the 3-ball
characterization of M-ideals of Alfsen and Effros.

XG

THEOREM 13. (Alfsen-Effros [1]) A subspace Y of a Banach space is
an M-ideal iff for all e > 0, for all x,x,,z, € [X],, and for all y € [Y],,
there exists z € Y such that

Hx—kyj—zH<1+€, for 7 =1,2,3.

Now we are ready for the proof.
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(Proof of K is an M-idel in M using the Alfsen-Effros theorem). To show
that K is an M-ideal in M, let A, € [K],, j =1,2,3; B € [M],, and let
¢ > 0. Then by definition of I, there exists F' € F(S) such that

W@G:%Afﬁag <7 =123
Thus, for j =1,2,3,
F’ € €
Jay | <fea,| <5 ma Jay |<5

Let

1
A_Bﬁ+§[A1+A2+A3]B.

Then A € K. With j = 1,2,3 and {j/,j"} = {1,2,3} \ {j}, we have,
from Proposition 7,

|B+4, - A <|(B+4, —A)FH+H(B+A]. —A)F/H

:maX{H<B+AJ—A) [(B+A, —A4) }
A A
+ %<2Aj—Aj,—Aj,,>F/
SmaX{H(Aj) ,' (B+%<2AJ‘_AJ-'_AJ'”>> }
o B
@) e )
gmax{l,HBﬁ\ e5 2 [+ ()

€ €
< 1,1 —} Celte
_maX{ +3 +3 +€
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We note that this proof relies heavily on a deep theorem of Alfsen and
Effros [1] and also our preparatory results in preceding sections.
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