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GENERALIZED CONDITIONAL INTEGRAL
TRANSFORMS, CONDITIONAL CONVOLUTIONS AND
FIRST VARIATIONS

Bong JIN KiM* AND ByouNg Soo Kim

ABSTRACT. We study various relationships that exist among gen-
eralized conditional integral transform, generalized conditional con-
volution and generalized first variation for a class of functionals de-
fined on K[0,T], the space of complex-valued continuous functions
on [0, T] which vanish at zero.

1. Definitions and preliminaries

Let Cy[0,T] denote one-parameter Wiener space; that is, the space of
all R-valued continuous functions x(t) on [0,7] with x(0) = 0. Let M
denote the class of all Wiener measurable subsets of Cy[0, 7] and let m
denote Wiener measure. (Cy[0,7], M, m) is a complete measure space
and we denote the Wiener integral of a Wiener integrable functional F
by

(1.1) E[F(z)] = /C | Fa@m(@)

Throughout this paper our starting point is the generalized Wiener
integral

(1.2) E[F(Zn(x, )] = / o Ul ) i),
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where 7, is the Gaussian process
t
(1.3) Zn(x,t) = / h(u)dz(u)
0

with h( 0) is in L[0, 7], and fot h(u)dz(u) denotes the Paley-Wiener-
Zygmund stochastic integral. Of course if h(t) = 1 on [0,7], then
Zp(x,t) = x(t) and so the generalized Wiener integral (1.2) reduces
to the Wiener integral (1.1). We will simply refer to the integral (1.2)
as a Wiener integral.

The Gaussian process 7, has mean zero and covariance function
E [ Zy(x,8)Zp(x,t)] = a(min{s,t}) where a(t) = fot h*(u)du. In addi-
tion Zy(z,t) is stochastically continuous in ¢ on [0, 7.

Let K = K0, T] be the space of all C-valued continuous functions de-
fined on [0, 7] which vanish at ¢ = 0 and let @ and 8 be nonzero complex
numbers. In [2], Cameron and Martin defined a Fourier-Wiener trans-
form of functionals defined on K[0,7]. In [3], Cameron and Storvick
defined a Fourier-Feynman transform of functionals defined on Cy[0, T'].
In a unifying paper [14], Lee defined an integral transform F, g of ana-
lytic functionals on an abstract Wiener space. For certain values of the
parameters o and S and for certain classes of functionals, the Fourier-
Wiener transform, the Fourier-Feynman transform and the Gauss trans-
form are special cases of the integral transform F, g.

In [21], Yeh studied conditional Wiener integrals of functionals defined
on Cy[0,7]. In [8], Chung and Skoug introduced the concept of a con-
ditional Feynman integral, while in [15], Park and Skoug introduced the
concept of a conditional Fourier-Feynman transform and a conditional
convolution for functionals defined on Cy[0, T7].

In this paper we establish various relationships that exist among gen-
eralized conditional integral transform, generalized conditional convolu-
tion and generalized first variation for a class of functionals defined on
K[0,T7.

We finish this section by stating definitions of integral transform F, g,
convolution (F' x G), and first variation 0F for functionals defined on
K. The main focus of [11] was to establish various relationships holding

among F, gF, Fo 3G, (F xG),, 0F and 0G.

DEFINITION 1.1. Let I’ be a functional defined on K. Then the
integral transform F, gF' of I is defined by

(1.4) FopF(y) = E.[F(az+ By)], yeK
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if it exists [5, 11, 13, 15, 19].

DEFINITION 1.2. Let F' and GG be functionals defined on K. Then
the convolution (F * ), of F' and G is defined by

(1.5) (F*G)a(y)EEx[F<y J\r/;ﬂe(y?/;x)] yeK

if it exists [5, 10, 11, 19, 20, 22].

DEFINITION 1.3. Let F' be a functional defined on K and let w € K.
Then the first variation 0 F" of F' is defined by

0
(1.6) OF(ylw) = 5 Fy +tw)lizo, y € K
if it exists [1, 4, 11, 18].

2. Generalized conditional integral transforms and general-
ized conditional convolution

Let X : Cy[0,7] — R be a Wiener measurable functional and let
F : Co[0,T7] — C be a Wiener integrable functional. Then for n €
R, E[F||X](n) denotes the conditional Wiener integral of F' given X
6,8, 16, 21]. In [16], Park and Skoug gave a formula for expressing condi-
tional Wiener integrals in terms of ordinary(i.e., non-conditional) Wiener
integrals; namely that for X (z) = x(7),

21)  EJF@IX@)0) = BlF(() - a(T) + )

Similarly for the condition X (z) = Z(x,T), we can get the formula for
expressing conditional Wiener integrals,

h,a
By [F(Zn(x, )| Xn(@))(n) = Bu (28 (x,))],
where Z{"" (x,) = Zu(w, ) — 25 2, (2, T) + 20,
In this paper we will always condition by
(2.2) Xn(z) = Zn(z,T),
where Z, is given by (1.3).

DEFINITION 2.1. For F': K[0,7] — C we define generalized condi-
tional integral transform, F, s(F[|Xp)(y, n) of F' given X}, by the formula

(2.3) Fas(FlXn)(y,n) = Eu[F(aZn(z,-) + By)|| Xn(x) = n]
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for y € K and n € R if it exists.

DEFINITION 2.2. For functionals F' and G defined on K, we define
generalized conditional convolution, ((F' % G)||X3n)(y,n), of (F * G),
given X}, by the formula
(2.4)

(4@l ) = Bl (2D 6 (P2 1 ) =

for y € K and n € R if it exists.

Next we give a definition of generalized first variation oy, p,F' of a
functional F' on K.

DEFINITION 2.3. Let F' be a functional defined on K and let w € K
and hy, hy € L[0,T]. Then the generalized first variation 6y, p, F' of F
is defined by

0
(25> 6h17h2F(y|w) = EF<Zh1 (ya ) + TZh2 (w7 '))'TZO
for y € K if it exists.

REMARK 2.4. (i)When h = 1 on [0, T, the generalized conditional in-
tegral transform and generalized conditional convolution are reduced to
conditional integral transform and conditional convolution, respectively,
which are defined and studied in [12].

(ii) When hy; = hy = 1 on [0, T, our definition of the generalized first
variation is reduced to the first variation studied in [1,4, 11,12, 18].

(iii) Using the formula for expressing conditional Wiener integral with
conditioning function X,(x) = Z,(x,T) in [17], we have

(2.6) Fap(FI1X0)(y,n) = B [F(aZs™ (x,-) + By())]
and
(2.7)

((F" % G)a| Xn)(y,m)
1

= B[P (50000 + {0, )6 (S5 00) a2l )

where in (2.6) and (2.7) the existence of either side implies the other
side and their equality.
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Under rather mild conditions on F' and G, our first theorem shows
that the generalized conditional integral transform of the generalized
conditional convolution is the product of generalized conditional integral
transforms.

THEOREM 2.5. Let v and 8 be nonzero complex numbers. Assume
that for F : K — C and G : K — C, Fos(((F * G)uollXn) (-, m) || Xn),
Fop(Fl|Xp) and F, 5(G|| Xy) all exist for a.e.n; € R. Then

Fap((F* G)allXn) (- n)l| Xn) (y, m2)

= aﬂ(FHXh)(%,%)ﬁﬂGllXﬁ(%:%)

for ally € K and a.e.ns € R.

(2.8)

Proof. From equations (2.3) through (2.7) we have the following;
R =Fog((F* G)al Xn) ()1 Xn) (Y, 712)

6y< ) h,a
=EalBulF(" 20 + 52000 (e + w,)
ﬂy( ) h,a
G5+ 52t e = w. )]
Since Z,(z+w, ) — a(() Znp(zr+w,T) and Zp(x —w, ) — ;((T',))Zh(x—w,T)
are independent processes as can be seen by checking their covariance
function, we can see that
6y( ) h,a
R =Bl BulF(= 75+ =200, (0w, )]
/By() QO _{ha}
. Ex[Ew [G(W + EZT,nz—m

z . 7 (—w.
h(x';wv ) and h(aj 2’[1}, )

(z —w,))]].

Also the processes are each equivalent to the pro-

cess Zp(x,-), and the equation (2.6) give us the following result;

R=E,[F @%N 02l e DIEG @%H 0z, (@)

:fa»ﬂ(FHXh)(%, 772;;1) (G||Xh)(\3//§ ﬁzﬁm)

which completes the proof. O]




6 Bong Jin Kim and Byoung Soo Kim

Next we describe the class of functionals that we work with in this pa-
per. Let {0, 6,, ...} be a complete orthonormal set of R-valued functions
in L»[0,T]. Furthermore assume that each 6, is of bounded variation on
[0, 7). Then for each y € K and j € {1,2,...}, the Riemann-Stieltjes

integral (0;,y) = fOT 0;(t) dy(t) exists. Furthermore

(2.9) €05, 9| = 16;(T)y(T) —/O y(t) do; ()] < Mjllylloo
with
(2.10) M; =16;(T)| + Var(6;,[0,T7).

For 0 < o < 1, let E, be the space of all functionals F' : K — C of
the form

(2.11) F(y) = f({01,9), - (6n,9)) = F((G,0)
for some positive integer n, where f(Ar,...,A,) = f(X) is an entire
function of n complex variables Ay, ..., A, of exponential type; that is
to say
(2.12) [F)] < Apexp{Br Y _ [N["*}

j=1

for some positive constants Ap and Bp.

In [12], the current authors and Skoug showed that for all F' and G in
Ey, Fop(F||X) and ((F*G),||X) exist and belong to E, for all nonzero
complex numbers « and § and the condition by X(x) = z(T") while
O F (y|w) exists and belongs to E, for all y and w in K.

For F of the form (2.11), as we will see below in Theorem 2.7, when
we evaluate the generalized conditional integral transform of F' given X},
we encounter the Riemann-Stieltjes integrals (6;(-), Z:{Fﬁ;a} (x,-)). Letting

1 T
(2.13) b; = sl /0 0,(t) da(t),
we see that
(2.14) (0;(-), Z4 (@, ) = (0;(-) — by, Zu(x,-)) + b

for z € Cy[0,T7.
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Take a n x n matrix C' = (¢;) and an orthonormal set {¢1,..., ¢, }
on [0, 7] satisfying
(2.15) 0—b=oC.
For details on the matrix C' and the orthonormal set {¢1,...,¢,}, see

Section 2 of [12].

The following lemma [7], which follows quite easily from the defini-
tion of the Paley-Wiener-Zygmund stochastic integral, (2.14) and (2.15),
plays a key role in the proof of Theorem 2.7. In view of the follow-
ing lemma, throughout this paper we require h to be in L.[0,7] with
{¢1h,...,¢,h} be an orthogonal set in Ly[0,T] rather than simply in
Lo[0, T7.

LEMMA 2.6. For each ¢ € Ls[0,T] and each h € L,.[0,T],

(2.16) /ab (t)dZy(x,t) = /d)

for s-a.e. x € Cy[0,T], that is, (¢, Zn(x,-)) = (ph,x).

THEOREM 2.7. Let F' € E, be given by (2.11), h € L[0,T] with
|p;h|l3 > 0 for j = 1,2,---n, and let X}, be given by (2.2). Then
the generalized conditional integral transform F, g(F||Xn)(y,n) exists,
belongs to E, and is given by the formula

(2.17) Foos (Pl Xn) (y,m) = Kn(n; (6, 9))
for ally € K and a.e.n € R, where

(2.18)

Ky (; N)

1

((2r)" H||¢Jh|| —32 f(auC+a77b+BA exp{ Z [ &; h||2}

Proof. For each y € K and a.e. € R,
Fos(FlIXn)(y,n) = Bal f(d, Z85 (@, ) + B0 ).
Using (2.14) and (2.15), we have
Fos(FlI Xn)(y, ) =E.[f (o
=E,[f (o

b, Zn(x,-)) + anb + B(0,y))]

(2.19) O
Zn(x,))C + anb + B0, y))]-

§—
6.2
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By Lemma 2.6 and a well-known Wiener integration theorem, we see
that the last expression is equal to Kp(n; (0,y)), where K,(n;-) is given

by (2.18). By [9, Theorem 3.15] K, (n; X) is an entire function. Moreover
by the inequality (2.12) we have

|Kh(77;q)|
Hu@hu 2 Apexp { Br(3|8) D A1
j=1 j=1
n 1 2
~ / “exp{ Be(3lal) 3 (1O + I 1+7) - 52 ST

7j=1 7j=1

:A]:a,ﬁ;hF eXp{B]:mﬁ;hFZ |)\j|1-|—a}7
where By, ,.r = Br(3|5])'*7, and

A =577 T[N [ exp{Betalal™

Jj=1 R
i [(@C);|7 + Inby| e —li t; di < oo
. AP A P |
Jj=1 j=1 77oi2
Hence F, 5(F|| Xn)(y,n) € E, as a function of y. O

REMARK 2.8. For any F' € E, and G € E, we can always express I
by equation (2.11) and G by

(2.20) G(y) = g({01,y), -, (On, 1))

using the same positive integer n.

In our next theorem we show that the generalized conditional convo-
lution of functionals from £, is an element of E..

THEOREM 2.9. Let F,G € E, be given by (2.11) and (2.20) with
corresponding entire functions f and g, respectively. And let X, be
given by (2.2) with h € Lo[0,T)] and ||¢;h||3 > 0 for j = 1,--- ,n. Then
the generalized conditional convolution ((F x G),|| X3)(y,n) exists for all
y € K and a.e.n € R, belongs to E,, and is given by the formula

(2.21) (F * G)ol|Xn) (v, 1) = Li(n; (0, )
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where
(222)
Ln(n; A)
(@) ]H1||¢]h|| 1/2/ A+mi%+anb>g<i—aﬁ\%— 04775)
ol )
Proof. For each y € K and a.e.n) € R,
=((F * O)ull X))
B, [1(J5((0.0) + alf. 2l ) = S 2w T) + S
o( 50 = . Zula ) = S22 T) + 200

By (2.14), (2.15) and a well-known Wiener integration theorem, we see
that the last expression is equal to Ly(n; (0,y)) where Ly(n; \) is given
by (2.22). By [9, Theorem 3.15], L(n; A) is an entire function and

| L (m; X))

< (e TThoty avacenn{ e+ 5ol (35) 7 )

2

[ ew{mr+ 8 (3)" ;(wcww il = S

= A(Fs)aih eXp{B(F*G)Q;h >IN |1+J},
=1

where

>1+0'

B(F*G)a;h = (BF + BG)(

Sl e
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and

Apecyosh :AFAG(<27T>“£[1 ||¢jh||§)5 / _exp{ (Br + Bo) (%‘)Ho

|(110)-|1+“+|77b-yl+”) - 7 }dﬁ<oo.
SO+ ind™) =5 3
Hence ((F * G)o||Xn)(y,n) € E, as a function of y. O

REMARK 2.10. Unlike the convolution product, the generalized condi-
tional convolution product is not commutative because ((F'*G), || Xp)(y,n) =
((G % F)o||X1n)(y, —n). However the usual additive distribution proper-
ties hold for the generalized conditional convolution product.

As in [12; Theorem 2.6], we can show that the generalized first vari-
ation 0y, 4, F'(y|w) of functionals F' in E, is an element of E,, both as a
function of y for fixed w and as a function of w for fixed y.

THEOREM 2.11. Let F € E, be given by (2.11) and let hy and hy be
in Loo[0,T). Then for all y and w in K,

n

5h1,h2F(y|w) - Z<9j> Zpy (W, )>f](<§7 Zn(Y,°)))

j=1

(2.23) -
= Z<0j7 Zpy (w0, )>E(Zh1 (y,))
j=1
where f;(X) = %f()\l, . A) and Fi(-) = f;((0,-)). In addition, as
a function of y, 0p, n, F'(y|lw) is an element of E, with B, , r(jw) =
2™’ B and with

Asyy sy rto) = Ar exp{24 Br} (vl Y N))

Jj=1

where |(0;ha, w)| < Nj||w||s, and N; = |0;(T)ho(T)| + Var(8;hs, [0,T7]).
Furthermore, as a function of w, 6y, p, F'(y|w) is an element of E, with
B5h1,h2F(y|') =1 and with

Ay i) = e A exp{2 7B (14 3 (Il lyll ) 7)
j=1
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REMARK 2.12. Note that in view of theorems 2.7, 2.9, and 2.11 above,
all of the functionals that arise in Section 3 below are automatically
elements of E,.

3. Various relationships involving the concepts

In this section we establish the various relationships involving the
three concepts of generalized conditional integral transform, generalized
conditional convolution and generalized first variation for functionals
belonging to E,. These various relationships, as well as alternative ex-
pressions for some of them, are given by formula (2.8) above, formulas
(3.4) through (3.6), (3.8) and (3.10) through (3.12) below. It is inter-
esting to note that the left hand side of each of these formulas involve
exactly two of the three concepts, while each right hand side involves at
most one of these concepts.

The following lemma plays a key role in establishing several formulas
throughout this section.

LEMMA 3.1. Forall j € {1,2,...,n} and h € Ly,[0,T] with ||¢;h||3 >
0,

(3.1) E.[(6; — bj, Zn(z,-))] =0,
while for all j and [ in {1,2,...,n},
(3:2) Ey[(0; — bj, Zn(@, )0 — bi, Z(z, )] = Djuin
where
(3.3) Diun =Y crjcnlldhlf3.
=1

Proof. By equation (2.15), 8, —b; = > ¢ ;¢ for all j € {1,2,...,n},
k=1

and hence

E,[{6; = bj, Zn(w, D)) = Y e Bal(ns Zn(, ).
k=1
But by Lemma 2.6,

Bul(6n Zula, )] = et [ wesn{ =3
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and so we obtain (3.1).
Similarly for all 7 and [ in {1,2,--- n},

E.[(0; — b, Zn(x,-)) {0 — bi, Zy(z, )]

- Z Z Ch,jCm 1 B [(Prs Zn (T, ) (Dms Zn(,-))]

k=1 m=1
n
= crgcralonhls = Dy
k=1

as desired, because for k # m,

Ex[(0r, Zn(2, ) (Pm, Zn(z, )] = Exl(¢rh, x)(dmh, )] = 0
and this completes the proof. O]

Our first formula (2.8) is useful because it allows us to calculate
Fosg(((F * G)ollXn)(-sm)|| Xn)(y,n2) without ever actually calculating
(F*G)y or ((F*G)allXn).

THEOREM 3.2. Let F and G be as in Theorem 2.9. Then equation
(2.8) holds for all y € K and a.e.ny,ns € R.

Proof. The left hand side of (2.8) exists by Theorem 2.9 and Theorem
2.7, while the right hand side of equation (2.8) exists by Theorem 2.7.
The equality in equation (2.8) then follows from Theorem 2.5. O

Our next formula (3.4), giving the conditional convolution of condi-
tional integral transforms, follows from Theorem 2.7, Theorem 2.9 and
a well-known Wiener integration formula.

THEOREM 3.3. Let F' and G be as in Theorem 2.9. Then for all
y € K and a.e.ny,m2,m3 € R,
(3.4)
(Fas(Fl|Xn) (-, m) * Fas (Gl Xn) (-, m2))al| Xn) (y; n3)

= (i T bt [, T+ anf+ Z(@.9) + aiC + am)

g(awC + amsb + %(@ y) — aiiC — ansb))

I 1
exp{—§Z (uf + 0} +w?)} dii dv diw.
j=1

l¢5hll3
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In our next theorem we obtain a formula for the generalized first
variation of the conditional convolution of functionals from FE, .

THEOREM 3.4. Let F' € E, be given by (2.11) and let h,hy and hs
be in L.[0,T]. Then for a.e.n € R,

Ony s (7 G| Xn) (-5 ) (y]w)

- 6’j, th w, -
wn = I X 0.0

+ ((F % Gy)all Xu)(Zny (9, ), m)|
for all y and w in K.

Proof. By the definition of the generalized first variation and (2.21)
it follows that

A = Oy iy (F % G)a|| Xn) (-, ) (y|w)

= O ((F % O)allX0) (Zay(4.) + 12y (10, )7

or
= B , Z0 ) + 12000} + (6, 240, ))C + )

g%[@ (4, + 120w, ) — (B, Zu(z,))C — anb))lr—o

Evaluating partial derivative in the last expression we obtain that

4= 3 OB L 151002009 + 046 e ) )

(7[(9 I (y,-)) — &, Zn(w,-))C — anb))
<7
g](\/ﬁKg Zh1 (yv )> - a<$7 Zh(xa )>O - 0”75))]

Using (2.21) once more we know that the last expression is equal to the
last hand side of (3.5) and this completes the proof. O

((0’ Zhl (y7 )> + O‘<$ﬁ Zh(xa )>C + O”/g))

In Theorem 3.5 below we obtain a formula for the generalized condi-
tional convolution with respect to the first argument of the variation of
the first variation of functionals from FE,.
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THEOREM 3.5. Let F' and G be as in Theorem 2.9 and let h, h, and
hy be in Lo[0,T]. Then

(3.6)
((Ony ho (- |w) # Oy, G- |w0)) o | X0 ) (y: 1)

=" (05, Zny (w, )01, Zny (w, )Y (Fy % G)al| Xn)(Z, (). 1)

j=1 i=1
for all y,w € K and a.e.n € R.
Proof. Applying the additive distribution properties of the conditional

convolution to the expressions given by (2.23) and the corresponding
expression for G,

n

(3.7) Snams Gylw) =Y (01, Zny (w, ) Go(Zn, (3, -))

=1

yields equation (3.6) as desired. O
We restrict our attention, in this subsequent, to the functions h; and
hy either of them is constant on [0, 7] rather than to be in L. [0, 7.
In Theorem 3.6 below we obtain a formula for the generalized condi-

tional convolution product with respect to the second argument of the
variation of the first variation of functionals from FE,.

THEOREM 3.6. Let ' and G be as in Theorem 2.9 and let h, and h,
be in L..[0,T] and hy be a constant function. Then for a.e.n € R,

(3.9)
(Onyma F (1) * Ony no G (Y]-))all Xn) (w,m) = %%,th(y|w)5h1,h2G(y|w)

+

aZQn Z [5h1,h2G<y|w)bj}7j(Zh1 (y7 )) - 5h1,h2F(y|w)bjGj(Zh1 (y’ ))]

i=1

CYZ

"2 S S byt + D) F5 (Zis (9, )G Zon (3, )

2 <
Jj=1 [l=1

for all y and w in K with D; ., given by equation (3.3).
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Proof. Using the definition of the conditional convolution product,
together with equations (2.23) and (3.7), we obtain that

(Ony o F'(Y]+) * Ony e G (Yl ))al| X ) (w, m)

= %ZZ@(ZW, NG Zn, (Y, ) El{ (051, w) + aho(0; = bj, Zn(x, )

j=1 =1

+ ahonb; H{(01he, w) — aha(0) — by, Zy(x,-)) — chanby }].
Hence using Lemma 3.1 we see that

(3.9)
((Ony ma B (Y]+) * Ony n G(Y]-))all X0 ) (w, m)

S S B0 DG () O ) O )

j=1 =1

+ Oéhg?](bj <¢91h2, w> — bl <9jh2, w}) — a2h§n2bjbl — a2h§Dj,l:h}-

Finally, using equations (2.23) and (3.7) again, it follows that the right
hand side of (3.9) equals the right hand side of (3.8) as desired. O

In Theorem 3.7 below we get a formula for the generalized conditional
integral transform with respect to the first argument of the variation
while in Theorem 3.8 we get a formula for the generalized conditional
integral transform with respect to the second argument of the variation.

THEOREM 3.7. Let F' € E, be given by (2.11) and let h be in L»[0, T,
ho be in Loo[0,T] and hy be a constant function. Then for a.e.n € R,
(3.10)

Fos O FC) | Xn) (y,m) = (05, Zny (w,-)) Fauny o (F311 X0) (9, )

and
(3.11)
On,haFa,s (Fl| Xn) (- m) (y[w) = B Z@-, Zny (W, ) Fopny (F3 (| X0) (v, m)

for all y and w in K.
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Proof. Using the definition of conditional integral transform, equa-
tions (2.23) and (3.1), it follows that

Fo5(Ony o B (-[w) | X0 ) (9, 1)

n

= B,[> (0, Zn, (w, ) fi(al8, 211 () + B(hab, y)))

j=1

= 3 {0 i WL (4 s 205 )+ )

Furthermore, using the definition of generalized first variation and
equation (2.19) we obtain that

Ony o For s (FI| Xn) (-, 1) (y|w)

= 5Z<6j,zh2<w, NE,[f;(ald, Zy(,))C + anb + Bhi(f, y))]

= 6 Z<8j7 Zh2 <w7 ’)>‘Fa,ﬁh1 (F}||Xh)(y7 77)

as we wished. 0

THEOREM 3.8. Let ' € E, be given by (2.11) and let h,hy be in
L[0,T) and hy be a constant function. Then for a.e.n € R,
(3.12)

Fo (O F 1)1 X0) (w,m) = BSny oy F(ylw) + amha Y b;Fy(Zn, (y, )

j=1
for all y and w in K.

Proof. Using the definition of the generalized conditional integral trans-
form, equation (2.23), equation (3.1) and then equation (2.23) again, it
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follows that
Fa8(Ony mo F (Y] )| X1 ) (w, m)

n

= B.[) (0;ha, aZiy™ () + Bu) 500, Zny (y, )]

J=1

= Z Fi(0. Zn, (y, )\ h2EL[B(0;, w) + a{8; — by, Zy(x, -)) + anb;]

= ﬁ Z<9j7 th (w7 ))fj((gﬁ Zhl (y> )>) + 0477h2 Z b]f]((é Zh1 (y7 )>)

Jj=1

as we wished. ]
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