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THE ZEROTH-ORDER GENERAL RANDIC INDEX OF
GRAPHS WITH A GIVEN CLIQUE NUMBER

JIANWEI DU*, YANLING SHAO, AND XIAOLING SUNT

ABSTRACT. The zeroth-order general Randi¢ index R, (G) of the
graph G is defined as }_, ¢y (g d(u)®, where d(u) is the degree of
vertex u and « is an arbitrary real number. In this paper, the
maximum value of zeroth-order general Randi¢ index on the graphs
of order n with a given clique number is presented for any o # 0,1
and a ¢ (2,2n—1], where n = |V(G)|. The minimum value of zeroth-
order general Randi¢ index on the graphs with a given clique number
is also obtained for any o # 0,1. Furthermore, the corresponding
extremal graphs are characterized.

1. Introduction

In this paper, we are concerned with undirected simple connected
graphs only. Let G = (V(G), E(G)) denote a graph with vertex set
V(G) and edge set E(G). The degree of a vertex u € V(G) is denoted
by dg(u) (d(u) for short). Denote by G—wwv the graph that obtained from
G by deleting the edge uv € E(G). Similarly, G + uv is the graph that
obtained from G by adding an edge uv ¢ E(G), where u,v € V(G). A

tree is a connected graph with n vertices and n—1 edges. The chromatic
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number of a graph is the minimum number of colors such that the graph
can be colored with these colors in such a way that no two adjacent
vertices have the same color. We use x(G) to denote the chromatic
number of a graph G. A clique of a graph G is a subset S of V such
that any two vertices in G[S] (the subgraph of G induced by S) are
adjacent. The number of vertices in a largest clique of G is called the
clique number of G, and it is denoted by w(G). As usual, we use P,, S,
and K, to denote the path, the star and the complete graph of order n,
respectively.

The numerical quantities of a graph which are invariant under graph
isomorphism are called topological indices [27]. The Randié¢ (or connec-
tivity) index of G, which is one of most popular topological indices, is
defined as [23]

weE(G)

Randi¢ himself [23] demonstrated that this index is well correlated with a
variety of physico-chemical properties of various classes of organic com-
pounds. Eventually, two books [12,13] are devoted for this structure-
descriptor.

In [3], Bollobas and Erdés generalized R(G) by replacing the exponent
—1/2 with an arbitrary real number «, which is called the general Randi¢
index and is denoted by R,, i.e.,

Ro(G)= ) (d(w)d(v))".
weE(G)
The zeroth-order Randi¢ index, conceived by Kier and Hall [14], is
RG)= D du)z.
ueV(G)

Li and Zheng [20] defined the zeroth-order general Randi¢ index of a
graph G as

"Ro(G) = > d(u)”.
ueV(G)

for any real number «.
The zeroth-order general Randi¢ index °Ry(G) is the well-known first
Zagreb index M, (G) = Zuev(g)d(u)Q which is first introduced in [8],
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where Gutman and Trinajsti¢ examined the dependence of total 7-
electron energy on molecular structure.

Kos Ky
Fig. 1. The graphs ICg5 and Ky

Let IC,, i and K, ,,_i be the graph obtained by identifying one ver-
tex of K with a pendent vertex of path P, ;.1 and the graph obtained
by identifying one vertex of Kj with the central vertex of star S, i1,
respectively. For example, g5 and Ky 5 are shown as Fig. 1. A com-
plete k-partite graph whose partition sets differ in size by at most 1 is
called Turan graph, which is denoted by T, (k). Let us denote by Xk
the set of the n-vertex graphs with chromatic number %k, and W, the
set of the n-vertex graphs with clique number k, respectively. We can
see [4] for other notations.

In recent years, the zeroth-order general Randi¢ index has been stud-
ied extensively. Pavlovi¢ [22] determined the (n,m)-graph with the
maximum zeroth-order Randi¢ index. Li and Zhao [19] presented trees
with the first three minimum and maximum zeroth-order general Randi¢
index, they also presented chemical trees with the minimum, second-
minimum and maximum, second-maximum zeroth-order general Randi¢
index. Zhang et al. [30] characterized the unicyclic graphs with the
first three minimum and maximum zeroth-order general Randi¢ index.
Zhang, Wang and Cheng [31] determined bicyclic graphs with the first
three minimum and maximum zeroth-order general Randi¢ index. Hu,
Li, Shi and Xu [9] obtained some bounds on connected (n,m)-graphs
with the minimum and maximum zeroth-order general Randi¢ index.
Hu, Li, Shi, Xu and Gutman [10] determined the (n, m)-chemical graphs
with the minimum and maximum zeroth-order general Randi¢ index. For
more results see [1,2,5,6,11,15—18,21,24—26,28].

In this paper, we present the maximum value of zeroth-order general
Randi¢ index on W, for any a # 0,1 and o ¢ (2,2n — 1]. We also
obtain the minimum value of zeroth-order general Randi¢ index on W, j,
for any o # 0,1. Furthermore, the corresponding extremal graphs are
characterized.
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2. Preliminaries

Note that °Ry(G) = |V(G)| = n and °R,(G) = 2|E(G)|. Therefore,
in the following we always assume that a # 0, 1.

By the definition of zeroth-order general Randi¢ index, these two lem-
mas are obvious and can be found in [28].

LEMMA 2.1. ([28]) Let G = (V, E) be a simple connected graph. If
e=wuv ¢ E(G), u,v € V(G), then

(i) "Ro(Q) < "Ro(G + ) for a > 0;

(i1) "Ro(G) > "Ry (G +e) for a < 0.

LEMMA 2.2. ([28]) Let G = (V, E) be a simple connected graph. If
e € E(G), then

(i) °Ro(G) > "R, (G — €) for a > 0;

(i) "Ro(G) < "R, (G —e) for a < 0.

n Y
Y2 Al h
i Gn : y2
Yr ¢ Yr
G G’

Fig. 2. Transformation A;.

Transformation A;: Let G be a graph as shown in Fig. 2, where

vy € E(G), da(r) > 2, Na(y)/{z}y = {yi, 92,4} (W10, ate
pendant vertices). Set G’ = G—{yy1, yya. -+, yy }H{zyr 22, - 2y},
as shown in Fig. 2.

LeEMMA 2.3. ([5]) Let G and G' be graphs in Fig. 2. Then
(1) "Ry (G') > °Ro(G) for a > 1 or o < 0;
(11) "Ro(G') < °Ro(Q) for 0 < o < 1.

o — K

Fig. 3. The graphs in Remark 2.4.
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REMARK 2.4. By repeating Transformation A;, any tree T" attached
to a graph GG can be changed into a star as showed in Fig. 3. Furthermore,
the zeroth-order general Randi¢ indices increase for o > 1 or o < 0, and
the zeroth-order general Randi¢ indices decrease for 0 < a < 1.

Ea Y1
xr. : Ys

G

Fig. 4. Transformation As.
Transformation A,: Let G be a graph as shown in Fig. 4, and z,y €
V(G), where x4, x9, - - - , x, are pendant vertices adjacent to z, and y1, ya,
-, ys are pendant vertices adjacent to y. Set G' = G — {yy1,yy2, - ,
yy5}+{xy17xy27 T 7xy8}7 G = G—{l’l’l, L2, - 7‘/E"L‘T}+{yl‘17yl’27 T
yx,}, as shown in Fig. 4.

LEMMA 2.5. Let G, G' and G" be graphs in Fig. 4. Then

(1) either °Ro(G") > "R, (G) or "Ry (G") > °R,(G) for a > 1 or
a < 0;

(41) either "Ry (G") < *Ra(G) or *Ro(G") < °Ro(G) for 0 < o < 1.

Proof. By the definition of zeroth-order general Randi¢ index and the
Lagrange mean value theorem, we have

/

"Ro(G) — "Ra(G) = (da(z) + 8)* + (da(y) — 5)* — (da(x)" + da(y)®)
= (da(x) + )" = da(2)” = [da(y)® = (da(y) — 5)°]
= SOé( (1171 - ntllil)v

where dg(z) < & < dg(x) + s, da(y) —s <m < da(y).

1

"Ro(G") = °Ro(G) = (da(x) —1)” ( c(y) + 1) = (da(2)* + da(y)®)
= (da(y) + )" — da(y)* — [da(2)* — (dg(x) — 1)°]
=ra(s ™t = &7,
where dg(z) —r < & < dg(2), da(y) < n2 < daly) +r
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If da(y) < da(x), then "Ry (G) =R (G) > 0, i.e., "Ry(G') > "R, (G)
for a > 1 or a < 0; otherwise, "Ry (G") > "R, (G) for a > 1 or a < 0.
If da(y) < da(z), then "Ry (G') < "R, (G) for 0 < o < 1; otherwise,

ORL(G") < °R,(G) for 0 < a < 1. O
x.l—..:r}’—lxr .—J}.n Ly .—-’E.n—x;——l..—jl
G el

Fig. 5. Transformation As.
Transformation Ajz: Let G be a graph as shown in Fig. 5, where

G1 2 K;and y € V(Gy). That is, we use G to denote the graph obtained
from identifying y with the vertex z, of a path xziz9- -2, 12, - x,,
l<r<n. Set G =G —x,_12, + TpTr_1, as shown in Fig. 5.

LEMMA 2.6. Let G and G’ be graphs in Fig. 5. Then
(1) "Ry (G') < °Ro(G) for o > 1 or o < 0;
(i1) "Ro(G') > "Ro(Q) for 0 < o < 1.

Proof. We notice that

!

"Ra(G) = "Ra(G) = (de, (y) + 1)* + 2% = (dg, (y) +2)* — 1
=2 =1 —[(de,(y) +2)" = (de (y) + 1)
= o =),
where 1 < £ < 2,dg,(y)+1 <n < dg,(y)+2. This finishes the proof. [

@@ N @H

Fig. 6. The graphs in Remark 2.7.

REMARK 2.7. By repeating Transformation Aj, any tree T" attached
to a graph GG can be changed into a path as shown in Fig. 6. Furthermore,
the zeroth-order general Randi¢ indices decrease for « > 1 or a < 0, and
the zeroth-order general Randi¢ indices increase for 0 < a < 1.
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331 . Ty
oo A4
e Yoo o Ys T2 Tr
Yy Ys

G G
Fig. 7. Transformation Aj.

Transformation A,: Let G be a graph as shown in Fig. 7, where x,y €
V(G1). That is, we use G to denote the graph obtained from identifying
x with the vertex zy of a path zgz;---x, and identifying y with the
vertex yo of a path yoys - - - ys, where 7,5 > 1. Set G' = G — zx1 + ys21,
as shown in Fig. 7.

LEMMA 2.8. Let G and G’ be graphs in Fig. 7. Then
(1) "Ry (G') < °Ro(G) for o > 1 or o < 0;
(i1) "Ro(G') > °Ro(G) for 0 < o < 1.

Proof. The proof is similar to Lemma 2.6, omitted. O
LEMMA 2.9. Let
flz) = z(n—x)*,

where 1 < o <n—1, n > 3. Then f"(x) < 0 for 0 < a < 1, and
f"(xz) >0 for a <0 or > 2n — 1.

Proof. Note that
f(@) = (n - 2)* " (n - az - 2),
f'(z) = —a(n — 2)*?[2n — (a + 1)z].
This completes the proof. n

LEMMA 2.10. Let n;,n;,t be positive integers and o be a real number,
where n; —n; > 2 and 1 < o < 2. Then

nj(ni + t)a_l — ni(nj + t)a_l > 0.
Proof. Let g(z) = (o — 1) In(z 4+ t) — Inz, where > 1. Then

(a—2)z—t

< 0.
z(r +1)

g'(z) =
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So g(n;) > g(n;). Thus we have
(a—1)In(n; +t) —Inn; > (a — 1) In(n; +t) — Inn;
= Inn;+ (o —1)In(n; +¢t) >Inn; + (o« — 1) In(n; + t)
= In[n;(n; +)* ] > In[n;(n; +¢)*7"]
=n;(n; +1)*" > ni(n; +1)*

This completes the proof. O

3. Main result

Let G €e Wy, k=1 G=K,. If k=n,G= K,. So, next, we

always assume that 1 < k < n.

THEOREM 3.1. Let Hy € Wy .. Then °Ro(Hy) > (k — 1) + k* +
2%(n — k —1) 4+ 1 for « > 1, with the equality holding if and only if
Hl = ’Cn,n—k‘-

Proof. Choose a graph H; € W, such that H;has the minimum
zeroth-order general Randi¢ index. By the definition of the set W, s,
H, contains a clique K} as a subgraph. From Lemma 2.2, H; must be
the graph that results from K} by attaching some trees rooted at some
vertices of K. By Remark 2.7, we conclude that, in H;, all the trees
attached at some vertices of K must be paths. Now we claim that
Hy =2 K, n—k. Otherwise, suppose that there are two paths P, and P,
attached at two vertices v; and vy of K, respectively. From Lemma
2.8, H; can be changed to Hj by transformation A, with a smaller
zeroth-order general Randi¢ index, which contradicts the choice of Hj.
Therefore H; = IC, p—k-

By the definition of zeroth-order general Randi¢ index, we have

R (Khmp) = (b — 1) +k*+2%n —k— 1)+ 1.
The proof is completed. O

THEOREM 3.2. Let Hy € W, ;. Then

(i) °Ro(Hy) > (K — 1)+ (n = 1)*+n —k for 0 < a < 1, with the
equality holding if and only if Hy = K,, ,,_;

(i) "Ro(Hs) < (k= 1) + (n — 1)* +n — k for a < 0, with the
equality holding if and only if Hy = K, ,,_.
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Proof. We discuss in two cases.

Case 1. 0 < a < 1.

Choose a graph Hy € W, such that H; has the minimum zeroth-
order general Randi¢ index. Similarly as the proof of Theorem 3.1, by
Remark 2.4, all the trees in Hy attached at some vertices of K} must be
stars; furthermore, if Hy 2 K, ,,_j, from Lemma 2.5, Hy can be changed
to H), or HY by transformation A, with a smaller zeroth-order general
Randi¢ index which is a contradiction to the choice of Hy. Therefore
H2 = Kn,n—k'

Case 2. a < 0.

Choose a graph Hy € W, such that H, has the largest zeroth-order
general Randi¢ index. The rest of the proof is analogous to that of Case
1, omitted.

From the definition of zeroth-order general Randi¢ index, we have

Ro(Kppi) = (k=1 +(n—1)*+n—k.

The proof is completed. O

Let Ky, ny,... n, denote the n-vertex complete k-partite graph whose
partition sets size are ny, ng, - - -, ng, respectively. Then ny +ny +--- +
ne = n.

LEMMA 3.3. Let G € Xy be a graph with maximum zeroth-order
general Randi¢ index for o > 0, and with minimum zeroth-order general
Randi¢ index for o« < 0. Then G = Ky, ny....

.-
Proof. By the definition of the set X, and Lemma 2.1, the lemma
holds obviously. O

In order to get our other results, we first consider the zeroth-order
general Randi¢ indices of graphs G € X, . Let n = kp + ¢, where
0<qg<k,ie,p=[%]

THEOREM 3.4. Let G € X k. Then

(1) *Ra(G) < "Ra(To(k)) = (k—q)(n—[3))*+a(L3]+1)(n— 3] -1
for 0 < a < 1orl < a < 2, with the equality holding if and only if
G = T,(k);

(i) "Ra(G) = "Ra(Tn(k)) = (k—q)(n—3])*+a(lF]+1) (n— 7] 1)
for o < 0, with the equality holding if and only if G = T, (k).

Proof. In view of the definition of chromatic number, any graph G €
Xni has k color classes each of which is an independent set. Let the
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size of the k classes be ny,ngy, - -+ , ng, respectively. By Lemma 3.3, the
graph G' € X, ; which reaches the maximum zeroth-order general Randi¢
indices for 0 < o < 1 or 1 < a < 2, and reaches the minimum zeroth-
order general Randi¢ indices for o« < 0 will be a complete k-partite graph
Ko\ ng, my- Choose the graph G € X, such that G has the maximum
zeroth-order general Randi¢ indices for 0 < a < 1 or 1 < a < 2, and has
the minimum zeroth-order general Randi¢ indices for o < 0, respectively.

Now we claim that G € T, (k). Otherwise, there exist two classes of
size n; and nj, respectively, satisfy n; —n;, > 2, that is, n; — 1 > n; + 1,
without loss of generality, we assume that 1 <i < j < k. We will find a
contradiction.

Casel. O<a<lorl<a<2.

Subcase 1.1. 1 < a < 2.

Note that

"Ra( Koy it 1o my—1,e i) — Ra(Koy o e g )
=(ni+1)(n—n;—1)*+(n;—1)(n—n;+1)* — n;(n—n;)* — nj(n—n;)*
—n,l(n = ny + 1) = (1= n3)°] = mil(n — n) — (0 — ng — 1)

+(n—n;—1)*—(n—n; +1)*
=a(n€f ™ — ™) + (n—ny — 1) = (n—n; +1)%,

where n —n; < & <n—-n;+1, n—n; —1 < <n—mn; Since
(n—n; —1) > (n —n; + 1), we have
ORa(Kny it my—te ) — Ra(EKny o s e i)

>a(n& ™ — )

a—1 oc—l].

>anj(n —n;)* " —ni(n —ny)

If £ =2, then n; + n; = ny +ny = n, and we have "Ry (K 41.05-1) —
OR(Kpymy) > ana(n —ng)® ™t —ny(n —ny)* 1 = a(ning)® Y (ny ™ —
ni~®) > 0, which contradicts the choice of G.

If k>3, let n;+n; +t =n, Wheretzzkrzl n. >k—22>1, by

r#i,j
Lemma 2.10, we have

ORa(Kny o it my—te i) — RalEKpy e i g i)
>ani(n; +t)* " —ni(n; +1)*7'] > 0,

which contradicts the choice of G, again.
Subcase 1.2. 0 < a < 1.
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Note that

ORa (Ko it my—1e ) — R Kny e i g e )
=(ni+1)(n—n;—1)*+(n;—1)(n—n;+1)* — n;(n—n;)* — nj(n—n;)*
=f(n; +1) = f(ni) = [f(n;) — f(n; —1)]
=f'(&) = f'(n2),

where n; < & < n;+1,n;—1 < ny < n;. By Lemma 2.9, we have f'(&2)—
f/<772) > O, ie., ORQ(Knl,m,ni—s—l,-u,nj—l,m,nk) > ORO&(KHIW‘7ni7‘“,nj7“‘Jlk)’
which is a contradiction to the choice of G.

Case 2. a < 0.

Note that

ORQ(Knl,--- Mit+1eng =1, ,nk) - ORa(Knl,--- iyt Ty ,nk>
=f(ni+1) = f(ni) = [f(ng) = f(n; = 1)]
=f"(&3) = ['(n3),

where n; < & < n;+1,n;—1 < n3 < n;. By Lemma 2.9, we have f'(§3)—
f/<773) < O, i.e., ORQ(KnL...7ni+17.“7nj_17...7nk) < ORO&(KHM“le‘,'“,nj,“‘Jlk-)?
which is a contradiction to the choice of G.

Recall that n = k(7] +¢ = (k —q)[7] + q([7] +1). By the defi-
nition of the zeroth-order general Randi¢ index, we obtain the value of
R (T, (k)) immediately.

Conversely, it is easy to see that the equality holds in () or (#i) when
G = T, (k). The proof is completed. O

THEOREM 3.5. Let G € Xn.k- Then ORa<G) < ORa(Kn—i-l—k,l,l,m,l) =
(k—1)(n—1)%4+(n—k+1)(k—1)* for « > 2n — 1, with the equality
holding if and only if G = K,i1_p11,.1, where Ky11_p11,..1 is the

complete k-partite graph with n vertices whose partition sets size are
n+1—*k1,1,--- .1, respectively.

Proof. Similar to the proof of theorem 3.4, the graph G' € x,, x which
reaches the maximum zeroth-order general Randi¢ indices for o > 2n—1
will be a complete k-partite graph K, p,.... n,. Suppose that the graph
G € Xnk has the maximum zeroth-order general Randi¢ indices for
a>2n—1.

Now we claim that G € K, 11_f11,..1. Otherwise, there exist two

classes of size n; and n;, respectively, satisfy n; > n; > 2, without loss
of generality, we assume that 1 <i < j <k.
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Note that
ORa(Kny oo it iyt mn) — RalKpy o i g i)
=f(n; +1) = f(ng) = [f(ni) = f(ni — 1)]
=f'(&) = f'(n),
where n; < £ <n;+1,n,—1 <n<n;. By Lemma 2.9, we have f'(£) —
F'() > 0, ie, "Ro(Kni it myitye ) > CRa(EKy o ey )

which contradicts the choice of G.
From the definition of zeroth-order general Randi¢ index, we have

ORQ(Kn+1_k71717...71) = (k? - 1)(n — 1)a + (n —k -+ ].)U{Z — 1)oz.

Conversely, it is easy to see that the equality holds when G = K1y,
11,-,1. This completes the proof. O

LeEMMA 3.6. ([7]) Let G = (V, E) be a graph with w(G) < k. Then
there is a k-partite graph G' = (V, E') such that for every vertex v € V,

dg<v) S dG/ (U) .

THEOREM 3.7. Let G € W, ;. Then

(i) °Ra(G) < (h—q)(n—[2])*+q(| 2] +1)(n— 2]~ 1)* for0 < a < 1
or 1 < a <2, with the equality holding if and only if G = T, (k);

(i) °Ral(G) > (k—q)(n— |2))* +4(|2] + (n— 2]~ )* for a < 0,
with the equality holding if and only if G = T, (k).

(i17) "Ro(G) < (k= 1)(n—1)*+ (n —k + 1)(k — 1)* for a > 2n —
1, with the equality holding if and only if G = K, 41_k11,...,1, Where
Kpt1-k1,1,.. 1 Is the complete k-partite graph of order n whose partition
sets size aren+1—k,1,1,--- .1, respectively.

Proof. If k = n, then G = K,,. Thus, we assume that k£ < n. Pick
a graph G € W, such that G has the maximum zeroth-order general
Randi¢ indices for 0 < a < 1, 1 < a < 2 or a > 2n — 1, and has the
minimum zeroth-order general Randi¢ indices for a < 0, respectively.
Now we claim that G € x,x. To the contrary, since w(G) = k, by
Lemma 3.6, we can get a k-partite graph G* with V(G*) = V(G) such
that for every vertex v € V(G) = V(G*), dg(v) < dg-(v). Obviously,
G* € W), . By the definition of zeroth-order general Randi¢ index, we
have "R, (G*) > "R (G) for 0 < a < 1,1 <a<2ora>2n—1, and
"R, (G*) <°R,(G) for a < 0, respectively.

By Theorem 3.4 and 3.5, considering the uniqueness of the extremal
graph in the set X, x, the theorem holds immediately. O]
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If « = 2, then “Ry(G) is the first Zagreb index M;(G) and by using
a = 2 in Theorem 3.5 and 3.6, we obtain the following corollary which
is the result given in [29].

COROLLARY 3.8. ([29])Let G € W,, .. Then

() Mi(G) < ( — a)(n— |E])? + T 1(n — [21)? with the equality
holding if and only if G = T, (k);

(i1) My(G) > k? — 2k* — k + 4n — 4 with the equality holding if and
only it G = K,y p—.

REMARK 3.9. Another question is to consider the maximum zeroth-
order general Randié¢ index for a € (2,2n — 1] on the graphs G € W,, .
By inspecting some special graphs G € W, ;, we found that for o €
(2,a), T, (k) has maximum zeroth-order general Randié¢ index, and for
a € (b,2n—1], Kyt+1-k1,1, 1 has maximum zeroth-order general Randié¢
index, where a < b. So further research is needed in future.

4. Conclusion

In this article, for G € W, ;,, we got that K, ,_j (resp. T, (k)) has
the maximum (resp. minimum) °R,(G) for o < 0, and T, (k) (resp.
K, , 1) has the maximum (resp. minimum) °R,(G) for 0 < a < 1.
Furthermore, for G € W, ;, we proved that IC, ,_; has the minimum
'Ro(G) for a > 1, and T, (k) (resp. K11 k11.-1) has the maximum
"Ro(G) for 1 < o < 2 (resp. for a > 2n — 1).

The maximum "R, (G) for a € (2,2n — 1] on the graphs G € W,
has not been obtained. By inspecting some special graphs G € W,, ,
it seems that for @ € (2,a), T, (k) has maximum “R,(G), and for o €
(b,2n—1], Ky11-k1.1, 1 has maximum °R,(G), where a < b. So further
study is needed in future.
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