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A NOTE ON MULTIPLIERS IN ALMOST
DISTRIBUTIVE LATTICES

Kyung Ho Kim

ABSTRACT. The notion of multiplier for an almost distributive lat-
tice is introduced, and some related properties are investigated.
Moreover, we introduce a congruence relation ¢, induced by a € L
on an almost distributive lattice and derive some useful properties

of ¢g.

1. Introduction

The notion of derivation, introduced from the analytic theory, is help-
ful to the research of structure and property in algebraic system. Re-
cently, analytic and algebraic properties of lattice were widely researched
([4, 5]). Several authors ([1, 6]) have studied derivations in rings and
near-rings after Posner ([7]) have given the definition of the derivation in
ring theory. Bresar ([3]) introduced the generalized derivation in rings
and many mathematicians studied on this concept. K. L. Xin, T. Y.
Li and J. H. Lu applied the notion of the derivation in ring theory to
lattices([9]). In ([7]), a partial multiplier on a commutative semigroup
(A, -) has been introduced as a function F' from a nonvoid subset Dpg
of A into A such that F(z) -y = x - F(y) for all x,y € Dp. In 1980,
the concept of an almost distributive lattice was introduced by U. M.
Swamy and G. C. Rao ([9]). This class of Almost distributive lattices
include most of the existing ring theoretic generalizations of a Boolean
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algebra on one hand and the class of distributive lattices on the other.
The notion of multiplier for an almost distributive lattice is introduced,
and some related properties are investigated. Moreover, we introduce
a congruence relation ¢, induced by a € L on an almost distributive
lattice and derive some useful properties of ¢,.

2. Preliminaries

Throughout this paper, L stands for an almost distributive lattice
(L, V,N\) unless otherwise specified.

DEFINITION 2.1. ([9]) An algebra (L, A, V) of type (2,2) is called an
Almost Distributive Lattice if it satisfies the following axioms, for any
a,b,ce L.

Ly : (avb)ANec=(aNc)V(bAc)
Ly :an(bVe)=(aAb)V(aNc)
Ly : (aVb)ANb=D.
Ly:(avb)ha=a

Ls :aV(aNnd)=a.

DEFINITION 2.2. ([9]) Let L be any non-empty set. Define, for any
xz,y € L,xVy =z and Ay = y. Then (L, V, A) is an almost distributive
lattice on L and it is called a discrete almost distributive lattice

LeEMMA 2.3. Let L be an almost distributive lattice. For any a,b € L,
we have

(1) rana=a.

(2) raVa=a.

(3) : (anb)Vb=0D.

(4) :aN(aVbd)=a.

(5) :aV(bAa)=a.

(6) : aVb=aifand only ifa Nb=b.

(7) : aVvb="0ifand only if a AN b= a (seel9]).

DEFINITION 2.4. ([9]) For any a,b € L, we say that a is less than or
equal to b and write a < b, if a A b = a, or, equivalently, a V b = b.

THEOREM 2.5. Let L be an almost distributive lattice. For any
a,b,c € L, we have

(1) : The relation < is a partial ordering on L.
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(2) saVvV(bAc)=(aVb)A(aVec).

(3) : (avb)Va=aVb=aV (bVa).
(4) : (avb)Ae=(bVa)Ac.

(5) : The operation A is associative on L.
(6) :aNbAc=bAaAc (seel9]).

LEMMA 2.6. Let L be an almost distributive lattice. For any a,b,c,d €
L, the following identities hold.

(1) :anb<banda<aVb.

(2) : a ANb="0bA a whenever a < b.

(3) : [av(bVe))Ad=][aVd)VcAd.

(4) s a <bimpliesaNc <bAc,cNa<cAbandcVa<cVb (see[9]).

DEFINITION 2.7. ([9]) An element 0 is called a zero element of L if
ONa=0forall a € L.

LEMMA 2.8. Let L be an almost distributive lattice. If L has 0, then
for any a,b € L, we have the following identities.

(1) ravO0=aand 0Va=a.
(2) :an0=0.
(3) s aANb=0 if and only if b A a = 0 (see[9]).

DEFINITION 2.9. ([9]) A non-empty subset I of L is called an ideal of
Lifavbel and a ANx € I whenever a,b € [ and z € L.

If I is an ideal of L and a,b € L, then aAb € I if and only if bAa € 1.

3. Multipliers in almost distributive lattices

In what follows, let L denote an almost distributive lattice unless
otherwise specified.

DEFINITION 3.1. Let L be an almost distributive lattice. A function
f: L — L is called a multiplier if

fleny) = flx) Ny
for all =,y € L.

LEMMA 3.2. The identity map on L is a multiplier on L. This is called
an identity multiplier on L.
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EXAMPLE 3.3. Let L be an almost distributive lattice and 0 € L. A
function f defined by f(x) = 0 for all z € L is called a zero-multiplier
on L.

EXAMPLE 3.4. In a discrete almost distributive lattice L = {0, a, b},
if we define a function f by f(0) = 0, f(a) = b, f(b) = a, then f is a
multiplier on L.

EXAMPLE 3.5. Let L = {0,a,b,c} be a set in which “A” and “V 7 is
defined by

VIO a b ¢ A0 a b ¢
010 a b ¢ 00 0 0 O
ala a b b al0 a a 0
bib b b b b0 a b ¢
clec b b c cl0 0 ¢ ¢

Then it is easy to check that (L, A, V,0) is an almost distributive lattice.
Define a map f: L — L by

Fa) = {o if 2 =0,c

a ifz=ab
Then it is easy to check that f is a multiplier on L.

LEMMA 3.6. Let f be a multiplier of L. Then the following conditions
hold.

(1) f(x) <z, for every x € L.

(2) f(x)N fly) < flzAy), foranyxyeL_
(3) If I is an ideal of L, then f( ) C

(4) If L has 0, thenf()

Proof. (1) Let « € L. Then f(z) = f(x Ax) = f(x) Az, which implies
that f(z) <=z

(2) Let z,y € L. Then f(z Ay) = f(z) Ay. Since f(y) < y for any
y € L, we get f(z) A f(y) < f(z) Ay = f(z Ay). Hence f(z) A fly) <
f(z Ay) for any x,y € L.

(3) Let a € I. Then by (1) above, we have f(a) < a, and hence
f(a) € I. Thus, f(I)C 1

(4) If L has 0, then by (1) above, f(0) < 0. Thus 0 < f(0) <0, and
hence f(0) = 0. O
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LEMMA 3.7. Let L be an almost distributive lattice. Define a function
fa by fo(x) = a Az for all x € L. Then f, is a multiplier of L. Such a
multiplier of L are called a principal multiplier of L.

Proof. Let x,y € L. Then
fa@ny)=an(@Ay)=(anz) Ny = fuz) Ay
for all x,y € L. O

PROPOSITION 3.8. Let L be an almost distributive lattice. Then
fa(x) = a A x is an isotone multiplier of L.

Proof. Let x,y € L be such that x <y. Then

fa(x) = fa(x /\y) =aNTNaNy= fa(x) A fa(y)a

which implies that f,(z) < f.(y). Hence f, is an isotone multiplier of
L. ]

LEMMA 3.9. Let L be an almost distributive lattice and let f be a
multiplier of L. If x <y and f(y) =y, then f(x) = x.

Proof. Let © <y and f(y) = y. Then by Lemma 2.6(2), we have

f(@)=flzny)=flyYyhe=yAz=xAy=uz
O

THEOREM 3.10. Let L be an almost distributive lattice and let f be
a multiplier of L. Then f is an isotone multiplier of L.

Proof. Let x,y € L be such that z < y. Then by Lemma 2.9(2) and
£(3) < 3, we have

fla)=flxny)=flynz)=fly) ANz < fly) Ny = fy)
This implies that f(x) < f(y), that is, f is isotone. ]

PROPOSITION 3.11. Let L be an almost distributive lattice and let f
be a multiplier of L. Then f(zVy)= f(z)V f(y) for any x,y € L.

Proof. Let x,y € L. Then we get f(z) = f((x Vy) Az) and f(y) =
f((xVy)Ay). Hence

f@)V fly)=(flxVy) Az)V(flxVy)Ay)) = flzVy A@Vy),
which implies that f(z V y). ]
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THEOREM 3.12. Let L be an almost distributive lattice and let f be
a multiplier of L. Then the following conditions are equivalent.
(1) f is an identity function on L.

(2) f(xVy)= f(x)Vy for any x,y € L.
1.

Proof. (1) = (2) Let f be an identity function on L. Then f(zVy) =
zVy=f(x)Vyforal z,y € L.

(2) = (1) Let f(x Vy) = f(z) Vy for any =,y € L. Putting y = x in
this relation, we have f(z) = f(z) Vo = = for all x € L, which implies
that f is an identity map on L. This completes the proof. n

PROPOSITION 3.13. Let L be an almost distributive lattice with 0
and f be a multiplier of L. Then f : L — L is an identity map if it
satisfies x V f(y) = f(x) Vy for all x,y € L.

Proof. Let x,y € L be such that z V f(y) = f(z) Vy. Now f(z) =
0V f(x)=f(0)Ve =0V x =2z Thus f is an identity map of L. O

In general, every multiplier of L need not be identity. However, in
the following theorem, we give a set of conditions which are equivalent
to be an identity multiplier of L.

THEOREM 3.14. Let L be an almost distributive lattice with 0. A
multiplier f of L is an identity map if and only if the following conditions
are satisfied for all x,y € L.

(1) f is idempotent, ie., f?(x) = f(z).
(2) fAx)Vy = f()V fy).

Proof. The condition for necessary is trivial. For sufficiency, assume
that (1) and (2) hold. Then we get f(z)Vy = f2(x)Vy = f(z)V f(y) =
f(z Vy) for x,y € L by Proposition 3.11. Hence by Theorem 3.12, f is
an identity multiplier of L. O]

Let L be an almost distributive lattice and let f; and fy be two self-
maps. We define f; o fy: L — L by

(fro fo)(x) = fi(fa(x))

for all x € L.

PROPOSITION 3.15. Let L be an almost distributive lattice and f1, fs
two multipliers of L. Then fi o f5 is also a multiplier of L.
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Proof. Let L be an almost distributive lattice and let f;, fo be two
multipliers of L. Then we have

(fro fa)lanb) = fi(fala AD)) = fi(f2(a) AD)
= filfa(@)) Ab = (fio f2)(a) AD
for any a,b € L. This completes the proof. O

Let L be an almost distributive lattice and fi, fo two self-maps. We
define f; V fo : L — L by

(fiV o)) = fi(z) V fa(x)
for all x € L.

PROPOSITION 3.16. Let L be an almost distributive lattice and f1, fs
two multipliers of L. Then f; V fs is also a multiplier of L.

Proof. Let L be an almost distributive lattice and fi, fo two multipli-
ers of L. Then we have

(f1V f2)land) = filaAb)V fala Ab) = (fi(a) AD)V (f2(a) AD)
= (fi(a) V fa(a)) Nb = (f1V f2)(a) AD
for any a,b € L. This completes the proof. O
Let L1 and Ly be two almost distributive lattices. Then L; X L is also

an almost distributive lattice with respect to the point-wise operation
given by

(a,b) A\ (¢,d) = (aNe,bAd) and (a,b) V (¢,d) = (aV ¢,bV d)
for all a,c € Ly and b,d € L.

PRrROPOSITION 3.17. Let Ly and Ly be two almost distributive lattices
with 0. Define a map f : Ly X Ly — Ly X Ly by f(z,y) = (0,y) for all
(x,y) € Ly X Ly. Then [ is a multiplier of Ly x Ly with respect to the
point-wise operation.

Proof. Let (x1,11), (x2,y2) € L1 X Ly. The we have
(@1, y1) A (22, 92)) = [l Ao, y1 Ayo)
= (0,51 A y2) = (0 A @2, 51 A o)
= (0,y1) A (22, 92) = f(z1,91) A (T2, 42).
Therefore f is a multiplier of the direct product Ly x Ls. O
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DEFINITION 3.18. Let L be an almost distributive lattice and let f
be a multiplier of L. Define a set Fizs(L) by
Fizy(L) ={zx e L| f(x) =z}
LEMMA 3.19. Let f be a multiplier of L. If v € Fix¢(L) and y € L,
then x Ny € Fizs(L).
Proof. Let y € Fixg(L) and x € L. Then we obtain

flxny) = flz) Ny =z Ny,
which implies that © Ay € Fizg(L). This completes the proof. O

PROPOSITION 3.20. Let L be an almost distributive lattice and let f;
and fo be two multipliers of L. Then f, = f, if and only if Fizy, = Fixy,.

Proof. If fi = fs, then clearly Fixy (L) = Fixy,(L). Suppose that
Fizy (L) = Fixy,(L). For any x € L, fi(fi(z)) = fi(x), thus fi(z) €
Fizy (L). Hence fi(x) € Fixy,(L). Therefore, fo(fi(z)) = fi(z) and
hence fof; = fi. Similarly, we obtain f;f, = f5. Since f; and f, are
isotone by Proposition 3.10 and f(z) < x, we have fo(fi(x)) < fo(2)
and so, fof1 < fo. That is, fi < fo. By symmetry, we get fo = fi. n

THEOREM 3.21. Let L be an almost distributive lattice and let M(L)
be the set of all multipliers on L. Then (M(L),V, ) is an almost dis-
tributive lattice, where for any fi, fo € M(L), (fiNfa)(x) = fi(x)A fa(2)
and (f1V fo)(z) = fi(z) V fo(x) for all x € L.

Proof. Let f1, fo € M(L) and z,y € L. Then

(fin )@ Ay) = filz Ay) A fa(z Ay)
= [i(@) Ny A folz) ANy
= fi(@) A fo(z) ANy
= (finfo)(z) Ny.
This implies that fi; A fy is a multiplier on L. Also, we have

(fiVv)xAy) = filz Ay)V falz Ay)
= (fi(z) Ay) V (fo(z) Ay)
= (filz) V fo(2)) ANy
= (fiV fa)(x) Ny,
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This implies that f; V fo is a multiplier on L. Therefore M(L) is closed
under A and V, and clearly, it satisfies the properties of an almost dis-
tributive lattice. O]

THEOREM 3.22. Let L be an almost distributive lattice and let F =
{Fixg(L) | f € M(L)}. For any fi, fo € M(L), if we define Fixs (L) V
Fixy, (L) = Fixyyy, (L) and Fixg (L) N\ Fixg, (L) = Fixgays, (L), then
(F,V,A) is an almost distributive lattice and it is isomorphic to M(L).

Proof. Let F = {Fixz¢(L) | f € M(L)}. Define Fizy, (L)V Fizy, (L) =
Fizy (L) and Fixg (L) A Fizg, (L) = Fixgap, (L) for any fi, fo € M.
Then by Theorem 3.21, F is closed under A and V. Since (M, V,A) is
an almost distributive lattice, we can very that (F,V,A) is an almost
distributive lattice. Now define ¢ : M(L) — F by ¢(f) = Fizs(L). By
Theorem 3.20, ¢ is well-defined and injective. Clearly, ¢ is surjective.
Also, for any fi, fo € M, we have ¢(fi1 A fo) = Fizpnp, (L) = Fizy (L) A
Fizg,(L) = 6(f1) A 6(f2) and o(fi V fo) = Fiwpup,(L) = Fizg, (L) V
Fizy, (L) = ¢(f1) V ¢(f2). Hence ¢ is an isomorphism. O

Let us recall from Proposition 3.20 that the composition of two mul-
tipliers f and g of an almost distributive lattice L is a multiplier of L
where (f o g)(x) = f(g(x)) for all z € L.

THEOREM 3.23. Let f and g be two idempotent multipliers of L such
that f o g = go f. Then the following conditions are equivalent.

1) f=g
(2) f(L) = g(L).
(3) Fizy(L) = Fixy(L).

Proof. (1)= (2): It is obvious.
(2) = (3): Assume that f(L) = g(L). Let € Fizs(L). Then
) =

f(z) € f(L g(L). Hence x = ¢g(y) for some y € L. Now g(x) =

9(9(v)) = ¢*(y) = g(y) = x. Thus z € Fix,(L). Therefore, Fiz (L) C
Fiz,(L). Similarly, we can obtain Fiz,(L) C Fixp(L). Thus Fiz;(L) =
Fizy(L).

(3) = (1 ) Assume that Fixg(L) = (L) Let € L. Since f(x) €
Fizy(L) = Fizy(L), we have g(f(x )) f(z). Also, we obtain g(x) €
Fizy(L) = (L) Hence we get f(g(z)) = g(x). Thus we have

ﬂ@ZQUQDZQOﬂ()( 9)(x) = f(g(x)) = g(x).

Therefore, f and g are equal in the sense of mappings. O
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DEFINITION 3.24. Let (L,V,A,0) be an almost distributive lattice.
For any a € L, define ¢, = {(z,y) € L x L | f.(z) = fu(y)} where f, is
a principal multiplier induced by a € L.

PROPOSITION 3.25. Let L be an almost distributive lattice. Then for
any a € L, ¢, is a congruence relation on L.

Proof. Clearly, ¢, is an equivalence relation on L. Now, let (z, ), (p, q) €
¢q. Then aNx =aANyand aAp=aAq. NowaANxAp=aAzNaAp=
aNyANaNg = aAyAqgand aA(xVp) = (aAz)V(aAp) = (aAy)V(aNg) =
a A (yV q). Therefore, (x Ap,y Aq),(zV p,yVq) € ¢,. Hence ¢, is a
congruence relation on L. O]

PROPOSITION 3.26. Let L be an almost distributive lattice. Then the
following identities hold for any a,b € L.

(1> Parb = Pona-

(2) Gavb = Pbva-

(3> ¢a N ¢b - ¢avb-

Proof. (1) and (2) Since aAbAz = bAaAz and (aVb) Az = (bVa)Ax,
we obtain ¢a/\b = ¢b/\a and (z)a\/b = ¢bVa-

(3) Again, we obtain

(r,y) €Epa Ny =aNx=aANyand bAz=bAy
S (aVbh)ANr=(aVD) ANy< (,y) € Pavp,

which implies that ¢,ve = do N Op. ]

THEOREM 3.27. Let L be an almost distributive lattice and let M(L)
be the set of all multipliers on L. Then the set of all principal multipli-

ers P(L) = {fs | a € L} is a distributive lattice with the following
operations

faV fo = faww and fo A fo = fars
for all a,b € L.

Proof. Let a,b € L. Then
(fa V 1)) (@) = fa(@) V foz) = (anz) V(bAT) = (aVb) Az = fan(x)
for any x € L, which implies that f, A f, = favs € P(L). Also,
(faNfo))(@) = fa(@) A fox) =(anNx) AN(bAZ)=(aANb) ANz = forp()

for any « € L, which implies that f, A fo = fars € P(L). Hence P(L) is
closed under V and A, and so P(L) is a sub-almost distributive lattice
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of L. Next, for any x € L, fonn(z) = aANbAx =bANa Az = fax).
Thus fors = fona- That is, fu A fy = foy A fo. Hence P(L) is a distributive

lattice. ]
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