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CHARACTERIZING FUNCTIONS FIXED BY A
WEIGHTED BEREZIN TRANSFORM IN THE BIDISC

JAESUNG LEE

ABSTRACT. For ¢ > —1, let v. denote a weighted radial measure
on C normalized so that v.(D) = 1. For ¢j,co > —1 and f €
LY(D? v, Xv.,), we define the weighted Berezin transform B, , f
on D? by

(Ber ) f (22 0) = /D /D F(02(2), 0uly)) dves (@)dvey ().

This paper is about the space M?, ., of function f € LP(D?, v, x
Ve,) satisfying Be, ¢, f = f for 1 < p < co. We find the identity
operator on M? . by using invariant Laplacians and we characterize

some special type of functions in M? .

1. Introduction

Let D be the unit dics of C and v be the Lebesgue measure on C
normalized to v(D) = 1. For ¢ > —1, we define a measure v, by dv.(z) =
(a+1)(1 —|2]?)® dv(z) so that v.(D) = 1. If u € LY(D,v,) and z € D,
we define T.u the weighted Berezin transform of u by

(Tcu)(z) = /D(u 0 p,) dv.,

where ¢, € Aut(D) is defined by ¢,(2) = ==.
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For ¢j,co > —1 and f € LY(D? v, X v,), we define the weighted
Berezin transform B, ., f on D? by

(Bovn) f(z0) = /D /D F(02(2), 0u(®)) dvey(2)dvey ().

A function f € C%*(D) with Ayf = Asf = 0 (4,e, harmonic in each
variable) is called 2—harmonic. If f € L'(D? v, X v,,) is 2—harmonic,
then we can easily see that B, ., f = f for every c;, co > —1. Conversely,
Furstenberg ([3]) proved that a function f € L>®(D?) satisfying B, ., f =
f for some c1,co > —1 has to be 2—harmonic, whose complete analytic
proof is given in [5]. The author([4]) proved that for every 1 < p < oo
and c1, ¢y > —1, a function f € LP(D?, v, X v,,) satisfying B, o,/ = f
needs not be 2—harmonic. Indeed, for every 1 < p < oo and ¢y, co > —1,
there exist uncountably many joint eigenfunctions f € LP(D?, v., X 1,)
of invariant Laplacians satisfying B,, ., f = f (theorem 1.1 of [4]).

This paper is about the space M?, . of function f € LP(D?, v, X v,)
satisfying B, .,f = f for 1 < p < oo and ¢1,co > —1. We express the
identity operator on M?  as an entire function of invariant Laplacians.
Then we find the joint spectrum of invariant Laplacians in an attempt
to express M? . by using spectral decompositions. Our original aim is
to prove that the space M? ., is generated by the joint eigenfunctions
of Ay and A,. However, we are unable to provide the entire proof so
that we leave it as a conjecture. In this paper, instead, we prove the
conjecture for f € MP . of the form f(z,w) = u(z)v(w).

In Section 2, we mention some preliminaries on eigenspaces and eigen-
values of invariant Laplacians, most of which have appeared in [4] and
[7]. In Section 3, we mention some important properties of the operator
the operator By, ¢4+c, Where k, ¢ are non-negative integers. In Section

4, we suggest a conjecture on M? . and provide related propositions.

2. Preliminaries

Here we mention some preliminaries on function theories in the bidisc,
related with eigenspaces and eigenvalues of invariant Laplacians. For
u € C*(D), Au the invariant Laplacian of u is defined by Au(z) =
(1—|2|?)2Au(z). Acting on f € C?(D?), A, A, are the invariant Lapla-
cians with respect to the first and second variable respectively, such as
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(AL f)(z,w) = (1 — |22)%(A1f)(z,w). For A\, € C, we define the joint
eigenspace X, by

Xap={f €C*(D*) | Aif = Af and Asf = puf}.

It is known that (section 3 of [4]) for ¢1,co > —1 and 1 < p < o0,
LP(D? vy X V) N Xy, # {0} ifand only if a €%, ,and B € X,
where «, 8 € C satisfy A = —4a(l —a), p = —48(1 — B) and
c+1 c+1

The key idea of theorem 1.1 of [4] is that LP(D? v, X v,) N Xy, is
also an eigenspace of B,, ., with eigenvalue
e+ 1+a)l(er+2—a)l(ca+ 14+ (ca+2—5)
F(Cl —+ 1)P(Cl + 2) F(CQ + 1)F<02 -+ 2) ’

and there exist uncountably many pairs of (o, ) € X, , X X, , satisfying

M +14+a)l (e +2—a)l(ca+ 14+ ) (2 +2—05) 1
Diey + D¢y +2) C(ey + Dy + 2) '
Moreover, if A = —4a(1 — a) then we get
Mg+ 1+ )1 +2—a) 1
T(ei+ D1 +2)  Ga(N)
where .
z
Gl = ]Hl 0+ Gragrern)

is an entire function.

3. the operator By . ¢,

DEFINITION 3.1. For f € LY(D? v., X v,,) and k,£ =0,1,2,- - -, we
define the operator Bji¢ ¢1e, on L'(D? v., X v,,) by the obvious way
such as

(Bk+c1,f+c2f)(z’w = k+1)<€—|—1) )
J [ Q=B 0= WY ) ouw) v @),
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Just the same way as the proof of Proposition 3.2 of [4], it is easy to
see that

(Bk+01,f+02f ) oY = Bk+01,€+02( fov )
for k,0 >0, € Aut(D?) and f € L'(D? v,, X v,,). Also, the operators
Bey ey and By, r1e, commute on LY(D? v, X v,,) .

The following lemma comes directly from Proposion 2.1 and Propo-
sion 2.2 of [6].

LEMMA 3.2. Fork,{ > 0, Bj¢, r+c, is a bounded operator on LP(D?, v, X
Ve,) when p > 1. And for k,{ > 0, By, 4+, Is @ bounded linear operator
on LY(D? v, X ve,).

Using Lemma 3.2, we get the following proposition.

PROPOSITION 3.3. If1 < p < oo, then for every f € LP(D? v., X Ve,)
we have

lim ||f_Bn+c1,n+62f||p = 0.
n—oo
Proof. By Proposition 2.2 of [6], we get limy, oo || Bnter ntes | = 1 on

LY(D? v, X v,,).

Since B 4¢; nte, 1S @ contraction which fixes 2—harmonic functions on
L>(D?), an interpolation theorem gives lim, o | Butenie|l = 1 on
LP(D* v, X vg,) for 1 < p < 0.

If g € C(D?), then Definition 2.1 shows that (B e nieg)(2,w) —
g(z,w) for every z,w € D as n — oo. Hence by dominated convergence
theorem, lim,, o ||g — Buteymtendllp = 0.

If1<p<ooand f € LP(D? v, Xu,,) then there is a sequence {gy}
in C(D?) such that || f — gxll, — 0 as k — oo. Hence, we get the proof
from the inequality

”f_Bn-‘rCl,Tl-f—Qpr < Hf_gk”p+Hgk—Bn—&-chn—i—ng||p+||Bn+01,n+C2 (gk:_f)Hp'
]

The following lemma directly comes from Proposition 2.4 of [1].

LEMMA 3.4. For k£ > 0, ¢ € Aut(D?) , and f € L"(D? v., X v,)
we get

AiBiieyirerf = 4k+14c)(k+2+c1)(Biserirerf — Brpisereresf)

AQBk—i-cl,Z—i-cgf - 4(4 +1+ 02)(€ +2+ CQ) (Bk+c1,€+62f - Bk+cl,€+1+cgf)
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and 3 )
Brieirerf = Gre(A1)Grey(D2)Bey oo f

where
m

Gmel2) = ] <1 - 4(c—|—i)(i+z’+ 1))

i=1

is an entire function.

4. The space M?

c1,c2

In this section, for ¢, > —1 and 1 < p < 0o, we make an attempt
to characterize

Mg c2 T {f € LP(DQqu X Ve, ) Bei e, | = f}

which is a Banach space of real analytic functions. The entire function

G =L (1+ <j+c)<;+c+ 1>)

J=1

mentioned at the end of Section 2 plays an important role.
PROPOSITION 4.1. G, (A1)G.,(A,) is the identity operator on M ..
Proof. By Lemma 3.4, for f € M?
Aif = AiB oy f =41+ c1))(2+ ) (f — Bitereo f)-

Since Biye, ., 18 bounded on LP(D?) and commutes with B, ,,

B, cQ( A f ) = 4(1+c)2+ 01)(Bc1,ch - Bcl,cQB1+c1,ch)
A1+ )2+ ) (f = BiyeresBeres f)
= 4(1+4+c)2+ C1)(f - Bl-l—cl,cgf) = Alf
Likewise we get Be, o, ( Aof ) = Aof for f € MP Hence Ar A

c1,c2°
are bounded operators on Mf . . From Lemma 3.4, for f € MP _ and

0102
n €N,

we get

Bn+61,n+02f - Gn,q(Al)Gn,@ (A2)Bm,62 f
For ¢ > —1, the function

H< (74 o) jz—l—c—l—l))

Jj=1
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is entire, so that we have
Gre (A1) = G (A1) and Gpe(Ay) = Go(Ay)

in the operator norm since G, . — G, and G, ., — G, uniformly
on compact set of C.
Now take n — oo, by Proposition 3.3 we get

f = Gc1 (Al)GCQ(AQ)f
Therefore, G, (A1)Ge,(Ay) = I on MP O

crea
On the other hand, from Section 2 we get

F(e+ 1) (c+2)
Fle+1+a)l(c+2—a)
if c > —1and A = —4a(l — «). Hence, if we define

1 1
et <Rea<1+i,
p

Ge(A) =

Qp ={A=—-4a(l-0a)| -

then we have
LP(D? Ve X Vey) N Xy # {0} if and only if A€ Q. , and p € Q,,
Therefore, the set

E = {0 1) € Qeip X Qeyp | G (NG, (1) = 1}

is the set of all joint eigenvalues of A; and Ay on M. P ., Since G, (A))Ge,(Ay) =
I on MP? . by the holomorphic functional caleulus (3 11 of [2]) ,

c1,c27

1 = 0<GC1(A1)G02(A2)> = {GC1()‘>GC2(M) | ()‘7[/“) € U(AhA?)}'

Therefore, we get the following proposition.

PROPOSITION 4.2. The joint spectrum O'(Al,A2> of Ay and A, on
M, .,

U(AI’AZ) = {(\ M)eQQPXQCQP | Gy (M) Gy (1) = 1}

In view of Proposition 4.2 we may conjecture that the space M? .,

is generated by the joint eigenfunctions of A; and A, in M? .. But
this conjecture is very hard for us to prove partly because the operators
A1, Ay are not normal so that any type of spectral decomposition of
Mfl -, With respect to Al and Ag is unavailable. The author hope to
return to this problem in the future work.
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Here instead, we will prove the conjecture for f € M? . of the form
f(z,w) = u(z)v(w).

PROPOSITION 4.3. Given 1 < p < o0 and c¢1,¢co > —1, if f(z,w) =
u(z)v(w) € MF ., then then f can be written as a finite sum of joint

eigenfunctions of A, and A,.

Proof. 1f f(z,w) = u(z)v(w) for some u € LP(D,v,,) andv € LP(D,v,,),
then

(Boyorf)(22w) = /D ul(is(2)) dve, (2) /D 0(pu(y)) dvey(y)
= (T.u)(z) (T,0)(w).

Fix 1 <p < oo and ¢, ¢ > —1, then let H be the set of all r € C\ {0}
such that both {u € LP(D,v,,) | T,,u = ru} and {v € L?(D,v,,) | Te,v =
Ly} are non-empty.

For s,t € H let us define the space

K!={ue ”(D,v,)|T.,u=su}and K} = {u € LP(D,v,,) | T.,u = tu}.

Then, for f =uv € MP . there exists an 7 € H, such that u € K and
ve K},
Just as in Lemma 3.4 and Proposion 4.1, for r € H we have the following

(1) A is a bounded operator on K.

(2) rG.,(A) is the identity operator on K.

(3) The set {\ € Qc,p | Ge, () = 1} is the set of all eigenvalues of A
on K.

Moreover, by Proposition 3.7 (d) of [1], {\ € Q¢ | Go,(A) = L} is a
finite set.

Therefore, if
1
{)‘ < QCLP | GC1(>‘) = ;} = {)‘17 T '7>\N}
and

Q) = [ - 2.

i=1
then Q(A) = 0 on K. Hence by Lemma 4.1 of [1], every u € K is a
sum
U = Uy + - F Uny,
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where uy, € LP(D,v,,) satisfies Au,\i = \uy, for 1 < i < N. By the
same way every v € K} ), 18 a sum

U= U U

where {,ul y T /Lm} = { e QCQ,;D ’ GCQ(M) = T} and Uy, S LP(D7 VCZ)
satisfies .

Avy,, = pjv,, for 1 <j<m.
Hence we can write f as

fyw) = (un(2) + -0+ wy(2) (Ou(w) + - + v, (0))

which is a finite sum of joint eigenfunctions. m
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