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CHARACTERIZING FUNCTIONS FIXED BY A

WEIGHTED BEREZIN TRANSFORM IN THE BIDISC

Jaesung Lee

Abstract. For c > −1, let νc denote a weighted radial measure
on C normalized so that νc(D) = 1. For c1, c2 > −1 and f ∈
L1(D2, νc1 ×νc2), we define the weighted Berezin transform Bc1,c2f
on D2 by(

Bc1,c2

)
f(z, w) =

∫
D

∫
D

f
(
ϕz(x), ϕw(y)

)
dνc1(x)dνc2(y).

This paper is about the space Mp
c1,c2 of function f ∈ Lp(D2, νc1 ×

νc2) satisfying Bc1,c2f = f for 1 ≤ p < ∞. We find the identity
operator on Mp

c1,c2 by using invariant Laplacians and we characterize
some special type of functions in Mp

c1,c2 .

1. Introduction

Let D be the unit dics of C and ν be the Lebesgue measure on C
normalized to ν(D) = 1. For c > −1, we define a measure νc by dνc(z) =
(α + 1)(1− |z|2)α dν(z) so that νc(D) = 1. If u ∈ L1(D, νc) and z ∈ D,
we define Tcu the weighted Berezin transform of u by(

Tcu
)
(z) =

∫
D

(u ◦ ϕz) dνc,

where ϕa ∈ Aut(D) is defined by ϕa(z) = a−z
1−āz .
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For c1, c2 > −1 and f ∈ L1(D2, νc1 × νc2), we define the weighted
Berezin transform Bc1,c2f on D2 by(

Bc1,c2

)
f(z, w) =

∫
D

∫
D

f
(
ϕz(x), ϕw(y)

)
dνc1(x)dνc2(y).

A function f ∈ C2(D) with ∆1f = ∆2f = 0 (i, e, harmonic in each
variable) is called 2−harmonic. If f ∈ L1(D2, νc1 × νc2) is 2−harmonic,
then we can easily see that Bc1,c2f = f for every c1, c2 > −1. Conversely,
Furstenberg ([3]) proved that a function f ∈ L∞(D2) satisfying Bc1,c2f =
f for some c1, c2 > −1 has to be 2−harmonic, whose complete analytic
proof is given in [5]. The author([4]) proved that for every 1 ≤ p < ∞
and c1, c2 > −1, a function f ∈ Lp(D2, νc1 × νc2) satisfying Bc1,c2f = f
needs not be 2−harmonic. Indeed, for every 1 ≤ p <∞ and c1, c2 > −1,
there exist uncountably many joint eigenfunctions f ∈ Lp(D2, νc1× νc2)
of invariant Laplacians satisfying Bc1,c2f = f (theorem 1.1 of [4]).

This paper is about the space Mp
c1,c2

of function f ∈ Lp(D2, νc1×νc2)
satisfying Bc1,c2f = f for 1 ≤ p < ∞ and c1, c2 > −1. We express the
identity operator on Mp

c1,c2
as an entire function of invariant Laplacians.

Then we find the joint spectrum of invariant Laplacians in an attempt
to express Mp

c1,c2
by using spectral decompositions. Our original aim is

to prove that the space Mp
c1,c2

is generated by the joint eigenfunctions

of ∆̃1 and ∆̃2. However, we are unable to provide the entire proof so
that we leave it as a conjecture. In this paper, instead, we prove the
conjecture for f ∈Mp

c1,c2
of the form f(z, w) = u(z)v(w).

In Section 2, we mention some preliminaries on eigenspaces and eigen-
values of invariant Laplacians, most of which have appeared in [4] and
[7]. In Section 3, we mention some important properties of the operator
the operator Bk+c1,`+c2 where k, ` are non-negative integers. In Section
4, we suggest a conjecture on Mp

c1,c2
and provide related propositions.

2. Preliminaries

Here we mention some preliminaries on function theories in the bidisc,
related with eigenspaces and eigenvalues of invariant Laplacians. For
u ∈ C2(D), ∆̃u the invariant Laplacian of u is defined by ∆̃u(z) =
(1−|z|2)2∆u(z). Acting on f ∈ C2(D2), ∆̃1, ∆̃2 are the invariant Lapla-
cians with respect to the first and second variable respectively, such as
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(∆̃1f)(z, w) = (1 − |z|2)2(∆1f)(z, w). For λ, µ ∈ C, we define the joint
eigenspace Xλ,µ by

Xλ,µ = {f ∈ C2(D2) | ∆̃1f = λf and ∆̃2f = µf}.
It is known that (section 3 of [4]) for c1, c2 > −1 and 1 ≤ p <∞,

Lp(D2, νc1×νc2) ∩ Xλ,µ 6= {0} if and only if α ∈ Σc1,p and β ∈ Σc2,p

where α, β ∈ C satisfy λ = −4α(1− α), µ = −4β(1− β) and

Σc,p =
{
α ∈ C | − c+ 1

p
< Re α < 1 +

c+ 1

p

}
.

The key idea of theorem 1.1 of [4] is that Lp(D2, νc1 × νc2) ∩ Xλ,µ is
also an eigenspace of Bc1,c2 with eigenvalue

Γ(c1 + 1 + α)Γ(c1 + 2− α)

Γ(c1 + 1)Γ(c1 + 2)

Γ(c2 + 1 + β)Γ(c2 + 2− β)

Γ(c2 + 1)Γ(c2 + 2)
,

and there exist uncountably many pairs of (α, β) ∈ Σc1,p×Σc2,p satisfying

Γ(c1 + 1 + α)Γ(c1 + 2− α)

Γ(c1 + 1)Γ(c1 + 2)

Γ(c2 + 1 + β)Γ(c2 + 2− β)

Γ(c2 + 1)Γ(c2 + 2)
= 1.

Moreover, if λ = −4α(1− α) then we get

Γ(c1 + 1 + α)Γ(c1 + 2− α)

Γ(c1 + 1)Γ(c1 + 2)
=

1

Gc1(λ)
,

where

Gc(z) =
∞∏
j=1

(
1 +

z

(j + c)(j + c+ 1)

)
is an entire function.

3. the operator Bk+c1,`+c2

Definition 3.1. For f ∈ L1(D2, νc1 × νc2) and k, ` = 0, 1, 2, · · · , we
define the operator Bk+c1,`+c2 on L1(D2, νc1 × νc2) by the obvious way
such as(
Bk+c1,`+c2f

)
(z, w) = (k + 1)(`+ 1) ·∫ ∫

D2

(1− |x|2)k (1− |y|2)` f(ϕz(x), ϕw(y)) dνc1(x)dνc2(y).
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Just the same way as the proof of Proposition 3.2 of [4], it is easy to
see that (

Bk+c1,`+c2f
)
◦ ψ = Bk+c1,`+c2

(
f ◦ ψ

)
for k, ` ≥ 0 , ψ ∈ Aut(D2) and f ∈ L1(D2, νc1×νc2). Also, the operators
Bc1,c2 and Bk+c1,`+c2 commute on L1(D2, νc1 × νc2) .

The following lemma comes directly from Proposion 2.1 and Propo-
sion 2.2 of [6].

Lemma 3.2. For k, ` ≥ 0, Bk+c1,`+c2 is a bounded operator on Lp(D2, νc1×
νc2) when p > 1. And for k, ` > 0, Bk+c1,`+c2 is a bounded linear operator
on L1(D2, νc1 × νc2).

Using Lemma 3.2, we get the following proposition.

Proposition 3.3. If 1 ≤ p <∞, then for every f ∈ Lp(D2, νc1×νc2)
we have

lim
n→∞

‖f −Bn+c1,n+c2f‖p = 0.

Proof. By Proposition 2.2 of [6], we get limn→∞ ‖Bn+c1,n+c2‖ = 1 on
L1(D2, νc1 × νc2).
Since Bn+c1,n+c2 is a contraction which fixes 2−harmonic functions on
L∞(D2), an interpolation theorem gives limn→∞ ‖Bn+c1,n+c2‖ = 1 on
Lp(D2, νc1 × νc2) for 1 ≤ p <∞.

If g ∈ C(D2), then Definition 2.1 shows that (Bn+c1,n+c2g)(z, w) →
g(z, w) for every z, w ∈ D as n→∞. Hence by dominated convergence
theorem, limn→∞ ‖g −Bn+c1,n+c2g‖p = 0.

If 1 ≤ p <∞ and f ∈ Lp(D2, νc1 × νc2) then there is a sequence {gk}
in C(D2) such that ‖f − gk‖p → 0 as k → ∞. Hence, we get the proof
from the inequality

‖f−Bn+c1,n+c2f‖p ≤ ‖f−gk‖p+‖gk−Bn+c1,n+c2gk‖p+‖Bn+c1,n+c2(gk−f)‖p.

The following lemma directly comes from Proposition 2.4 of [1].

Lemma 3.4. For k, ` ≥ 0, ψ ∈ Aut(D2) , and f ∈ L1(D2, νc1 × νc2)
we get

∆̃1Bk+c1,`+c2f = 4(k+ 1 + c1)(k+ 2 + c1)
(
Bk+c1,`+c2f − Bk+1+c1,`+c2f

)
∆̃2Bk+c1,`+c2f = 4(`+ 1 + c2)(`+ 2 + c2)

(
Bk+c1,`+c2f − Bk+c1,`+1+c2f

)
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and
Bk+c1,`+c2f = Gk,c1(∆̃1)G`,c2(∆̃2)Bc1,c2f

where

Gm,c(z) =
m∏
i=1

(
1− z

4(c+ i)(c+ i+ 1)

)
is an entire function.

4. The space Mp
c1,c2

In this section, for c1, c2 > −1 and 1 ≤ p < ∞, we make an attempt
to characterize

Mp
c1,c2

= {f ∈ Lp(D2, νc1 × νc2) : Bc1,c2f = f}
which is a Banach space of real analytic functions. The entire function

Gc(z) =
∞∏
j=1

(
1 +

z

(j + c)(j + c+ 1)

)
mentioned at the end of Section 2 plays an important role.

Proposition 4.1. Gc1(∆̃1)Gc2(∆̃2) is the identity operator on Mp
c1,c2

.

Proof. By Lemma 3.4, for f ∈Mp
c1,c2

we get

∆̃1f = ∆̃1Bc1,c2f = 4(1 + c1)(2 + c1)
(
f −B1+c1,c2f

)
.

Since B1+c1,c2 is bounded on Lp(D2) and commutes with Bc1,c2 ,

Bc1,c2

(
∆̃1f

)
= 4(1 + c1)(2 + c1)

(
Bc1,c2f −Bc1,c2B1+c1,c2f

)
= 4(1 + c1)(2 + c1)

(
f −B1+c1,c2Bc1,c2f

)
= 4(1 + c1)(2 + c1)

(
f −B1+c1,c2f

)
= ∆̃1f

Likewise we get Bc1,c2

(
∆̃2f

)
= ∆̃2f for f ∈ Mp

c1,c2
. Hence ∆̃1, ∆̃2

are bounded operators on Mp
c1,c2

. From Lemma 3.4, for f ∈ Mp
c1,c2

and
n ∈ N,

Bn+c1,n+c2f = Gn,c1(∆̃1)Gn,c2(∆̃2)Bc1,c2f.

For c > −1, the function

Gc(z) =
∞∏
j=1

(
1 +

z

(j + c)(j + c+ 1)

)
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is entire, so that we have

Gn,c1(∆̃1) → Gc1(∆̃1) and Gn,c2(∆̃2) → Gc2(∆̃2)

in the operator norm since Gn,c1 → Gc1 and Gn,c2 → Gc2 uniformly
on compact set of C.
Now take n→∞, by Proposition 3.3 we get

f = Gc1(∆̃1)Gc2(∆̃2)f.

Therefore, Gc1(∆̃1)Gc2(∆̃2) = I on Mp
c1,c2

.

On the other hand, from Section 2 we get

Gc(λ) =
Γ(c+ 1)Γ(c+ 2)

Γ(c+ 1 + α)Γ(c+ 2− α)

if c > −1 and λ = −4α(1− α). Hence, if we define

Ωc,p =
{
λ = −4α(1− α) | − c+ 1

p
< Re α < 1 +

c+ 1

p

}
,

then we have

Lp(D2, νc1×νc2) ∩ Xλ,µ 6= {0} if and only if λ ∈ Ωc1,p and µ ∈ Ωc2,p

Therefore, the set

E = {(λ, µ) ∈ Ωc1,p × Ωc2,p | Gc1(λ)Gc2(µ) = 1}

is the set of all joint eigenvalues of ∆̃1 and ∆̃2 onMp
c1,c2

. SinceGc1(∆̃1)Gc2(∆̃2) =
I on Mp

c1,c2
, by the holomorphic functional calculus (3.11 of [2]) ,

1 = σ
(
Gc1(∆̃1)Gc2(∆̃2)

)
= {Gc1(λ)Gc2(µ) | (λ, µ) ∈ σ(∆̃1, ∆̃2)}.

Therefore, we get the following proposition.

Proposition 4.2. The joint spectrum σ(∆̃1, ∆̃2) of ∆̃1 and ∆̃2 on
Mp

c1,c2
is

σ(∆̃1, ∆̃2) = {(λ, µ) ∈ Ω̄c1,p × Ω̄c2,p | Gc1(λ)Gc2(µ) = 1}.

In view of Proposition 4.2 we may conjecture that the space Mp
c1,c2

is generated by the joint eigenfunctions of ∆̃1 and ∆̃2 in Mp
c1,c2

. But
this conjecture is very hard for us to prove partly because the operators
∆̃1, ∆̃2 are not normal so that any type of spectral decomposition of
Mp

c1,c2
with respect to ∆̃1 and ∆̃2 is unavailable. The author hope to

return to this problem in the future work.
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Here instead, we will prove the conjecture for f ∈ Mp
c1,c2

of the form
f(z, w) = u(z)v(w).

Proposition 4.3. Given 1 ≤ p < ∞ and c1, c2 > −1, if f(z, w) =
u(z)v(w) ∈ Mp

c1,c2
, then then f can be written as a finite sum of joint

eigenfunctions of ∆̃1 and ∆̃2.

Proof. If f(z, w) = u(z)v(w) for some u ∈ Lp(D, νc1) and v ∈ Lp(D, νc2),
then

(Bc1,c2f)(z, w) =

∫
D

u(ϕz(x)) dνc1(x)

∫
D

v(ϕw(y)) dνc2(y)

=
(
Tc1u

)
(z)

(
Tc2v

)
(w).

Fix 1 ≤ p <∞ and c1, c2 > −1, then let H be the set of all r ∈ C \ {0}
such that both {u ∈ Lp(D, νc1) | Tc1u = ru} and {v ∈ Lp(D, νc2) | Tc2v =
1
r
v} are non-empty.

For s, t ∈ H let us define the space

K1
s = {u ∈ Lp(D, νc1) | Tc1u = su} andK2

t = {u ∈ Lp(D, νc2) | Tc2u = tu}.
Then, for f = uv ∈ Mp

c1,c2
there exists an r ∈ H, such that u ∈ K1

r and

v ∈ K2
1/r.

Just as in Lemma 3.4 and Proposion 4.1, for r ∈ H we have the following
:
(1) ∆̃ is a bounded operator on K1

r .
(2) rGc1(∆̃) is the identity operator on K1

r .
(3) The set {λ ∈ Ωc1,p | Gc1(λ) = 1

r
} is the set of all eigenvalues of ∆̃

on K1
r .

Moreover, by Proposition 3.7 (d) of [1], {λ ∈ Ωc1,p | Gc1(λ) = 1
r
} is a

finite set.
Therefore, if

{λ ∈ Ωc1,p | Gc1(λ) =
1

r
} = {λ1, · · ·, λN}

and

Q(z) =
N∏
i=1

(z − λi),

then Q(∆̃) = 0 on K1
r . Hence by Lemma 4.1 of [1], every u ∈ K1

r is a
sum

u = uλ1 + · · · + uλN ,
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where uλi ∈ Lp(D, νc1) satisfies ∆̃uλi = λiuλi for 1 ≤ i ≤ N . By the
same way every v ∈ K2

1/r is a sum

v = vµ1 + · · · + vµm ,

where {µ1 , · · · , µm} = { µ ∈ Ωc2,p | Gc2(µ) = r} and vµj ∈ Lp(D, νc2)
satisfies

∆̃vµj = µjvµj for 1 ≤ j ≤ m.

Hence we can write f as

f(z, w) = (uλ1(z) + · · · + uλN (z)) (vµ1(w) + · · · + vµm(w))

which is a finite sum of joint eigenfunctions.
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