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HYERS-ULAM-RASSIAS STABILITY OF A
QUADRATIC-CUBIC-QUARTIC FUNCTIONAL
EQUATION

YANG-H1 LEE

ABSTRACT. In this paper, we investigate Hyers-Ulam-Rassias sta-
bility of a functional equation

fla+ky) + flx—ky) — K f(z+y) — K flz —y)
+2(k* = 1) f(z) + (K> + E) f(y) + (K* = k) f(—y) — 2f (ky) = 0.

1. Introduction

Let V and W be real normed spaces, Y a real Banach space, and k a
fixed real number with |k| # 1. In this paper, the following abbreviations
are used for a given mapping f: V — W:

Qf(x,y) =f(x+y)+ flz —y) —2f(x) — 2!f(y),
Cf(w,y) :=f(r+2y) = 3f(x +y) +3f(z) — flx —y) =3 f(y),
Q'f(z,y) =f(x+2y) —4f(x +y) +6f(x) —4f(x —y) + f(z — 2y)
— 4! f(y),
Dif(x,y) :=f(x +ky) + f(x — ky) = K f(x +y) — K[z —y)
F2(k% = 1) f(z) + (K + k) f(y) + (k* = k) f(—y) — 2 (ky)
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for all z,y € V. All solutions of the functional equations @ f(z,y) = 0,
Cf(z,y) =0, and Q' f(x,y) = 0 are called a quadratic mapping, a cu-
bic mapping, and a quartic mapping, respectively. If a mapping can be
represented by the sum of a quadratic mapping, a cubic mapping and
a quartic mapping, we call the mapping a quadratic-cubic-quartic map-
ping. When each solution of a functional equation is a quadratic-cubic-
quartic mapping and all quadratic-cubic-quartic mapping is a solution
of that equation, the functional equation is called a quadratic-cubic-
quartic functional equation. Gordji et al. [4] investigated the stability
of the quadratic-cubic-quartic functional equation

fla+ny) + flo —ny) —n’f(z +y) —n’flz —y)

~ 201 =1 - = o)+ 21(-0) - 670) =0

in non-Archimedean normed spaces, when n is a fixed integer.

In 1940, Ulam [6] questioned the stability of group homomorphisms,
and in 1941 Hyers [3] showed the stability of the Cauchy additive func-
tional equation as a partial answer to that question. In 1978, Rassias [5]
made Hyers’ result generalized and Gavruta [2] more generalized Rassias’
result. The concept of stability shown by Rassias is called ‘Hyers-Ulam-
Rassias stability’.

In this paper, we will show that the functional equation D, f(x,y) = 0
is a quadratic-cubic-quartic functional equation when r is a rational
number. And also we prove the Hyers-Ulam-Rassias stability of the
functional equation Dy f(x,y) = 0 when k is a real number.

2. Main results

The following theorem is a special case of Baker’s theorem [1].

THEOREM 2.1. (Theorem 1 in [1]) Suppose that V and W are vector
spaces over Q, R or C and o, Bo, . . ., Gtm, B are scalar such that o3 —
ayfj #0 whenever 0 < j <l <m. If f;: V =W for 0 <1 <m and

> filewz + Biy) =0
=0

for all x,y € V', then each f; is a generalized polynomial mapping of
degree at most m — 1.
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Baker [1] stated that if f is a generalized polynomial mapping of
degree at most m — 1, then f is expressed as f(x) = xo + Yoy a;(z)
for x € V, where a; is a monomial mapping of degree [ and a; has a
property a;(rz) = rlaj(x) for v € V and r € Q.

Suppose that g, f’, h are generalized polynomial mappings of degree
at most 4 and r is a rational number such that r # 0,4+1. Baker [1]
also stated that if the equalities g(rz) = r2g(z), f'(rz) = r3f'(x) and
h(rxz) = r*h(x) hold for all x € V, then g, f’ and h are a quadratic
mapping, a cubic mapping and a quartic mapping, respectively.

Now we will show that the functional equation D, f(z,y) = 0 is a
quadratic-cubic-quartic functional equation when r is a rational number
such that r # 0, +1.

The following abbreviations are used in this section for convenience.

oy o= Iy S 1)
AJ(@) = s = Due(h + 202, 2) = Difu((k = 2)2,2)

— 4Dy fe((k + 1)z, ) — 4Dp fo((k — 1)z, 2) + 10Dy fe(kz, )
+ Dy fo(22,27) + 4Dy fo (7, 22) — K* Dy fo (32, )
—2(k* + 1) Dy fe (2w, 2) 4+ (17k* — 8) Dy fo(z, x))]
(17K + 10) Dy £(0, 0)
22(k2 — 1)

for all z,y € V.

THEOREM 2.2. Let r be a rational number such that r # 0,+1. A
mapping f satisfies the functional equation D, f(z,y) = 0 for allz,y € V
if and only if f is a quadratic-cubic-quartic mapping.

Proof. Assume that the mapping f : V' — W satisfies the functional
equation D, f(z,y) = 0 for all z,y € V, and g, h are the mappings de-

fined as g(z) = w and h(z) = w Then the equal-

ities f(0) = ]-2’(7;(3*1”)) =0, Af(x) =0, D, fo(x,y) = 0, D.g(z,y) = 0
and D,.h(z,y) = 0 hold for all x,y € V, and f,, g and h are general-
ized polynomial mappings of degree at most 4 by Theorem 2.1. We can

see that the mappings f,, g and h satisfy the properties g(2x) = 4¢(z),
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h(2x) = 2*h(z) and f,(rx) —r3f,(z) = 0 for all x € V, since the equali-
ties

(1) fe(4x) - 20fe(2x> + 64fe(x> = Af<x>7

fo(rz) — rSfO(x) — M

hold for all x € V. Therefore, according to Baker’s comment before this
theorem, g, f, and h are a quadratic mapping, a cubic mapping and a
quartic mapping, respectively. From f = f, 4+ g + h, f is a quadratic-
cubic-quartic mapping.

Conversely, assume that f is a quadratic-cubic-quartic mapping, i.e.,
there exist a quadratic mapping g, a cubic mapping f’ and a quartic
mapping h such that f = f'+ g+ h. Notice that the equalities f'(rz) =
rf'(z), fl(x) = —f(=x), g(rz) = r’g(z), g(z) = g(—x), h(rz) =
r*h(z), and h(z) = h(—z) hold for all x € V and r € Q.

The equality D,g(z,y) = 0 is deduced from the equality

Dyg(z,y) = Qg(z,ry) — r*Qg(z, y)

for all z,y € V. In order to prove that D, f'(z,y) = 0 and D,h(x,y) =0
when 7 is a rational number, let us first see that D, f'(z,y) = 0 and
D, h(z,y) = 0 when n is a natural number. Using mathematical induc-
tion, the equalities D, f'(z,y) = 0 and D, h(x,y) = 0 are obtained from
the equalities

(ﬁ,y) :07 Dlh(a:,y):O,
Dgf (,y) =Cf'(z,y) = Cf'(z —y,y), Dah(z,y) = Q'h(z,y),
nf'(x,y) =

Dy f'(z +y,y) + Dpr f'(x — y,y) — Doaf'(2,y)

( 12Dy f"(x, y),

D,h(z,y) = Dy_1h(x + y,y) + Dy_1h(z — y,y) — Dy _2h(x,y)
+ (n —1)*Dah(z, y)

-

for all z,y € V and all n € N. Let us now see that D, f'(z,y) = 0 and
D,h(z,y) = 0 hold when r is a rational number such that r # 0, +1.
Notice that if r € Q\{0}, then there exist m,n € N such that r = *
or r = -*. Since the equalities D= f'(z,y) = 0, D_nf’ (x,y) = 0,
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Dxh(z,y) =0 and D-nh(z,y) = 0 are deduced from the equalities

D) =0t (5 2) - o (5. 2),

m

Do f'(2.y) =D f'(z.).

Dnh(x,y) =D,h (9:, %) — %Dmh <93, %) )
D_th(x,y) =Dnh(z,y)

3z

for all z,y € V and n,m € N, we conclude that D, f'(z,y) = 0 and
D,h(z,y) =0 hold for all z,y € V. O

For a given mapping f : V — W and a real number p # 2,3,4, let
Jnf :V — W be the mappings defined as J,, f(x) :=

42n+2 _4'n+2

(K fo(k™me) + S fo(27) fe(2" ) i p >4,
W%%%m—f;uﬂ%“w—Mﬂ@:m
+fe(2"“1§)1—éfe(2"r) if 3<p<d4,
fo knx 16fe(2"z)—fe 2n+1x) fe(2n+lac —4fe(2"x :
( ) 4 12- 4n( + 12?16” 2 if 2<p<3,
fo(k"x) 16fe(2"2)—fe (2" ') fe(2" @) —afe(2"x) 3
\ + 12.4n + 12167 it p<2

for all z € V' and all nonnegative integers n when 1 < |k|, and J,, f(x) :=

( fo](clgz:c) + 42"+;—4"fe(27nx) 42"+2 qn+2 fe(2 n—1 ) if p> 4,
fo(k" ) 4":;1 (fe(27n+1x) _ 16fe(2 l‘))
+fe(2"+112)16ife(2n$) if 3< p < 4a
3n —n 16fc(2"z)—fe(2" ) | fe(2M'a)—4fe(2"2)
k fo(k l‘) + 1247 + 12167 if 2<p<3,
) — - n+1x . 'n,+1z —4f. L .
[ fo (k) 4 LB LT SO OB < g

for all z € V' and all nonnegative integers n when 0 < |k| < 1. By the
definition of J, f and (1), we can calculate that J, f(z) — J,41f(x) =

(DO )+ T (o) | ifp >

_];?m Dkf(0> #) 192 16" Af(Qn ) %Af(ﬂ%x)

(2) if 3<p<d4,
DI L o A f(20a) if2<p<3

| P + g A (20) ifp<2
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for all z € V' and all nonnegative integers n when 1 < |k|, and J, f(x) —
Jn1f(x) =
(i) ¢ TEIAf (27 ) i

Dy f(0,k"x n —n—

I€2k(3n+3 = e A (2°) — (27 ta)

(3) g if 3 < p <4,

_];371 Dkf(07 knairl) éi;;iﬂr% Af (2n ) lf 2 < p < 37
| 2D (0, 55) + S A S (20) if p < 2
for all x € V and all nonnegative integers n when 0 < |k| < 1. Therefore,
together with the equality f(z) — J,f(z) = S0 (Jif (x) — Jiy1 f(x)) for

all x € V, we obtain the following lemma.

LEmMMA 2.3. If f : V — W is a mapping such that

for all x,y € V, then
Inf(x) = f(z)

for all x € V' and all positive integers n.

From Lemma 2.3, we can prove the following stability theorem.

THEOREM 2.4. Let X be a real normed space, Y a real Banach space,
and p a positive real number with p # 2,3,4. Suppose that f: X — Y
is a mapping such that

(4) 1Dk f (2, )| < O(ll” + l[y]]")

for all x,y € X. Then there exists a unique solution mapping F' of the
functional equation Dy F(x,y) = 0 such that

()

(_Ollelr_ Kblall” | .
2Hk‘\3—|k|p 3.2P (zp 16 zp_4) if p>4,
Olall Kol ! ,
|f(z) — F(2)|| < o] (o T ) i 3<p<4,
N S KOHJ:HP( . ) if 2<p<3
2|[k[3— Iklpl 60r T 1-op p )
Olall Kol 1 :
\ aep— ] T (i + %) if 0<p<2
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for all x € X, where
37k* + 42 + (2k* + 8)2P + k237 + 10|k|P + 4|k — 1]P
G
Ak 4+ 1P + [k — 2P + |k + 2/
= |

K =

Proof. We prove this theorem by dividing it into two cases, |k| < 1
and 1 < |k|.

Let us first prove the case of 1 < |k|. From the definition of Af and
(3), we have

1

IS =|| g - Defe((h +2)2,2) = Difu(( — 2),2)

_4Dkfe((k+1)xax) 4Dkfe(( )l‘ x)_’_loDkfe(km LL‘)

+ Dy fo(22,22) + 4Dy fo (3, 27) — K> Dy fo (32, )

—2(k* + 1) Dy fo(22, ) + (17Tk* — 8) Dy fo(z, 7)]

(17K + 10) Dkf 0,0)
2k2(k? —
(6) <K|[x|]”
for all z € X. It follows from (2) and (4) that ||J,f(z) — Jusif(2)]] <
4 3n nign+1_ .
(st + )l ifp > 4,

k[ 2P K 41K .
(2-\k\<"+1)1’ + 12-167+1 + 3.9(n+1)p QHCCHP if 3 <p<4,

|k 2nP K 4n1K .
(2-\k\3"+3 + e T 3amror Ol|[? if2 <p<3,

k[P 4ntl_1)2mP K .
L (2-\‘16\‘3“3 + 4 342n+1 >9||$Hp if0<p<?2

for all z € X. Together with the equality J,, f(2)—Jysmf(z) = S0 (i f (2)—
Jiv1f(x)) for all z € X, we get ||/ f(2) = Juymf (2)]] <

( (ot + “Sea™ )ollall” itp >4,
(7) n%I { (2 klzli)p 12211]06[121 + 342l<zjrfl<>p)9||x||p if 3 <p<d4,
i=n (2 \‘1]:\‘3?% + 122111)6{{“ + 421(ii11()p)0||$||p if2<p<3,
L (3 “]l:‘zis 41+142p+211pK)9!\x||” if0<p<2
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for all x € X and n,m € NU {0}. It follows from (7) that the sequence
{Jnf(z)} is a Cauchy sequence for all x € X. Since Y is complete,
the sequence {.J,,f(x)} converges for all z € X. Hence we can define a
mapping F': X — Y by

F(z) := lim J,f(z)

n—o0

for all x € X. Moreover, letting n = 0 and passing the limit n — oo in
(7) we get the inequality (5). For the case 2 < p < 3, from the definition
of F, we easily get

| D, y)]| = Tim Hmwkf (K", K"y) = Dif (—k"z, —k"y))

4" 2x 2y Ty
— . 16D ( )
D0 20 4D (22

12 - 16™
(kT AT(20 4 16)  27P(2P + 4)
<1 — P P
=0

for all z,y € X. Also we easily show that Dy F(x,y) = 0 by the similar
method for the other cases, either 0 <p<2or3<p<4ord<p.

To prove the uniqueness of F', let I : X — Y be another solution
mapping satisfying (5). Instead of the condition (5), it is sufficient to
show that there is a unique mapping that satisfies condition ||f(z) —

0||x||P Ko|z|P . .
F(x)| < 2Hk||;|5J‘k‘p‘ + 1“2 I (|16i2p‘ + ‘452p|) simply. Notice that || f(z) —

F(x)| = | fe(x) = Fe(n)[| = || fo(x) — Fo(z)|| and F'(z) = J,F'(x) for all
n € N by Lemma 2.3.
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For the case 3 < p < 4, we have

1 f () = F' ()]
=l Jnf (x) = JnF' (2 )||

n—

— k?me(k'_n.T)

(fe( ) — 16f.(27"))

fe(2Mz) — 4fe(2”50) Sn o/ e
_ kR n
+ 12 16" kM F (k")

4n—1 F/ 2n+1 o 4F/ on
(Fé(zfnJrlx) o 16Fé(27n$)) . e( I) e( l’)

+

3 12 - 16™
F! . 2ntly
§|k|3nl|(f0 —Fé)(l{? nx)“ + H(f - 127(1 )” + H(f o )1(6n )H
4n 1 n+1
(e = FOT™ o))+ 5 I(fe = F)270)|
(’k’3n N onp N 4. 2(n—|—1)p N 4n—1 N 4n+l )X
k|7 " 3.167 ' 3.167t1 ' 3.20-Dp ' 3. o

. + + 0l
i
2/|k? — |kP] 12116 — 27| 12]4 — 27|

for all x € X and all positive integers n. Taking the limit in the above
inequality as n — oo, we can conclude that F'(x) = lim,,_, J,f(x) for
all x € X. For the other cases, either 0 <p<2or2<p<3ord<p,
we also easily show that F'(z) = lim,_,~ J,f(x) by the similar method.
This means that F(x) = F'(z) for all z € X.

Now consider the case of |k| < 1, which has not yet been proven. From
(3), (4), (6) and the definition of J, f, we have ||J,f(x) — Joimf(2)] <

(2 \llfi’)'zfﬂ) 3§(j+5§ )QHpr ifp>4,
| (gl + e + e Ozl i3 <p <4,
; < (s + 4’5;713“’ K) |||l if2<p<3,
| Gt + U K ] if0<p<2

for all z € X and n,m € NU{0}. The remainder of the proof in the case
of 0 < |k| < 1, derived from the above inequality, is omitted because it
proceeds very similar to the case of 1 < |k|. O
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