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SOME PROPERTIES OF BILINEAR MAPPINGS ON
THE TENSOR PRODUCT OF C*-ALGEBRAS

ANAMIKA SARMA, NILAKSHI GOSWAMI, AND VISHNU NARAYAN
MISHRA*

ABSTRACT. Let A and B be two unital C*-algebras and A ® B be
their algebraic tensor product. For two bilinear maps on A and B
with some specific conditions, we derive a bilinear map on A ® B
and study some characteristics. Considering two A ® B bimodules,
a centralizer is also obtained for A ® B corresponding to the given
bilinear maps on A and B. A relationship between orthogonal com-
plements of subspaces of A and B and their tensor product is also
deduced with suitable example.

1. Introduction

The characterization of different types of mappings acting on different
spaces is an interesting area of research in present times. In 1952, G.
J. Wendel [36] first introduced the notion of centralizer in his work on
group algebras. Helgason, in 1956 [17] introduced centralizer for Banach
algebras. Centralizer for rings was introduced by B. E. Johnson [18§]
in 1964. Akemann et al. [1], investigated centralizers on C*-algebras.
In [14], Ghahramani studied about the centralizers and Jordan central-
izers on Banach algebras considering bilinear maps satisfying a related
condition. Recently a good number of prominent mathematicians have
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studied the behaviour of different maps like homomorphisms, derivations
etc. when acting on special products (refer to [2], [31], [35],). Moreover,
there are many extensions and generalizations of various existing results
regarding the characterization of mappings in different directions with
several applications (refer to ( [7]- [12]), [15], [21]- [26], [28], [30]).

The theoretical study of tensor product of C*-algebras was started in
1952 by T. Turumaru [34]. In 1969 A.Guichardiet [16] discussed about
C*-tensor norms and tensor product of C*-algebras. In 1984, [20] Kaijser
and Sinclair studied about the projective tensor product of C*-algebras.
In [3], Blecher investigated the geometrical properties of algebra norms
on the tensor product of C*-algebras. Many interesting results in this
direction have been developed by different researchers (refer to [5], [6]
etc.) time to time.

In this paper, we extend the works of Ghahramani [14] to the tensor
product of C*-algebras and obtain some specific properties of bilinear
maps on such algebras. Using the bilinear map, we also give a charac-
terization of centralizer in the tensor product.

2. Some basic definitions

DEFINITION 2.1. [4] Let A and B be two normed spaces over the field
F with dual spaces A* and B*. For a € A and b € B, let a ® b be the
element of BL(A*, B*;F) defined by

a®b(p,q) =pla)g(b) (p€ A", q € B").

The algebraic tensor product of A and B, A® B is defined as the linear
span of {a ®b:a € A, be B} in BL(A*, B*;F), where BL(A*, B*;T)
is the set of all bounded bilinear mappings from A* x B* to F.

DEFINITION 2.2. [3] Given normed spaces A and B, the projective
tensor norm (y) on A ® B is defined by

y(w) =mf) falllod :u=7 a0}
i=1 1=1

where the infimum is taken over all (finite) representations of u. The
completion of A ® B with respect to v is called the projective tensor
product of 4 and B and it is denoted by A ®, B.
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For example, Let p, v be positive o-finite measures on measure spaces
M, N respectively, and let p X v be the corresponding product measure
on M x N. Then there exists an isometric linear isomorphism of L*(11) ®,,
LY(v) onto L*(p x v). [4].

DEFINITION 2.3. [4] A norm a on A® B is a cross norm if a(a®b) =
lalll[o]l, Va € A, be B.

For example, projective tensor norm is a cross norms.

LEMMA 2.4. [4] Given p € A ® B, there exist linearly independent
sets {a;}, {b;} such that p=>""  a; ®b;.

LEMMA 2.5. [4] Let A and B be normed algebras over F. There exists
a unique product on A ® B with respect to which A ® B is an algebra
and
(a®b)(c®d) =ac®bd (a,c € A, b, d € B).

DEFINITION 2.6. [4] In an algebra A, for z,2* € A, an involution
is a map x — z* such that (z + y)* = z* + ¢*, ()" = z, (zvy)* =
yx*, (ax)* = az*,V x,y € A and for all scalar a, where x* is called the
adjoint of x.

An algebra A with an involution * is called a *-algebra. The most

common example of a *-algebra is the field of complex numbers C (over
real) where * is complex conjugation.
If A and B are two *-algebras, then A ® B is also a *-algebra where
(a®b)* =a* ®b*.

DEFINITION 2.7. [19] A norm on a x-algebra A that satisfies ||a*a|| =

la||* for all a € A is called a C*-norm and the algebra is called C*-
algebra.

An example of C*-algebra is B(H), the set of all bounded linear op-
erator on a Hilbert space H.

DEFINITION 2.8. [14] Let A be a C*-algebra and M be an A-bimodule.
A linear(additive) map h : A — M is said to be a right (left) centralizer
if
h(zy) = zh(y) (h(zy) = h(z)y) ¥V =, y € A,

If h is both right and left centralizer then it is called a centralizer.

For example, let & : R — R be a mapping defined as h(z) = ¢, v € R.
Clearly, h is a centralizer since h(zy) = zh(y) = h(z)y = 3, Vz,y € R.



980 A. Sarma, N. Goswami, and V. N. Mishra

DEFINITION 2.9. [14] For a C*-algebra A, with A-bimodule M, a
centralizer h : A — M is called right (left) Jordan centralizer if

h(z*) = zh(z) (h(2*) = h(z)z), for each z € A.
h is said to be Jordan centralizer if
hzy + yx) = zh(y) + h(y)z = yh(z) + h(z)y Vo,y € A.

Every centralizer is a Jordan centralizer. But the converse is not true
in general.

ExAMPLE 2.10. Let A" be a C*—algebra such that the square of each
element in A’ is zero but the product of some elements in A’ is non-zero.

Let A= {a= P(; g] :p,g € A}

|0 0]
Then h is a Jordan centralizer. Also it can be easily verified that A is a
right centralizer, but not a left centralizer.

We define, h : A — A such that h(a) = [O p

3. Main Results

Let A and B be two C*-algebras with unit elements e; and ey respec-
tively and A ® B be their algebraic tensor product. Then for the unique
product as given by Lemma 2.5, A ® B is an algebra. Here we consider
A ® B with the projective tensor norm.

Let o denote the Jordan product on A ® B such that for
Do i =4 @by, Y v =37 c;®d;in A® B,

(Z u;) o (Z v;) = Z Z w;v; + Z Z ViU
i=1 j=1 i=1 j=1 j=1 i=1
Let the set of invertible elements of A ® B be Inv(A ® B). Then
Inv(A ® B) is an open subset of A® B and so, it is a disjoint union of
open connected subsets, the components of Inv(A ® B) (refer to [14]).
The component containing e; ® e, is called the principal component of
Inv(A® B) and it is denoted by Invg(A ® B).

In [14], Ghahramani used bilinear maps to study centralizers and
Jordan centralizers on Banach algebras. From a given bilinear map on
Banach algebra with some specific conditions, Ghahramani derived the
following linear map.
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THEOREM 3.1. [14] Let A be a unital Banach algebra and X be a
Banach space. Let h : A x A — X be a continuous bilinear map such
that

(1) a € Invg(A) = h(a,a™") = h(ey, e1).
(2) Then, h(a,a) = h(a® e;) and h(a,e;) = h(ey,a),

where a € A and there exists a continuous linear map P : A — X such
that

h(ai,as) + h(az,a;) = P(aj o as), aj,as € A.

Here, we extend the above result for the algebraic tensor product
A ® B with projective tensor norm, and considering Banach spaces X
and Y with projective tensor product X ®., Y, (which is also a Banach
space).

THEOREM 3.2. Let f; : AX A — X and fo : Bx B — Y be two
continuous bilinear maps each satisfying the above property (1). Then
there exists a continuous bilinear map

JiARBXARB =+ X®,Y
with the following properties:
for Y jui =370 ai @b, Y vy =01 ¢y ®@dj € AR B,
DNu; € Invg(A® B),i=1,2,...,n

Zuz,zu = nfiler,e1) ® falez, €2)

Z Z fl ai, a; ®f2( 2] ] )+f1(aj_17ai>®f2(bj_l7bi))]a

i=1 j#i,j=1

FO un Y w) = fQ_uier @ e)
=1 =1 =1

+ % Z Z (f(&z ® bi>aj ® b]) + f(aj & bj,&i ® bz)),

i=1 j#ij=1

][I)f(z U;, €1 X 62) = f(€1 X €9, ZUZ)
i=1 i=1

Moreover, there exists a continuous linear map

StARB =+ X®,Y
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such that
(3) f(ZUZ—FZ’U],ZUl—FZ’U])—Zf(ul, Z U]"{'ZU]')
i=1 j=1 i=1 j=1 i=1 j#i,5=1 j=1
+Zf Vs, Z Uj+Z’U]
J#LI=1
Z u?) + S( Z 0]2)
j=1

[Here, the representations » i | u;, » 7, v; € A®B follows by Lemma
2.4.]

Proof. Using fi and f;, we defineamap f: AQBXA®B - X®,Y
by
n m 1 n m
f(z s, Zvj) =3 Z Z[fl(% ¢;) @ fa(bi, d;) + fi(cj, ai) @ faldy, bi)].
=1 j=1 i=1 j=1
First we show that f is a bilinear map.
For "  u;, Y " j—1 Vj as already defined (without loss of generality let
m > n), we take,
QY =aq b, l=1,2...,nand T,1; QYpr; =¢; @d;, 7 =1,2..,m.
Let 0 _jwpe=>1_ 0k ®q € AR B and o, be scalars. Now,

n+m

Zuz—i—z;vj,z:wk le®yl,2wk
fz (1 8) © ot ) + i (s ) © il 1)
= 510 D) o) + )@ o )
+ lil krl(fl(xlvpk:) ® foyi, @) + f1(pr, 20) @ folar, vi))]

m T

= f(Zuz,Zwk) +f(Zvj,Zwk).

i=1 j=1
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Similarly, we can show that
FQ w2 v+ 3 we) = S uis Y jw) + [ 0j, ) ).
=1 j=1 k=1 =1 k=1 j=1 k=1
Also, using the bilinearity of the mapping f7,
n T 1 n T
f(§ o, ;wk) =3 D Ifi(eai, pe) @ falbi, gr) + fi(prs ai) @ falqr, bi)]

i=1 k=1

= %Z > lafi(ai pr) @ f2(bis k) + afi(pr, ai) @ fa(qr, b))

i=1 k=1
n T

= af() ui, Yy wy).
=1 k=1

Similarly, using the bilinearity of f5, we can show that

FO Y Bwe) = BFO ui > wi).
=1 k=1 i=1 k=1

Now, f; and f, are continuous (and hence bounded) mappings and the
projective tensor norm on A ® B is a cross norm. Hence, it follows that

||f(Z i Y o)< DY LA Fallaalllles 1b:) 1

j=1 i=1 j=1

= AN a1l llelld])-
i=1 j=1

Using the definition of projective tensor norm,

£ w Yol < AN wlll D vl
=1 j=1 i=1 j=1

pes [FI < WAL

showing that f is bounded and hence continuous.
(I) Let u; € Invg(A®@ B), Vi=1,2,..,n.

f(z U, Zu;l) = f(Z U, ZU;1>
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From the definition of f, the right hand expression equals to

%[Z > (filai,a7) @ fo(bi, 051 + filag !, i) @ fa(b7" b))

i=1 j=1

- Zfl(el,el) ® fa(ea, €2)
=1

P30 S (flaear) @ fbib) + flara) @ (b b))

i=1 jij=1
=nfi(er,e1) ® faes, €2)

+ %[Z Z (filas,a; ') @ folbs, b7 ') + fila; ', a:) @ fo(b; 1, b))

i=1 j#ij=1

(II) For » u; € A® B,

i=1

f(z Uy, Z Uz)

— Z fi(ai, a;) @ fa(bs, b;)

i=1

+ %[Z Z (fi(ai,a;) @ fo(bi, bj) + filaz, ai) @ f2(bs, b:))].

i=1 j#i,j=1
By property (2) of the Theorem 3.1 of f; and f,, the above
expression equals

Zf1<a127 61) & f2<b127 62>
=1

F3I ST (hlanas) ® falbiby) + il ) © by, )
i=1 j#i,j=1

= Qi @b e1 @ e)

i=1

1 n n
"‘5[2 Z (f(a; ® by, a; @ bj) + f(a; ®bj,a; @ b;))]

i=1 j#ij=1
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= Y uier@e)
=1

@) 45l S (Flar@boa o)+ fla; @ b0 0 b))

i=1 j#ij=1

(ITT) For » "u; € A® B,
=1

n

1

f(z Ui, e1 @ eg) = 5[2(]3(% e1) ® fo(bi, e2) + fi(er, a;) ® fa(ea; bi))]

i=1
n

1

= §[Z(f1(€1,az‘) ® fa(ez, bi) + filer, a;) @ falez, bi))],

i=1
(using the property (2) of f; and f5.)

_ Zfl(el,ai) ® falea, by)

= fle1 ® ey, Zuz)
i=1

Next, with the help of f we define amap S: A®@B — X ®,Y by

n n

S(Z u;) = f(z Ui, €1 @ €).

i=1
Clearly, S is linear.

Also, S is bounded and hence continuous, since

1S ai @bl = 1Y frlas, 1) @ folbi, e2)|
=1 i=1

< Al Y Nallloil-
i=1

For the projective tensor norm on A ® B, we get,
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HS(Zai@bz’)H < ||f1||~||f2||||Zai®billyi-e-, ST < ALl

m—+n

Now, using (3) and taking Z u; + Z vj = Z wy, where

Wy = ug, k = 1,2,..,n,wn+k = vk,k‘ = 1,2,..,m and m > n we get,

m—+n m—+n

f<Zui+ZUj’Zui+Zvj) Zwk,zwk
i=1 j=1  i=1 j=1 k=1

Since f satisfies the property (II), so,

m4n m4n
SO o 2w
k=1
n+m n+m n+m
:f(z Wi, e1 ® ea) + ZZ (wk, wr) + f(wr, wy))]
k=1 k=1 I=1
I#k
n m n—+m n
:f(zwiaffl@@)+f(zwi+k=€1®€2 Z > flw,w)
= = k=1 1=1,#k
n+m n n+m m n+m
E D ) Y0 Fw) + 3 fluni )
k=1 1=1,l#k =1 k=1 =1 k=1
k#l k#l

Zwk,€1®€2 + f an+k>€1®€2 ZZ]C wk:wl

k=1 1=1
£k
YD g w) 0D fwpwas) + > Y f(Wosk, W)
k=1 I=1 k=1 I=1 k=1 1=1
l;ﬁk 12k I£
+sz Wi, W +ZZf Wi, W k)+
=1 =t =1 =t
Z Z f(wn-i-la wk) + Z f(wn+17 wn-i-k)}
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After simplification, the above expression reduces to

f(z Uy €1 ® eg) + f(z U, 1 @ €3) + Z S (e, wr)
k=1 k=1 kAL k,1=1
22 fwuw) ) D fluw)
k=1 k#l,l1=1 k=1 k#l,1=1
+ Z f(vlﬁ Ul)a
kAL k,1=1
which equals to
SQ_ud) +SQ_ v+ flu, D wt ) v)
k=1 k=1 k=1 I#k,1=1 =1

Then,

n n m

FOQowitd vy ut )y v) =Y flui Y uy+ ) w)
i=1 j=1 =1 j=1 i=1 i =1 j=1

+Zf(vi, Z uj—i-Zvj)
=1 Jj=1

J#ig=1
= S(Z u?) + S(Zvjz)
i=1 j=1
[
EXAMPLE 3.3. For the unital C*-algebras ' (over R) and R, we define
maps fi: ' x I — ! by

fl({al,ag, }, {bl,bg, }) = {albl,ang,0,0...}, for {an}, {bn} c ll

and fo : R xR — R by fo(z,y) = zy, for x,y € R.
Clearly, f; and fy are continuous and bilinear maps.
Here e; = {1,1,...} (the constant sequence) € I! and e, = 1 € R.
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Also, for {a,} € Inuvy(I'),
fl({ah az, }7 {a1_17 a2_1a })

= {a1a;t, aza;*,0,0...}
={1,1,0,0...}
= filer, e1),

and for x € R invertible,

folz, o) =227t =1 = foeq, €9).
Now, ' @ R = [}(R)(refer to [29] ).
So, by the Theorem 3.2, there exists f : (I' @ R) x (! @ R) — [}(R) such
that

n

(5) O ai®b, > c¢;@d) =Y Y {pugibid;, pags;bid;, 0,0, ..}
i=1 j=1 i=1 j=1

where a; = {pritr, ¢;j = {ai}r € I and bi,d; € Ryt = 1,2,...,n;5 =

1,2,..,m, and

D i1 @ @by =3 {pribite and 3570 ¢ @ dy = 30T {aqidbee
Now, for the formula defined in Theorem 3.2,

1 n m
5[2 > (filai ) @ falbi,dy) + files, ai) @ faldy, b))
i=1 j=1
1 n m
= 5[2 Z({pliquaPZiQQja 0,0, ...} ® bid; + {q1;p1i, 42572, 0,0, ...} @ d;b;)]
i=1 j=1

n m

1
= 5[2 Z({pliqubidjap2iQ2jbidj7 0,0, ...} + {qu;p1:d;bi, G2jp2id;bs, 0,0, ... })]

i=1 j=1

= Z Z{pliQIjbidj7p2iQ2jbidj7 0,0,...}.

i=1 j=1
By (4) this is clearly equal to f(}_;_; a; ® b;, Y07, ¢; ® dj), which vali-
dates the Theorem 3.2.

Next, we consider two bilinear maps on the individual C*-algebras A
and B, and derive a centralizer on the algebraic tensor product A ® B.
For this, let M and N be two A ® B-bimodules. Then by [32], M ® N
is also an A ® B-bimodule.
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THEOREM 3.4. Suppose ¢1 : A X A — M and ¢o : Bx B — N be
two bilinear maps satisfying the properties :

i)z € Invg(A) = ¢1(z,27) = ¢1(e1, e1) and
y € Invg(B) = ¢2(y,y™") = ¢alea, e2)
iW)p1(e1, 2122) + 1 (2122, €1) = (71 ® €2)[d1(e1, x2) + P1 (22, €1)]
= [p1(z1,e1) + gr(er, 21)[ (12 @ €2) V 21, 13 € A
ii1) 2 (e2, Y112) + G2(1y2, €2) = (€1 @ y1)[da(e2, y2) + P2(y2, €2)]
= [P2(y1, €2) + da(ea, Y1)l (€2 ®y2) V Y1, y2 € B

Then corresponding to ¢, and ¢, there exists a Jordan centralizer from
A®BtoM® N.

Proof. Since ¢ and ¢, satisfy the property (i), so by Theorem 3.1
there exist two linear maps

hi: A— M and hy : B— N given by
qbl(xl,xg) + ¢1([E2, Il) = hl(xl o 33'2) and

G2(y1, y2) + P2(y2, v1) = ho(y1 0 y2), 21,22 € A, y1,y2 € B.

Replacing xq, by e; and x5 by z125, we have,

hi(z124) = %[651(61, T1Z2) + O1(2122, €1)]

= %[(551 ® eg)[p1(e1, xa) + ¢p1(xe,€1)]] by property (ii)
= (71 ® e2)hi(x2)
hi(z122) = hy(z1) (29 ® eg)and

ha(y1y2) = (€1 @ y1)ha(y2) = ha(y1)(e2 @ ya).

—~~ —~
o 3 O
o — —

Now, we define amap h: AR B — M ® N by

n

=1 i=1

=1
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Clearly, h is linear. Using Lemma 2.4 and by the definition of A, for

Zuzzim@bz, . Uj:icj‘@dj EA@B,
=1 =1

J=1

h(ZuiZUj + Zvj Zuz)
=1 j=1 j=1 =1

=Y > (nlaicy) ® ha(bidy) + ha(eja;) ® ha(d;b).

i=1 j=1

Now, using the properties (5), (6), (7) of the mappings h; and hs, and
by the properties of module multiplication with respect to the tensor
product [32], the above expression equals to

ZZ(ai@)eg)hl(cj)@(el@b h2 +ZZh1 C] CLZ®€2 ®h2(d )(€1®b)
i=1 j=1

ZZ (a; ® b;)(h1(cj) ® ha(dy)) + (hi(c;) @ ha(dj))(a; @ b;))

m n

Zul Z —|—h(z )(Zul)
J=1 Jj=1 i=1
In a smnlar way, we can show that

WO Juwi Y v+ v Y w) = v)h()w) + b u)(> ] v)),
=1 J=1 7=1 i=1 7j=1 i=1 i=1 7j=1

and thus h is a Jordan centralizer.lJ

Remark: The mapping h defined in the above Theorem 3.4 can also
be shown to a centralizer, as

m

h(z u; Z ) = > Y (haaic;) ® ha(bid;))

i=1 j=1

= Z Z((ai ® e2)hi(c;) ® (e1 @ b;)ha(d;))

i=1 j=1

(by property (5) and (7) of hy and hs)
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= Z ae1 ® exb;)h(c; ® d;) (by Lemma 2.5)

=1 j5=1

= (oY)

In the same way, it follows that

h(z u; Z v;) = h(z uz‘)(z v;).

3

[
EXAMPLE 3.5. For the C*-algebras ' (over R) and R, we define ¢; :
' x 1t =1 by
¢1({an}, {cn}) = {aic1,0,0...}, for {a,},{c,} €
and ¢ : R x R — R by
¢2(b,d) = bd for b,d € R.

Clearly, ¢1 and ¢, are continuous bilinear maps satisfying property (i)
of Theorem 3.4.

¢1(er, {ant{cn}) + dr1({an}{cn}), e1)

= ¢1(er, {ancn}) + ¢1({ancn}, 1)

= 2{a;¢1,0,0...}

={ay,...}[{c1,0,0...} +{¢1,0,0...}]

= ({an} ® e2)[¢n(e1, {en}) + d1({cn}, e1)]
= [p1({an}, e1) + d1(er. {an})]({cn} @ e2).

So, properties (ii) and (iii) defined in Theorem 3.4 are also satisfied.

Since ¢1 and ¢, satisfy the property (1) of Theorem 3.1, so, there exist
two linear maps

hy i I* — ' and hy : R — R such that

dr1({an}, {cn}) + o1({en}, {an}) = hi({an} o {c,n}), and
¢2(b, d) + ¢2(d, b) = ha(bo d),
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where {a,}, {c,} € ['andb,d € R.
Replacing {c,} by e; and d by 1in (9) we get,

hi({an}) = %[aﬁ({an},el) + ¢1(e1, {an})]
_ %({al,0,0, 4 {a,0,0,.1)
= {al,0,0, ..},
and ha(b) = %(@(b, 1) + a1, b)) = %(b+ D) = b

By Theorem 3.4, the mapping
h:l' @R — I' @R is defined by

h(z T @ Yy) = Z hi(z1) @ ha(yr), le @y €l'@R.
=1 =1 =1

Let {ag, tx, {cr,}x €' and by, dj €R,i=1,2,...,n; j =1,2,..,m.

Now,

h((z{%}k ® bi)(z{%}k ® d;))

n m

=h(D ) {ar br{cw, br © bidy)

i=1 j=1

= m{aney}r) ® ha(bidy)

i=1 j=1

- Z Z{alicljbidjg 0,0...}.

i=1 j=1
Again,

(Z{%}k ® bi)h(z{%}k ® d;)

=2 _Aanbidi ) {e,d; 0,0,
i=1 Jj=1
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- Z Z{alibicljdj7 0,0,...}

i=1 j=1

= h((z{aki}k ® bz’)(z{%}k ® d;).
Similarly,
h((z{%}k ® bi)(z{ckj}k ®d;) = h(z{%}k ® bi)(z{%}k ® d;),

which shows that h is a centralizer and hence a Jordan centralizer, which
is guaranteed by Theorem 3.4.

COROLLARY 3.6. Let ¢; and ¢y be as defined in Theorem 3.4.

I) If the maps ¢, and ¢, are symmetric i.e.,

p1(a1,az) = ¢1(az,a1) and ¢p(b1,by) = ¢a(b2,b1), for ai,ay €
A, by,by € B, then h(a @ b) = ¢1(a,e1) ® ¢2(b,e2) a € A, b € B.

II) If any of the maps ¢1 and ¢y is skew-symmetric i.e.,
$1(a1, az) = —¢1(az, ar1) or da(by, by) = —pa(ba, by), then h is a zero
mapping.

III) If the maps ¢; and ¢, are alternating i.e.,
¢1(a,a) = 0 and ¢o(b,b) = 0 then, hy(a?) = 0 and hy(b*) = 0.

Proof. 1) is obvious.
II) If ¢1 or ¢ is skew-symmetric then

¢1(a7 61) = _gbl(elva) or ¢2(b7 62) = _¢2(627b)'

Then hy(a) = 0 or hy(b) = 0, which implies that h is a zero mapping.
III) If ¢1(a,a) =0 then

hi(aoa) = ¢i(a,a) + ¢1(a,a) = 0 =h,(a®) = 0.

Similarly, hy(b%) = 0 if, ¢o(b,b) = 0. m

The following result gives some characteristics of the centralizer h on

A®B.
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THEOREM 3.7. The mapping h defined in Theorem 3.4 satisfies the
following properties:

(1) h(z a; ®b;) — (> a; ®b;)(ha(er) @ ha(ez)) = 0, where

i=1
=1

(I])FOI"ZCM@()Z‘, Ci®di€A®B,jﬁaici®bidi:€1®€2,
=1 =1
1=1,2,3,..,n, then
D (a; @ bi)(ha (i) @ ha(dy)) — n(ha(er) @ ha(ea)) = 0.

i=1
n

(I1l)a; ®@b; € Inv(A® B),i=1,2,.n= Z(ai ® bi)h(Z(ai ®b;) 1)
=1

=n(hi(e1) @ ho(ez)) + Z hi(aza;") @ hy(bib; ).

i.j=1,i]

Proof. (I) Since h is a centralizer so, for any > "  a;@b; € A® B, we
have,

h(z a; ®b;) = h((z a; @ b;)(e1 ® ea))
= (Z a; & bl)h<€1 & 62)

= () a; @ b;)(hi(e1) ® ha(es)), (using the definition of h).

=1

(IT) For >0 ja; @b, Y ¢, ®d; € A® B,
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if a;c; @ bid; = e1 ® e, i =1,2,3,..,n, then using (I),

h(z a;C; & bzdz) = Z(aici (29 bzdl)(hl (61) X h2(€2))
i.e., h(z €1 & 62) = Z(CLZ &® bz)(cz &® dz)h<€1 X 62).

Using definition of h and the centralizer property, it follows that
n(hi(er) @ hale2)) = Y (a; @ b)h((c; @ di)(er @ e3)),
i=1

i.e.,n(hy(e1) @ ha(eg)) — Z(ai ® b;)(hi(c;) ® ho(d;)) = 0.

i—1

(IT) For a; ® b; € Inv(A® B), i =1,2,..,n
> (s @b)h(Y (a;@ b))

i—1 i—1

= Z(az‘ ® bz‘)(z hi(a; ') @ ha(b; 1))

n

_Zazm Y(hi(a; ") @ ha(b7') + D (a; @ b)(h(a;") @ hao(b;

ij=1,i#]
By the definition of h, the above expression equals

n

n(hi(er) ® halea)) + Y (a; ®by)h Za ® b

ij=1 j;éz

n(hi(e1) ® ha(es)) Z%@b Za ®b;!

3752

995

).

n(hi(er) ® ha(ea)) + h( Z Z a;a;" @ bib;') (since h is a centralizer)

i=1 j=1
J#i

n(hi(er) ® hy(es) +22h1 aia;") ® ha(bib; ).

=1 j=1
JFi
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O

Our next aim is to discuss the converse part of Theorem 3.4, i.e., from a
centralizer on A ® B we define a bilinear map for each of the individual
C*-algebras A and B. For this, we use the concept of Jordan product
(which we denote by e in case of modules) on A®B-bimodules M, N and
M®N. Here, also A®B is equipped with the projective tensor norm. For
Yoo u € A®B and 27:1 p; € M®N, where u; = a;®b;, p; = m;®@n;,
the Jordan product e on M ® N is defined by

n m m n n m n m
Dowed pi=) pied w= ) upit) ) p
i=1 j=1 j=1 i=1

i=1 j=1 i=1 j=1

THEOREM 3.8. Corresponding to the centralizer h : AQB — M ®N,
there exist two continuous bilinear maps g; : A x A — M and g, :
B x B — N satisfying the property (1) of Theorem 3.1. Moreover, there
exist a bilinear map g : AQ Bx A® B — M @ N with ||g|| < ||h|*, if
h is also continuous.

Proof. We define g1 : A x A — M and g, : Bx B — N by

1
gi(ay,as) = §(a1 ® e9) @ h(ay ® ey) and

1
ga(b1,b2) = 5(61 ®by) @ h(e; ® by),

where a1,as € A and by, by € B.
By the property of module multiplication and Jordan product, ¢g; and
go are well defined. Also, clearly these are bilinear mappings. For a €

Invy(A),

1
gi(a,a™t) = é(a ®ey) @ hla™' @ ey)

L@ edh(a™ B e) + e @ en)a )

= h(61 & 62)
1
= 5(61 & 62> ® h(61 & 62)

:91(61761)-
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Similarly we can show that
G2(b,b7Y) = ga(eq, e0) forb € Invg(B). Hence, g; and g, satisfy the con-
dition (1) of Theorem 3.1. Again,

1
g1(as, a2)|| = ||§(@1 ® ez) @ hay ® ey)||
1
= H§
1
= lI5lh(a1a2 ® €2) + hlazar ® ez)]|

1
(&1 X eg)h(ag (059 62) -+ h(ag X 62)5(&1 X GQ)H

1
< §(Hh(a1a2 ® ea)|| + |[h(aza; ® e3)]])
< ||h][||axl||az]
= [|g1]| < ||l

and similarly, ||gz| < |||
Thus, g, and g, are continuous.
So, by the Theorem 3.2, we have a continuous bilinear mapping

g: ARB X AR B — M ® N such that

g(z Ui, Z v;) = %[Z > (g1(as, ¢5) @ galbi, d) + 915, a5) ® ga(dy, b))

i=1 j=1

Also, it follows that

lgll < llgalllgall < [[RNIR] = IRl
O

Now, we show an application of the Theorem 3.2 in deriving a relation-
ship between orthogonal complements of subspaces of the C*-algebras
A and B and the algebraic tensor product A ® B. In [33], Shenoi studied
some basic properties and characteristics of bilinear forms. We note
that a bilinear mapping f : A x A — R is called a bilinear form
on A. A bilinear form f on a C*-algebra A is called reflexive if for
aj,ay € A, f(ay,az) = 0 implies f(ag,a;) = 0. An element a € A is
said to be orthogonal to a’ € A with respect to a bilinear form f if
f(a,a’) =0.

For the C*-algebras A and B, let f; : A x A — RT U {0} and f5 :
B x B — RTU{0} be two bilinear forms and A; and B; be subspaces of
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A and B respectively. Then the orthogonal complements of A; and B
with respect to f; and fy respectively are given by

(AD)f, ={a€ A: fila,c) =0V c € A} and
(Bi)s, ={b€B: fo(b,d) =0V d € By}.

Now, using Theorem 3.2, corresponding to f; and fy there exists a bi-
linear form

f:A®Bx A® B — R®, R(=Z R)(refer to [32]).

The following result gives a relation between ((A7);, ®B) U (A®(Bi),)
and ((Al (059 Bl)l)f.

THEOREM 3.9. If f; and f, are reflexive then
(A1), ® B) U (A® (Br)p,) € (A1 ® Bi)h)y.
Considering f; and fy as symmetric bilinear forms, the above inclusion
can be replaced by equality.

Proof. Let >¢ 1 a; @b; € (A1), @ B) U (A® (BT )p,).
Then, a;®b; € (A7), @ Bora;@b; € A® (B ), Vi=1,2,...,n,
i.e.,a; € (A7), or b € (B )p,, Vi=1,2,..,n,
i.e.,fi(a;,c) =0or fo(bj,d) =0Vece A, Vd e By, Vi=1,2,..,n.

Let Z;’;l ¢;j ®d; € Ay ® By be arbitrary. Then ¢; € Ay and d; € By,
j=1,.m

So, fi(a;,¢;) =0or fo(b;,d;j) =0, foralli=1,2,..,n; j=1,2,..,m.
If fiand f5 are reflexive, this implies
fi(cj,a;) =0or fo(d;, b)) =0, foralli=1,2,..,n; j=1,2,..,m.
Hence,
filai, ¢;) @ fobs, di) + fr(cj,a:) @ foldj, b) = 0,¥i = 1,2, .,n; j=1,2,..,m,

ie Y > (filaie) @ falbidy) + files, a) @ fo(d;, bi) = 0.

i=1 j=1
Using Theorem 3.2, by definition of f, this means that
f(Zaz(X)b,, Cj ®d]) = 0, ZG,ZCLZ@bz - ((A1®Bl)l)f,
i=1 j=1 i=1

showing that (A7), ® B) U (A® (B{),) C ((A1 @ By)t);.
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Conversely, let > a; @ b; € ((A; ® By)*);. Then,

f(Zai(X)bi,ch@dj) =0, i ZCj@dj € A ®Bl,
i=1 j=1

=1
e ZZ[fl(aqu) ® folbi, dj) + fi(ej,ai) ® faldy, bi)] = 0, Vej € Ay, dj € By
=1 j=1
i.e.,ZZfl(ai,cj) ® fa(bi,d;) =0, Ve¢; € Ay, d; € By, since f; and
i=1 j=1

f2 are symmetric.

By the definition of tensor product in (RTU{0})® (RTU{0}) = RTU{0}
,(refer to [32]), it follows that

n

ZZfl(aiacj)fQ(biadj) = O, VZ = 1,2, ., Ny VJ = 1,2, ., m.

i=1 j=1
z'.e.,fl(ai, Cj)fg(bi,dj) = O, Vi= 1, 2, ,n,j = 1, 2, ., m.
Thus, a; € (A7), or b € (Bi),Vi=1,2,...n;5 = 1,2,...,m and so,

n

Zai ®b; € ((AlL)fl ®B) U (A® (BlL)f2)

i=1
This shows that ((Af), ® B) U (A® (Bi),) = ((A; @ By)Y)y. O

EXAMPLE 3.10. For the C*-algebra R and R?, we define the bilinear
forms:
fi:RxR—=Rby f(z,y) = zy, x,y € R and
fg R2xR? >R by fg((al, CLQ), (bh bg)) = a1b; + a2b2, ((al, CLQ), (bl, bg) S R2.
Clearly, f; and f> are symmetric and satisfy the property (1) of Theorem

3.1.
So, by Theorem 3.2, there exists a bilinear form

fRIRZxR®R? - R
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such that for o, 8; € R, (a;, b;), (s, y:) €R?* i =1,2,...,n; 7 =1,2,..,m,
f(z a; ® (a;,b;), ZB] ® (zj,9;))
i=1 j=1

=> Y filai B;) ® fol(ai,bi), (x,9;))

i=1 j=1

=3 (B @ (aiz; + by;))

i=1 j=1

=Y > aiblaiw; + biy)
i=1 j=1

We take 4, =< % > and B; =< (1,1) > which are subspaces of R
and R? respectively. (Af);, = {0} and (Bi);, =< (—1,1) > are their
corresponding orthogonal complements.
Then, (A7), @R? = {0} and ((A7), @ R)U(RQ B )y,) =< (—1,1) >.
Also, (A1 ® By))y =< (—=1,1) >.
Thus Theorem 3.9 holds for A; and B; and the bilinear forms f;, fs.

4. Concluding Remarks

In this paper, we have extended the works of Ghahramani [14] to
the algebraic tensor product of two C*-algebras and derived different
properties of bilinear maps and centralizers on such algebras. Using
bilinear maps on the individual C*-algebras A and B, we have obtained
a centralizer on the algebraic tensor product A ® B, and conversely.
In the last part, we apply the result to derive a relationship between
orthogonal complements of subspaces of the C*-algebras A and B and
then algebraic tensor product A® B and a suitable example is provided.

Now a days, there is a wide application of bilinear maps in different ar-
eas of cryptography like encryption, signature and key agreement.(refer
to [27], [13] etc.). The practical application of the results obtained in
the paper in this direction is a scope for future study.
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