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COMMUTATIVE SINGLE POWER CYCLIC
HYPERGROUPS OF ORDER 4 AND PERIOD 2

M. R. KHERADMAND AND B. DAvvAZ*

ABSTRACT. In this paper we enumerate all commutative single power
cyclic hypergroups of order 4 and period 2. Moreover, we prove some
interesting properties regarding cyclic hypergroups.

1. Introduction and basic concepts

The composition of two elements in a group is an element, while the
composition of two elements in a hypergroup is a set. If H is a non-
empty set and * is a mapping from H x H into the family of non-empty
subsets of H, then (H,x) is called a hypergroupoid. A hypergroup is a
hypergroupoid (H, %) with the following two conditions: (1) (z*y)*z =
xx(y*z), forevery z,y,z € H; (2) xxH = Hxx = H, for every x € H.
Note that if A, B are non-empty subsets of H and x € H, then we mean

AxB=Jaxb, vxA={z}*xAand Axz = Ax{z}.

acA
beB

If (H,x) satisfies only in the first axiom, then it is called a semihy-
pergroup. The concept of hyperstructures introduced by F. Marty in
1934 [15] and applied them to groups, algebraic functions and rational
functions. Cyclic semihypergroups and cyclic hypergroups have been
studied by Al Tahan and Davvaz [1-4], Corsini [7], Corsini and Leore-
anu [8], Davvaz [9], De Salvo and and Freni [10], Freni [11], Konguetsof et
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al. [13], Leoreanu [14], Mirvakili et al. [16], Mousavi et al. [18], Vougiouk-
lis [20,21], and many others. In [19], Novak et al. presented an overview
and motivation of existing approaches to the cyclicity in algebraic hy-
perstructures. Moreover, they related these to E L-hyperstructures, a
broad class of algebraic hyperstructures constructed from (pre)ordered
(semi)groups. For more details about algebraic hyperstructures we refer
the readers to [5-9,12,19,21].

In [4], Al Tahan and Davvaz classified all commutative single power
cyclic hypergroups of order three and period two.

Now, in this paper we classify all commutative single power cyclic
hypergroups of order four and period two. The paper is organized as
follows: After an introduction, in Section 2 we present some basic defi-
nitions concerning hyperstructures that are used throughout the paper.
In Section 3 we present some new properties of cyclic hypergroups and in
Section 4 find all commutative single power cyclic hypergroups of order
four where each of its elements is a generator of period two. In Section
5 we show that some commutative single power cyclic hypergroups of
order four and period two are isomorphic. Throughout this paper we
denote the period of a cyclic hypergroup H by per(H).

An element e € H is called an identity of (H,*) if z € zxeNexz
for all x € H and it is called a scalar identity if z x e = e x x = {x}
for all x € H that is unique. An element x € H is called idempotent if
xz+x = x. The hypergroup (H, *) is said to be commutative if zxy = y*x
for all x,y € H. A non-empty subset K of H is called subhypergroup, if
(K, *) is hypergroup. A canonical hypergroup [17] is a non-empty set H
endowed with a mapping * : H x H — P*(H), satisfying the following
properties:

(1) xx (y*xz) = (xxy)*z for every z,y,z € H,

(2) zxy =y*ax for every xz,y € H,

(3) there exists e € H such that exxz = x e = x for every x € H,
(4) forevery x € H, there exists a unique element 2’ such that e € xxa’,
(5) z € x xy implies that y € 2’ *x z and x € z x /.

A hypergroup (H,x) is called total hypergroup if x * y = H for all
x,y € H. A hypergroup (H, %) is cyclic if there exists h € H and s € N
such that H = hUA*U---h*U---. If H = hUR*U---h* then H
is cyclic hypergroup with finite period. Otherwise, H is called cyclic
hypergroup with infinite period. A hypergroup (H,x) is called single
power cyclic hypergroup if there exists h € H and s € N such that
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H = hUh*U---h*U--- and hUR?U---h™ 1 C h™ for every m € N. Let
(H,*) and (H', ") be two hypergroups. A function f : (H,x) — (H', *)
is said to be a homomorphism if f(zq%xq) C f(z1)% f(xg) for all z1, 25 €
H. And it is called good homomorphism if f(z1 % xo) = f(x1) ¥ f(z2).
Two hypergroups are said to be isomorphic if there exists a bijective
good homomorphism between them.

2. Properties of Cyclic Hypergroups

In this section we present some properties of cyclic hypergroups.

PROPOSITION 2.1. [4] Let H be a cyclic hypergroup with generator
h € H. If there exists k € N satisfying h*** = h* then per(H) < k.

PROPOSITION 2.2. [4] Let H be a cyclic hypergroup with generator
h € H. If there exist i # j € N satisfying h' = h' then per(H) <
max{i,j}.

PROPOSITION 2.3. [4] If H is a finite cyclic hypergroup, then it has

a finite period.

In the following example we show that the converse of proposition 2.3
is not always true.

ExXAMPLE 1. For every infinite total hypergroup H we have per(H) =
2. Thus per(H) is finite but H is infinite.

PROPOSITION 2.4. [4] Let H be a cyclic hypergroup. Then per(H) =
1 if and only if H is the trivial hypergroup.

PROPOSITION 2.5. [4] Let H be a cyclic hypergroup of order two.
Then per(H) = 2.

PROPOSITION 2.6. [4] Let H be a cyclic hypergroup of order three.
Then per(H) =2 or per(H) = 3.

PROPOSITION 2.7. [4] If H is a single power cyclic hypergroup of
order n > 2 then 2 < per(H) < n.

EXAMPLE 2. Let H = {a,b,c,d} and define (H, ) by the following
table.
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* a b c d
alabcd c a,b,c,d c
b c a,b,c,d a,b,c,d c
cla,b,c,d a,b,c,d a,b,c,d a,b,c,d
d c c a,b,c a,b,c d

Then (H,x*) is a non commutative single power cyclic hypergroup of
period two. It is clear from the table that (H,x*) is not commutative,
satisfies the reproduction axiom and is generated by every member of
H. Easy computations show that (H, ) is associative.

3. Commutative Single Power Cyclic Hypergroups of Order
Four and Period Two

In this section we find all commutative single power cyclic hyper-
groups of order four and period two where every element is a generator
of period two.

PROPOSITION 3.1. Let H = {a,b,c,d} and * be a commutative hy-
peroperation on H. Then (H,x) is associative if the all the following
conditions are satisfied:

(1) ax(axb) = (a*xa)x*b,
(2) a*x(axc)=(ax*a)x*c,
(3) ax(axd)=(axa)x*d,
(4) a* (bxb) = (a*b)x*b,
(5) ax(bxc) = (a*b)*c
(6) ax(bxd) = (axb)x

(7) ax(cxb) = (a*c)*b
(8) ax(cxc)=(axc)xc,
(9) ax*(cxd) = (a*c)*d
(10) a* (d*b) = (a*d) *

(11) a*(d*c)—(a*d)*c,
(12) ax (dxd) = (axd) *d,
(13) bx (axa) = (bxa)*a,
(14) bx (axc) = (bxa) *xc,
(15) bx (axd) = (bxa) *d,
(16) bx (bxc) = (b*b) xc,
(17) bx (bxd) = (bxb) = d,
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(18) bx (c*xc) = (bxc) *xc,
(19) bx (cxd) = (bxc) = d,
(20) bx (d*a) = (bxd) *a,
(21) bx (dxc) = (bxd) *c,
(22) bx (dxd) = (bxd) *d,
(23) cx (c*xd) = (c*c) xd,
(24) c* (dxd) = (cxd) = d.

Proof. Since (H,*) is commutative, it follows that for every z,y, z €
H, we have zx(xxx) = (zxx)*x and zx (yxz) = (y*x2)*xz = (z2%xy)* 2.
Having (H, *) is commutative implies that b (cxa) = bx(axc) = (a*c)*b
and having (a % ¢) * b = a * (c * b) implies that b* (cxa) =bx* (a*c) =
(axc)xb=ax(cxb)=ax*(bxc)=(bxc)xa (using 7).

Having (H, *) is commutative implies that ¢ * (a xa) = (a *a) * ¢ =
ax (ax*c) by (2). We get now that cx (axa) = (a*xa)*xc=ax(axc)=
(axc)*a = (cxa)*xa. In asimilar manner, we prove that cx(bxd) = (cxb)xd
(using 19,21), ¢x (dx a) = (¢*d) x a (using 11), c¢x (bxa) = (c*b) xa
(using 5), d* (c*b) = (d % ¢) x b (using 19). O

EXAMPLE 3. Let Hy = {a,b,¢,d} and define (Hy, *) by the following
table:

* a b c d
a | a,bc,d a,b a,b c,d
b a,b a,b,c,d c,d a,b
c a,b c,d a,b,c,d c,d
d c,d a,b c,d a,b,c,d

It is clear x is commutative, satisfy the reproduction axiom and that
Hy, = a®> = b® = ¢ = d>. We show now that H, is associative by the
using following table:
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ax(axb)=H |(axa)xb=H
ax(axc)=H |(axa)xc=H
ax(axd)=H|(a*xa)xd=H
ax(bxb)=H | (axb)xb=H
ax(bxc)=H | (axb)xc=H
ax(bxd)=H |(axb)xd=H
ax(cxb)=H | (axc)xb=H
ax(cxc)=H | (axc)xc=H
ax(cxd)=H |(axc)xd=H
ax(dxb)=H |(axd)xb=H
ax(d+xc)=H | (axd)xc=H
ax(dxd)=H|(axd)xd=H
bx(axa)=H |(bxa)xa=H
bx(axc)=H | (bxa)xc=H
bx(axd)=H | (bxa)xd=H
bx(bxc)=H | (bxb)xc=H
bx(bxd)=H | (bxb)xd=H
bx(cxc)=H | (bxc)xc=H
bx(cxd)=H | (bxc)xd=H
bx(d+xa)=H | (bxd)xa=H
bx(dxc)=H | (bxd)xc=H
bx(dxd)=H | (bxd)xd=H
cx(cxd)=H | (cxc)xd=H
cx(dxd)=H | (cxd)xd=H

THEOREM 3.2. There are 183398 commutative single power cyclic
hypergroups of order four and period two.

Proof. Indeed, by Algorithm 1 presented in Appendix and a com-
puter program we can enumerate the commutative single power cyclic
hypergroups of order 4 and period 2. O

EXAMPLE 4. In the following we present some of the commutative
single power cyclic hypergroups of order 4 and period 2:
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His

Hig

b c d

@)

a

d a,b a,b c,d

a,b,ec,d c¢,d a,bd
c,d a,bc,d abc
a,b,d a,b,c a,b,cd

Hiy

b c d

d a,b a,b c,d
a,b,c,d c,d a,bd

c,d a,bc,d cd
a,b,d ¢, d a,bcd

b c d

a,b,c,d a,c,d
a,b,d a,c,d a,b,c,d

d a,b a,b c,d

a,b,c,d c,d a,bd
c,d a,bc,d bocd
a,b,d b,c,d a,b,c,d

b c d
d a,b a,b c,
a,b,ec,d c¢,d a,bcd
c,d a,b,c,d a,b
a,b,c,d a,b a,b,c d
b c d

a,b,c,d a,b,c

a,b,c,d a,b,c a,b,c,d

d a,b a,b c,d
a,b,c,d c¢,d a,b,cd

c,d a,b,c,d a,b,d
a,b,c,d a,b,d a,b,c,d

b c d

QL O

d a,b a,b c,d
a,b,c,d c¢,d a,bc,d

c,d a,b,c,d a,c,d
a,b,c,d a,c,d a,b,c,d

QL O o

a,b,c,d b,c,d
a,b,c,d b,c,d a,b,c,d

QL O o

b c d
d a,b a,b c,d
a,b,e,d c¢,d a,bcd
c¢,d a,b,c,da,b, c,d
a,b,c,da,b,c,da,b,c,d
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a b c d Hsyyl a b c d
a,b,c,d a,b a,b a,c,d a |a,b,c,d a,b a,b a,c,d
a,b a,b,c,d c,d a,b a,b a,b,c,d cd a,b
a,b c,d a,b,c,d a,b c a,b c,d a,bc,d abc
a,c,d a,b a,b a,b,cdl | d|a,c,d ab abc abcd
a b c d Hs| o« b c d
a,b,c,d a,b a,b a,c,d a |a,b,c,d a,b a,b a,c,d
a,b a,b,c,d c,d a,b a,b a,b,c,d cd a,b
a,b c,d a,b,c,d a,b,d c | ab c,d a,bc,d cd
a,c,d a,b a,bd a,bcd | d|acd ab c,d a,b,c,d
a b c d Hsil «a b c d
a,b,e,d a,b a,b a,cd a |a,b,c,d a,b a,b a,c,d
a,b a,b,c,d c,d a,b a,b a,b,c,d c,d a,b
a,b c,d a,b,c,d a,c,d c | ab c,d a,bc,d bocd
a,c,d a,b a,c,d a,bcd | d|acd ab becd abcd
a b c d Hsysl «a b c d
a,b,c,d a,b a,b a,c,d a |a,b,c,d a,b a,b a,c,d
a,b a,b,c,d c,d a,b a,b a,b,c,d c,d a,b,c
a,b c,d a,b,c,da,bc,d] | ¢ | a,b c,d a,b,c,d a,b
a,c,d a,b a,bcdab,cd | d|acd abc ab abcd
a b c d Hssl «a b c d

a,b,c,d a,b a,b a,c,d a |a,b,c,d a,b a,b a,c,d
a,b a,b,c,d c,d a,b,c b | ab a,bc,d c¢,d a,bc
a,b c,d a,b,c,d a,b,c c | ab c,d a,b,c,d a,b,d
a,c,d a,b,c a,b,c abcd |d]|acd abc a,bd abcd

a b c d Hypl a b c d
a,b,c,d a,b a,b a,c,d a |a,b,c,d a,b a,b a,c,d
a,b a,b,c,d c,d a,bc b | ab a,bc,d c,d a,bc
a,b c,d a,b,c,d c,d c | ab c,d a,b,c,d a,c,d
a,c,d a,b,c c¢,d a,bcd |d]|acd abc a,c,d abcd

a b c d Hpl o« b c d
a |a,b,c,d a,b a,b a,c,d a |a,b,c,d a,b a,b a,c,d
b | ab abec,d c¢,d a,bc b | ab a,bc,d c,d a,bc
c| a,b c,d a,b,c,d b,ycd c | ab c¢,d a,b,c,da,b, c,d
d|acd abc bcd abcd | d|acd abc abcda,b,cd
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H43 C d H44 a b C d
a a,b a,c,d a |a,b,c,d a,b a,b a,c,d
b c,d a,b,d b | ab abc,d c,d a,bd
c a,b,c,d a,b c a,b c,d a,bc,d abc
d a,b a,b,c,dl | d|a,cd a,bd a,bc abcd
H45 C d H46 a b C d
a a,b a,c,d a |a,b,c,d a,b a,b a,c,d
b c,d a,b,d a,b a,b,c,d c,d a,bd
c a,b,c,d a,b,d c | ab c,d a,bc,d cd
d d abd abcd | d|acd abd cd abcd
H47 C d H48 a b Cc d
a a,b a,cd a |a,b,c,d a,b a,b a,c,d
b c,d a,b,d b | ab a,bc,d c,d a,bd
c a,b,c,d a,c,d c | ab d a,b,c,d bycd
d a,b,d a,c,d a,b,c,d| | d | ac,d abd bcd a,b,cd
H49 C d H50 a b C d
a a,b a,b a,c,d a |a,b,c,d a,b a,b a,c,d
b a,b,ec,d c¢,d a,bd b | ab abc,d c,d a,bcd
c c,d b,c,da,b,c,d| | ¢ | a,b c,d a,b,c,d a,b
d a,b,d a,b,c,da,b,c,d| | d | a,c,d a,b,c,d a,b a,bcd

PROPOSITION 3.3. Let H = {a,b,c,d} and (H,*) be a commutative
single power cyclic hypergroup of period two such that all of its elements
are generators of period two. Then, y # x© xy = yxx # x, for any

x,y € H.

Proof. (a) If axb = a then ax(bxb) = axH = H # (axb)*xb = axb=a
and if axb=>bthen ax(axb)=axb=>b%# (a*xa)xb=Hxb=H,
(b)Ifaxc=cthenax*x(axc)=axc=c# (axa)xc=Hx*xc=H
and f axc=athenax(cxc)=axH =H # (a*xc)*xc=ax*c=a,
(¢c)faxd=athenax(dxd)=axH =H # (axd)*xd=axd=a
and if axd=d then ax (axd)=axd=d# (axa)xd=Hxd=H,
()t bxec=0bthen bx(cxc) =bxH = H # (b*xc)*xc=bxc = b and
ifbxc=cthenbx (bxc)=bxc=c# (bxb)xc=Hx*c=H,
(e)Ifbxd=">bthen bx(dxd)=bxH =H # (bxd)xd=bxd =10
and if bxd=d then bx (bxd)=bxd=d# (bxb)xd=Hx*xd=H,
(f)If cxd=cthen cx(dxd) =cx H=H # (c*d) *

and if cxd = d then d* (c*c)

d=c*xd=rc

=d+«H=H# (dxc)xc=dxc=d. [
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PROPOSITION 3.4. Let H = {a,b,c,d} and (H, ) be a commutative
single power cyclic hypergroup of period two such that all of its elements
are generators of period two. Then:

) Ifaxb=cthenaxc=bxc=H,
Ifaxb=d thenaxd=bxd=H,
Ifaxc=0bthenaxb=cxb=H,
Ifaxc=dthenaxd=cxd=H.
Ifaxd=0bthenaxb=dxb=H.
Ifaxd=cthenaxc=dxc= H.

(
(b)
(c)
(d)
(e)
(f)
) Ifbxc=d thenbxd=cxd=H.
)
)
)
)
)

a
b
c
d
e
f
(g

(h) Ifbxc=a thenbxa=c*a=H,
(i) Ifbxd=c thenbxc=dxc=H,
(j) Ifbxd=a thenbxa=dx*a=H,
(k) Ifcxd=a thencxa=d*xa=H,

(1) Ifcxd=">bthencxb=d+xb=H,

Proof. (a) By hypothesis we have a * b = ¢. Now since a * (a x b) =
(axa)*b, we obtain axc = H. On the other hand since bx(bxa) = (bxb)*a
we obtain b*xc = H,

(b) By hypothesis we have axb = d. Now since a* (a*xb) = (a*a)*b,
we obtain @« d = H. On the other hand since a * (b*b) = (a *b) * b we
obtain bxd = H,

(c) By hypothesis we have a*c = b. Now since a* (cxc) = (a*c)*c,
we obtain b* ¢ = H. On the other hand since c* (a xa) = (c*x a) x a we
obtain bxa = H,

(d) By hypothesis we have a*c = d. Now since a* (a*xc) = (a*a)*c,
we obtain @ *xd = H. On the other hand since ¢ * (c* a) = (c*c) * a we
obtain d*xc = H.

(e) By hypothesis we have axd = b. Now since a* (a*xd) = (a*a)*d,
we obtain a b = H. On the other hand since d * (d* a) = (d*d) * a we
obtain d* b= H.

(f) By hypothesis we have axd = ¢. Now since a* (a*xd) = (a*a)*d,
we obtain a * ¢ = H. On the other hand since a * (d* d) = (a*d) * d we
obtain cxd = H.

(g) By hypothesis we have b* ¢ = d. Now since bx (b*c) = (b*b) * ¢,
we obtain b x d = H. On the other hand since b x (¢ x ¢) = (b* ¢) x ¢ we
obtain cxd = H.
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(h) By hypothesis we have b ¢ = a. Now since b (bxc) = (bxb) *c,
we obtain b* a = H. On the other hand since b (¢ x ¢) = (b* ¢) x ¢ we
obtain a xc = H.

(i) By hypothesis we have b d = c¢. Now since b* (dxd) = (b*d) *d,
we obtain ¢ d = H. On the other hand since b* (bxd) = (b*b) x d we
obtain bxc= H,

(j) By hypothesis we have b d = a. Now since bx (d*xd) = (bxd) *d,
we obtain a *xd = H. On the other hand since d * (b b) = (d*b) x b we
obtain a xb = H,

(k) By hypothesis we have c¢xd = a. Now since c¢x (d*d) = (c*xd) *d,
we obtain a *xd = H. On the other hand since d * (¢ * ¢) = (d * ¢) * ¢ we
obtain a xc = H,

(1) By hypothesis we have ¢ d = b. Now since cx (cxd) = (¢*c) *d,
we obtain ¢ b = H. On the other hand since ¢ * (d* d) = (c* d) * d we
obtain bxd = H, O

PROPOSITION 3.5. Let H = {a,b,c,d} and (H,*) be a commutative
single power cyclic hypergroup of period two such that all of its elements
are generators of period two. Then:

(a) Ifaxb+# H then a*c # b and b* c # a,
(b) If axc# H then axb+# c and a *x d # c,
(c) Ifbxd # H thenbxc+# d and bx a # d,
(d) Ifd*a # H then dc+# a and d* b # a,
(e) Ifd«a # H thendxb+# a and axb # d,
(f) If d«b# H then d*a # b and d*c # b,

Proof. The proof is similar to the proof of Proposition 3.4.

4. Non-Isomorphic Commutative Single Power Cyclic Hy-
pergroups of Order 4 and Period 2

In order to determine all the non-isomorphic commutative single power
cyclic hypergroups of order 4 and period 2, we use Algorithm 1. Indeed,
the algorithm is written base on the following illustrations.
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PROPOSITION 4.1. H3 and Hs are isomorphic hypergroups.

Hs| «a b c d Hs| «a b c d
ala,b,c,d a,b a,b c,d a |a,b,c,d a,b a,b c,d
b| ab a,b,c,d c,d a,b b| ab a,bc,d c,d a,b
cl| ab c,d a,b,c,d a,b,d cl| ab c,d a,b,c,d a,b,c
d| c,d a,b a,b,d a,b,c,d d| c,d a,b a,b,c a,b,c,d

Proof. Define f: Hy — Hy by f(a) = b, f(b) = a, f(¢) = d and
f(d) = c. Since Hs and Hs are commutative, it is suffices to check the
following:

flaxa)=f(H)=H fla)« fla) =bx"b=H
Fob) = J() = H F0) ¥ fb) —av'a=H
Fere)=f(H) =H FO+ o) =dvd=H
f(d+xd)=f(H)=H fld)« f(d)=c+c=H
flaxb) = f({a,b}) ={a,b} | fla) f(b)=bx"a={a,b}
flaxc) = f({a,b}) ={a,b} | [f(a)* f(c)=b+"d={a,b}
Flaxd) = f({e,d}) = {e,dy | f@)¥ F(d)=b¥c={c.d}
fbxc)=f{c,d}) ={c,df | f(b)+ f(c)=ax"d={cd}
fbxd) = f({a,b}) ={a,b} | f(b) " f(d) =ax"c={a,b}
flexd) = f({a,b,d}) ={a,b,c} | f(c)* f(d)=d* c={a,b,c}
m
PROPOSITION 4.2. H3y and Hig are isomorphic hypergroups
H32 a b c d ng a b Cc d
a |a,b,c,d a,b a,b a,c,d a |a,b,c,d a,b a,b c,d
b | ab a,bc,d c,d a,b b | ab a,bc,d c,d a,bd
c| ab c,d a,b,c,d c,d c| ab c,d a,b,c,d cd
d|acd ab c,d a,b,cd d| c¢,d abd cd abcd

Proof. Define f: Hsy — Hys by f(a) = d, f(b) = ¢, f(¢) = a and
f(d) =b. Since H3y and Hig are commutative, it is suffices to check the
following:
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flaxa)=f(H)=H fla)« f(a)=d«'"d=H
fbxb)=f(H)=H f)« f(b)=c¥c=H
flexe)=f(H)=H fle)* f(c)=a¥a=H
fld+d)=f(H)=H fld)« f(d)=b¥b=H
flaxb) = f({a,b}) ={c,d} fla) «" f(b) = d*" c={c,d}
Flawe) = F{ab) = {ed) | o)+ 7(0) = d+' a = {c.d)

]

ProrosiTiON 4.3. Hy, Hy, Hy, H5 and H; are non-isomorphic hyper-
groups.

H; a b c d Hyl a b c d
a la,b,c,d a,b a,b c,d ala,b,e,d a,b a,b c,d
b| a,b a,bc,d cd a,b b| ab a,bc,d cd a,b
c| a,b c,d a,b,c,d a,b cl| a,b c,d a,bc,d a,b,c
d| cd a,b a,b a,b,c,dl | d| cd a,b a,b,c a,b,c,d
H) «a b c d Hs| «a b c d
ala,b,c,d a,b a,b c,d ala,b,c,d a,b a,b c,d
b| ab a,b,c,d c,d a,b b| ab a,bc,d c,d a,b
c| ab c,d a,b,c,d cd cl| ab c,d a,b,c,d a,c,d
d| c,d a,b c,d a,b,c,dl |d| cd a,b a,c,d a,b,c,d
H7l «a b c d

ala,b,c,d a,b a,b c,d
b| a,b a,b,c,d c,d a,b
c| a,b c,d a,b,c,da,b,c,d
d| cd a,b a,b,c,da,b,c,d

THEOREM 4.4. Among the 183398 commutative single power cyclic
hypergroups of order four and period two, there are 7906 non-isomorph
commutative single power cyclic hypergroups.

Proof. By using Algorithm 1 presented in Appendix and a computer
program. O
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5. Appendix

In Algorithm 1, we set H = {a, b, c,d} and M the family of all non-
empty subsets of H. We investigate all hyperoperations on H with
desired properties. In order to do this, we assume that A is a 4 x 4
matrix as the table of hyperoperations on H. Note that the entries of
matrix A are the elements of M. The matrix A must be symmetric and
each entry on the main diameter is equal to H. Then,

AllHyperList:= the list of all A such that A is a hypergroup with
desired properties.

UniqueHyperList:= The list of all desired hypergroups up to iso-
morphism.

At the beginning, we investigate all possible cases to put the elements
of M above the main diameter. Then, we apply Proposition 3.1 to check
the associativity. If all 24 conditions of Proposition 3.1 are satisfied, then
(H, A) is one of the desired hypergroups and we put it inside AllHyper-
List. Afterward, the new A is compared to the elements of AllHyperList
to determine the isomorphic. If A is not isomorphic with any element
of AllHyperList, then we set A inside UniqueHyperList. We repeat the
above process for all cases.

Isomorphism investigation: Let A be a new matrix. We want to check
that A is isomorphic to other matrices or not. Suppose that S, is the
symmetric group of order 4.We check the isomorphism between A and
every element in AllHyperList. If under one of the elements of S;, we
obtain an isomorphism, then A is not new. In otherwise, A is non-
isomorphic to other matrices in AllHyperList and so we put A inside
UniqueHyperList.

In the following we present the algorithm.

Conclusion.

A hypergroup (H,x) is cyclic if there exists h € H and a natural
number s such that H = hUR?*U---h*U---. If H=hUh?>U---h® then
H is cyclic hypergroup with finite period. A hypergroup (H, *) is single
power cyclic hypergroup if H = hUh?U- - - h*U--- and hUR?U--- k™1 C
h™ for every m. In this paper we enumerated the commutative single
power cyclic hypergroups of order 4 and period 2, continuing the study
published in [4]. Among the 183398 commutative single power cyclic
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Algorithm 1: This algorithm finds the list of hypergroups up to
isomorphism for n = 4.

Algorithm SolveN4()

H <+ {1,2,3,4}

>M is the space of all possibility for elements a;;:
M < PowerSet(H) \ {0}

AllHypersList + ||

UniqueHypersList < [|

foreach (ai2,a13, a14, a2s, a4, ass) in MS® do

Set a;; = aj; forevery 1 < j <i<4 >A is symmetric
Set a;; = H for every 1 <:<4 pelements on the diameter are
H.

>A, a matrix 4 by 4, is the table of operation. It is
symmetric and all elements on the diameter are H.
A+ (aij)
>Checking 24 conditions to be A be a table of a hypergroup.
if Check24Conditions(A) then
>Checking that weather A is isomorphic to the previous
founded hypergroups.

if NOT IsRepeated(HypersList,A) then
| Add A to UniqueHypersList
end
Add A to AllHypersList
end

end
return UniqueHypersList

Procedure IsRepeated(HypersList,A)
Input : HypersList, a list of hypergroups;
A, a matrix of the action table of a hypergroup.
Output: Returns true, if the hypergroup corresponded to A is isomorphic to a
hypergroup in the list HypersList; Otherwise returns false.
S« Sym({1,2,3,4}) >S is the symmetric group over {1,2,3,4}.
foreach C = (¢;;) in HypersList do
foreach f in S do
>Define by(;)r(;) as the image of c;; under permutation f-
Set breiyy) = f(cij) for every 1 <4, < 4
B + (b”) >Note that bf(i)f(j) = {f(l‘) X € Ci]'}.
if A= B then
| return true
end
end

end
return false
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hypergroups of order four and period two, we obtained that there are
7906 non-isomorph commutative single power cyclic hypergroups.

For future work, we intend to continue our study of cyclicity in hy-
pergroups with other orders and periods.
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