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CYCLIC CODES OVER THE RING OF 4-ADIC
INTEGERS OF LENGTHS 15, 17 AND 19

YounGg Ho PARK

ABSTRACT. We present a new way of obtaining the complete fac-
torization of X™ — 1 for n = 15,17, 19 over the 4-adic ring O4[X] of
integers and thus over the Galois rings GR(2¢,2). As a result, we
determine all cyclic codes of lengths 15, 17 and 19 over those rings.
This extends our previous work on such cyclic codes of odd lengths
less than 15.

1. Introduction

Let F, denote the finite field of ¢ = p" elements with characteristic
p. In our previous work [9], we presented a theoretical background for
g-adic liftings of cyclic codes over [F, and determined all cyclic codes over
F, of length less than 15 and all liftings to the 4-adic ring of integers. In
this article, we continue this work to determine liftings of cyclic codes
of length 15,17, 19.

For generality on codes over fields, we refer to [5, 7]. See [2, 8] for
codes over Z,,, and [2, 3] for codes over p-adic rings.

We will use the same notations as in [9]. So GR(p®,r) denotes a
Galois ring, @, denotes the p-adic field and O, its ring of integers. Q,r
denotes the unique unramified extension of degree r over @, and O,
denotes the ring of integers of Q.
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There exists a projective system
(1) Fyr +— GR(p*,7) «— GR(P*, 1) +— -+ — Opr.
and an isomorphism between Galois groups
(2) Gal(GR(p®,rs)/GR(p%,r)) ~ Gal(Oprs/Opr)
generated by Fr" given by
Fr'(ag+ap+ - +apt +---) :agr+a§*p+...+af’"pt+...
on the p-adic expansion. In particular, if a is any nth of unity in Oy,

where n | p"* — 1, then Fr"(a) = o . Recall that 8 € Oprs lies in O, if
and only if Fr" () = .

2. Factorization of X" — 1

We always assume that n is an integer relatively prime to q. The
order of ¢ modulo n is the smallest positive integer ¢ such that ¢' =
(mod n). Then Fy contains a primitive nth root of unity «, but no
smaller extension of F, does.

Let 0 < s <n —1. The g-cyclotomic coset of s modulo n is the set

Cs={s,sq,- - ,sq™ ! (mod n)

where m is the smallest positive integer such that s¢™ = s (mod n). Let

g.(X) = TT(x — o).

1€C
Then
X" —1=]]g:(X)

is the factorization of X" — 1 into irreducibles over [F;, where s runs
over a set of representatives of ¢-cyclotomic cosets. This factorization
completely determines the cyclic codes of length n over F,. See [5, 7] for
more detail.

Since any cyclic code of length n over F, = O,/(p) is generated by
a monic factor g;(X) of X” — 1, where X™ — 1 = ¢;(X)g2(X), Hensel’s
lemma [4, 9] provides a mechanism for generalizing any class of cyclic
codes from F, to GR(p®,r) by X" —1 = g1.(X)g2.(X) (mod p°) and to
O, by X" —1 = g1,00(X)Gg2,00R(X). See [1] for more detail.
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3. Examples

We will consider the case ¢ = 22 so that p = 2 and r = 2. As usual,
Fy={0,1,w,1+w}=1{0,1,w,w?}, where w is a root of the polynomlal
h(X) = X2+ X +1 € Fyfz] and Fy = Fy(w). Lift h(X) over Oy as
h(X) = X? + X + 1. This is irreducible over Oy and over Q, as well.
Let ¢ be a root of h(X) in Oy so that Oy = O5[(]. Since we may take
w as ¢ (mod 2), we will replace ( with w. This way, the projections of
¢ € Oy to GR(22%,2) are all denoted by w and we may write

Fy =Folw], GR(2°2) =Zp[w], Oy=0sw], Q4= Qslw].

3.1. Cyclic codes of length 15. First we will consider cyclic codes
over Iy of length 15. The g-cyclotomic cosets mod n = 15 are given by

CO = {0}7 Cl = {174}7 CY2 = {278}7 03 = {37 12}: CY5 - {5}
CG — {6, 9}, 07 — {7, 13}, ClO — {10}, CH - {11, 14}
Thus X' — 1 splits into linear factors over Fy2 = Falws|, where wy is
a root of X* 4+ X + 1 over Fy of multiplicative order 15. Let a € F2
be any primitive 15th root of unity. We may take o = wy. Note also
that (w3)* = w3, and hence F; = {0,1,w),wi’}. Thus we may take

w=w) = w; +wy. Let go(X) = [[;cc. (X — ') as before. Then X —1
factors over F, as follows:

X =1 = (X = 1)g1(X)g2(X)gs(X)g5(X)g6(X ) g7(X) g10(X) g11(X).

It turns out that the factors g,(X) of X' — 1 are

g (X) = X2+X+w B(X) =X+ X+ (w+1)
g3(X) = +w+DHX+1, ¢g(X)=X+w

g6(X) = X2—|—wX—|—1 g7(X):X2+wX+w

g1o(X) =X + (w+1), gu(X) =X+ (w+ )X + (w+1)

To see these, we consider g3(X) = X2 — (o + a'?)X + 1 for example.
By the division algorithm we have that

X3+ X2=X>+X+1 (mod X*+ X +1)

sothat &® + a? = w3 +we +1=w+ 1.



770 Young Ho Park

We would like to lift ¢g4(X) to gs.(X) € GR(2%2)[X] for all e =
2,3, -+ such that

X15 -1= (X - 1)Hgs,e(X)'

Using the software like MAGMA [6], we can obtain g; . for small e’s. For
example, we list g; 5 over GR(32,2):

gs5(X)=X24 (6w —-7X 4w,  gX)=X>4 (—6w—13)X — (w+1)

Gs(X)=X>+(1Bw+NX+1, gs5X)=X—w

965(X) = X?>+ (13w —6)X + 1, gr5(X)=X*+(-Tw+6)X +w
gi05(X) =X +w+1, g115(X) = X2+ (Tw+13)X — (w+ 1)

However, it is impossible to get their lifts in this way to the 4-adic ring.
Instead, by a careful inspection of lifts of ¢g5(X) for small e’s we first
conjecture that the g-adic lifts will have the form

Groo(X) = X? + (aw + b) X + w,
Proo(X) = X2 + (—aw + (b—a)) X — (w+1)
Goo(X) = X2+ ((a — b)w — b) X + 1,
Gsoo(X) =X —w
(3) s
Gooo(X) =X+ ((b—a)w—a)X +1,
oo(X)
oo(X)

Gi100(X) = X2+ (=bw + (a — b)) X — (w+1).

for some a € Oy where b = —a — 1. Here g oo[X] € O4|w] denotes the
g-adic lift of g,[X]. Plugging these lifts back to the factorization

(4) X —1=(X =1 ][ gse(X)

in O4[X] and expanding the product, we can obtain that the equality
XP¥ —1=x"-3(2+3a+3a*) X"+ (2+3a + 3a*)*(5 + 3a + 3a*) X*
—(2+3a+3a%)*(5+ 3a + 3a®) X° 4+ 3(2 + 3a + 3a®) X° - 1.
Hence (4) holds if and only if a € O, satisfies
(5) 3a* +3a+2=0.



Cyclic codes over the ring of 4-adic integers of lengths 15, 17 and 19 771

Notice that b = —a — 1 is also a solution of (5). Recall that ¢ € Oy has
a square root if and only if ¢ = 1 (mod 8). See [10] for detail. Since
—15 =1 (mod 8), we obtain two solutions for a as follows:

—3++/—15

(6) @=—"F—"
Consequently, we have obtained the 4-adic liftings of g5(X) given by (3)
with one of these a. Notice that replacing a with —a — 1 gives the same
list of factors.

Of course, solutions of (5) mod 2¢ give g,.(X) by the factorization
given by (3). For an example, we get a = 6, —7 by solving (5) modulo
25 and it gives the factorization over GR(2°,2).

3.2. Cyclic codes of length 17. Now we will consider cyclic codes
over F, of length 17. The cyclotomic cosets mod n = 17 over I, are
Co={0}, C;=1{1,4,16,13}, Cy={2,8,15,9},
Cs = {3,12,14,5}, Cs = {6,7,11,10}.
Hence X7 — 1 splits into linear factors over Fya = Fy [wa], where wy is a
primitive root of f = X®+ X%+ X3 + X2 + 1 € Fo[X] of multiplicative
order 4* — 1 = 255. The subfield F, consists of {0, 1,w, w?}, where
(7) W = W4255/3 = CU47 + W46 + QJ44 + (JJ42 + wy.
Let o € F44 be any primitive 17th root of unity. We may take a = w}®.
Now X7 — 1 factors over F, as

X' —1=(X - 1)g1(X)g2(X)g5(X)gs(X).

For s =1,2,3,6, let
Ag = Z ol

i€Cs
Using only the fact that « is a primitive 17th root of unity, we can show
that the following formal identities hold:

P(X) =X = MX+ (A +2)X° = M X + 1,
g2(X) = X1 = 2 X% 4+ (N6 +2) X7 = Mo X + 1,
®) g3(X) = X' = X X%+ (Mo +2) X% = N X + 1,
96(X) = X* = X6 X® + (M +2) X% — N X + 1.

Let
01:)\1+/\2, 02:)\3+>\6.
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Then oy and oy satisfy the identity
9) o’ +o—4=0.
Furthermore, we have the formal identities
G1(X)ga(X) = X® — 1 X"+ 3+ 02)X® + (4 4+ 09) X° + (3 + 209) X*
+(4+0) X+ (34 09)X* — 1 X +1,
33(X)gs(X) = X® — 0 X"+ (3+01) X + (4 4+ 01)X° + (34 207) X*
+@d+o)XP+ B +0)X:— X + 1.

From these identities, we can show that the identity

X7 —1=(X = 1) [[goe(X)

holds if and only if
o1 +o0,+1=0,
a% +0;—4=0.
Note that (10) implies that o2 + oy — 4 = 0, too.
Finally, one can show that the following formal identities also hold:
M =X 423 +4, A3 =\ +2) +4,
(11) As =X+ 20 +4, A= A3+2)\ +4.
Let 0y = aw + b. Then (10) implies that
a(l—a+2b) =0,
—4—a*+b+b =0.

Let us go back to the case over Fy. If a # 0, then a = 1 4 2b and
thus 3b% + 3b + 5 = 0, which has no root b modulo 2 and hence for all
2¢. Hence we must have a = 0. Let \; = a;w + b; for : = 1,2,3,6. Then
a = 0 means that

(10)

(12)

as = —ay, ag= —as.
Now A\; = w;® + w§® 4+ wi® + wi%. By the division algorithm over Fy,
X4 X0 4 X204 X = X7 X0 X'+ X2+ X +1  (mod f).
This implies that A\; = w + 1 by (7). Similarly,
A=w, A=1 I=1

Consequently, we have obtained the factorization of X7 — 1 over F,
given by (8).
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We will lift g4(X) to gs.(X) € GR(2%2)[X] for all e = 2,3,--- ,00
such that
X1 = (- ) [ gna(X

Again, we can find g;. for small e’s by using MAGMA. For example, we
list gs5(X) over GR(32 2):

gi5(X)=X"— (—w+5) X%+ (—6w —7)X* — (—w+5)X +1,
(13) g25(X) = X' — (w+6)X° + (6W-1)X2—(w+6)X—|—17

935(X)= — (6w — 9 X? + (w+8) X% — (—bw +T)X +1,

96.5(X) = X — (6w —3) X3+ (—w + 7)X? — (6w — 3)X + 1.

From these lifts for small e’s we conjecture that the g-adic lifts g; [ X] €
O4|w] of gs[X] have the forms as in (8), this time with \; = a;w + b; for
some a;, b; € Oy such that

(14) a; = by — by, ax = by — b1, ag = bz — bs, ag = bg — bs.

Moreover, (9) implies that by + by and bs + bg are roots of 22 +x —4 = 0,
equivalently

(15) (b1 + b2)? + (by + b2) —4 =0,
by + by + by + bg = —
and the first equation \? = Ay + 23 + 4 of (11) implies
(16) 4+ by — 2b1by + b3 + 2bg = 0,
2+ by — b} + 3by + b3 + 4bg = 0.
Equations (15) and (16) implies that

an (by 4 by)? + (by + by) — 4 = 0,
3b1by + (by + by) — 5= 0.

These equations also hold for b3 and bg instead of b; and bs.
The equation (13) shows that
(18) by=b3=bg=1, b =0 (mod 2)

Let #,u be two roots of 22 + 2 —4 = 0 in O, such that x = 1 (mod 2)
and ¢ =0 (mod 2). Then b; + by = k and b3 + bg = p. By the second
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equation in (17), we then have
(19) 307 — 3kby + (5 — k) = 0,
(20) 303 — 3ubs + (5 —p) =0
First, b; and by are roots of the polynomial
(21) fi(z) = 32 — 3kx + (5 — K).
Since f{(x) = 6x — 3k # 0 for odd k&, solving (21) modulo 2¢ always gives
exactly two solutions modulo 2¢. The solutions by, by in O, are given by
3k + VIK2 + 125 — 60
6

Next, to solve for b3 and bg, let © = 2u9. The equation for bz, bg from
(20) is given by

(22) by, by =

(23) 3(z — p2)® — (34t + 212 — 5) = 0.
Hence solutions b3, bg in Oy are given by

3us +2u9 — 5
(24) bg,bGZMQZE\/%.

More detailed explanation is need to find bg, bs. Let M = (3u3 + 2us —
5)/3. The equation (20) has solutions x = 11 and g = 4 mod 16,
hence ps = 2 (mod 8) and 3p3 + 2y — 5 = 3 (mod 8). Hence M =1
(mod 8), which implies that there exists m € Oy such that m? = M and
then x = py + m are solutions for bs,bs in (23). To find m, we need
to find a root of f3(z) = 22 — M = 0. Since f}(1) = 0 (mod 2), we
cannot use Hensel’s lemma to find the roots. But, after the transform
m = (m+ 1)/2, m becomes a root of

(25) i —y— (M —1)/4=0.
Now we can use the Hensel’s lemma to solve it modulo any 2¢ since
2y +1#0 (mod 2).

As a final example, let us use our results to find the factorization of
X1 — 1 over GR(2%,2). By solving 22 + z —4 =0 (mod 2?), we obtain
k = 139 and p = 372. We then solve the equation (21) modulo 2° to get
by = 166, by = 485.

To solve for bs, bg, we need to be careful with us. Note that

p=2+a2 4+ +a2+--=21+a2 +--+a2t 4+ --1)
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in Oy so that py = 1+ a2t + -+ + a2 +---. To get pp mod 2¢, we
thus need to get x4 mod 2. Solving 22 + x —4 =0 (mod 2'°), we get
p =884 and py = 442. Then M = 73 (mod 2°) and (M —1)/4 = 18.

We now solve y> —y — 18 = 0 (mod 2%) to get m = 79,434 and then
m = 2m — 1 = 157,355. Finally, b3, bg = o +m = 87,285. By (8), we
obtain the factorization

g10 = X* — (193w + 166) X > + (198w + 287) X — (193w + 166) X + 1
920 = X* — (—193w + 485) X3 + (—198w + 89) X% — (—193w + 485) X + 1
930 = X* — (—198w + 87) X® + (193w + 168) X? — (—198w + 87) X + 1
g0 = X* — (198w + 285) X3 + (—193w + 487) X? — (198w + 285)X + 1

Notice that interchanging by, by and b3, bg gives the same factorization.

3.3. Cyclic codes of length 19. Finally let us consider cyclic codes
of length 19. The cyclotomic cosets mod n = 19 are Cy = {0} together
with

Cy ={1,4,16,7,9,17,11,6,5}, Co={2,8,13,14,18,15,3,12,10}.
Hence X' — 1 splits into linear factors over Fyo = Fylwg], where wq is

a primitive root of f = X1® + X124 X104 X 4+ 1. Let a € Fyo be any
primitive 19th root of unity. Now X!¥ — 1 factors over Fy as

X —1=(X - 1)gi(X)ga(X)
where g4(X) = [[;cc. (X — ). For s = 1,2, let
A = Z a € 04,
1€Cly

where A\; + Ay + 1 = 0. Using the fact that « is a primitive 19th root of
unity, we obtain formal identities

(X)) =X =\ X®—2XT 4+ (\ +2)X° — (A —2)X°
— (M HFDX (N - DX F2X2 X -1,
G2(X) =X? — M X® —2X" + (Mg +2) X% — (\y — 2)X°
— M +3)X (M- DXPH2X2 N X — 1

(26)

It is easy to check that A\; and Ay satisfy the equation
(27) P +2+5=0.
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Solutions of this give the complete factorization of X¥ — 1 over O4. To
obtain these solutions concretely, let A\ = aw + b with a,b € Oy. Then
(27) is equivalent to

P+b—a>+5=0

28
(28) a(l—a+2b)=0

If a = 0, then b*>+b+5 = 0, which is impossible mod 2. Thus a = 1+ 2b
and (28) is equivalent to

3b” +3b—4=0.

(29)
a=1+2b
This equations give b = (=3 £ /57)/6 € Oy and a = 1 + 2b accordingly.
Consequently we have obtained the factorization of X' — 1 over Oy.

For the finite ring GR(2°,2), we can solve the equation (29) mod 2°
and obtain b = 3,28 and then a = 7,25. It gives the factorization as in
(26) with Ay = 7w + 3 and \y = —Tw + 28.
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