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CYCLIC CODES OVER THE RING OF 4-ADIC

INTEGERS OF LENGTHS 15, 17 AND 19

Young Ho Park

Abstract. We present a new way of obtaining the complete fac-
torization of Xn − 1 for n = 15, 17, 19 over the 4-adic ring O4[X] of
integers and thus over the Galois rings GR(2e, 2). As a result, we
determine all cyclic codes of lengths 15, 17 and 19 over those rings.
This extends our previous work on such cyclic codes of odd lengths
less than 15.

1. Introduction

Let Fq denote the finite field of q = pr elements with characteristic
p. In our previous work [9], we presented a theoretical background for
q-adic liftings of cyclic codes over Fq and determined all cyclic codes over
F4 of length less than 15 and all liftings to the 4-adic ring of integers. In
this article, we continue this work to determine liftings of cyclic codes
of length 15, 17, 19.

For generality on codes over fields, we refer to [5, 7]. See [2, 8] for
codes over Zm, and [2, 3] for codes over p-adic rings.

We will use the same notations as in [9]. So GR(pe, r) denotes a
Galois ring, Qp denotes the p-adic field and Op its ring of integers. Qpr

denotes the unique unramified extension of degree r over Qp and Opr

denotes the ring of integers of Qpr .
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There exists a projective system

(1) Fpr ←− GR(p2, r)←− GR(p3, r)←− · · · ←− Opr .

and an isomorphism between Galois groups

(2) Gal(GR(pe, rs)/GR(pe, r)) ' Gal(Oprs/Opr)

generated by Frr given by

Frr(a0 + a1p+ · · ·+ atp
t + · · · ) = ap

r

0 + ap
r

1 p+ · · ·+ ap
r

t p
t + · · ·

on the p-adic expansion. In particular, if α is any nth of unity in Oprs ,
where n | prs − 1, then Frr(α) = αpr . Recall that β ∈ Oprs lies in Opr if
and only if Frr(β) = β.

2. Factorization of Xn − 1

We always assume that n is an integer relatively prime to q. The
order of q modulo n is the smallest positive integer t such that qt ≡ 1
(mod n). Then Fqt contains a primitive nth root of unity α, but no
smaller extension of Fq does.

Let 0 ≤ s ≤ n− 1. The q-cyclotomic coset of s modulo n is the set

Cs = {s, sq, · · · , sqm−1 (mod n)

where m is the smallest positive integer such that sqm ≡ s (mod n). Let

gs(X) =
∏
i∈Cs

(X − αi).

Then

Xn − 1 =
∏
s

gs(X)

is the factorization of Xn − 1 into irreducibles over Fq, where s runs
over a set of representatives of q-cyclotomic cosets. This factorization
completely determines the cyclic codes of length n over Fq. See [5, 7] for
more detail.

Since any cyclic code of length n over Fq = Oq/(p) is generated by
a monic factor g1(X) of Xn − 1, where Xn − 1 = g1(X)g2(X), Hensel’s
lemma [4, 9] provides a mechanism for generalizing any class of cyclic
codes from Fq to GR(pe, r) by Xn−1 ≡ g1,e(X)g2,e(X) (mod pe) and to
Oq by Xn − 1 = g1,∞(X)g2,∞h(X). See [1] for more detail.
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3. Examples

We will consider the case q = 22 so that p = 2 and r = 2. As usual,
F4 = {0, 1, ω, 1 + ω} = {0, 1, ω, ω2}, where ω is a root of the polynomial
h̄(X) = X2 + X + 1 ∈ F2[x] and F4 = F2(ω). Lift h̄(X) over O2 as
h(X) = X2 + X + 1. This is irreducible over O2 and over Q2 as well.
Let ζ be a root of h(X) in O4 so that O4 = O2[ζ]. Since we may take
ω as ζ (mod 2), we will replace ζ with ω. This way, the projections of
ζ ∈ O4 to GR(22, 2) are all denoted by ω and we may write

F4 = F2[ω], GR(2e, 2) = Zpe [ω], O4 = O2[ω], Q4 = Q2[ω].

3.1. Cyclic codes of length 15. First we will consider cyclic codes
over F4 of length 15. The q-cyclotomic cosets mod n = 15 are given by

C0 = {0}, C1 = {1, 4}, C2 = {2, 8}, C3 = {3, 12}, C5 = {5}
C6 = {6, 9}, C7 = {7, 13}, C10 = {10}, C11 = {11, 14}.

Thus X15 − 1 splits into linear factors over F42 = F2[ω2], where ω2 is
a root of X4 + X + 1 over F2 of multiplicative order 15. Let α ∈ F42

be any primitive 15th root of unity. We may take α = ω2. Note also
that (ω5

2)4 = ω5
2, and hence F4 = {0, 1, ω5

2, ω
10
2 }. Thus we may take

ω = ω5
2 = ω2

2 +ω2. Let gs(X) =
∏

i∈Cs
(X −αi) as before. Then X15− 1

factors over F4 as follows:

X15 − 1 = (X − 1)g1(X)g2(X)g3(X)g5(X)g6(X)g7(X)g10(X)g11(X).

It turns out that the factors gs(X) of X15 − 1 are

g1(X) = X2 +X + ω, g2(X) = X2 +X + (ω + 1)

g3(X) = X2 + (ω + 1)X + 1, g5(X) = X + ω

g6(X) = X2 + ωX + 1, g7(X) = X2 + ωX + ω

g10(X) = X + (ω + 1), g11(X) = X2 + (ω + 1)X + (ω + 1)

To see these, we consider g3(X) = X2 − (α3 + α12)X + 1 for example.
By the division algorithm we have that

X3 +X12 ≡ X2 +X + 1 (mod X4 +X + 1)

so that α3 + α12 = ω2
2 + ω2 + 1 = ω + 1.
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We would like to lift gs(X) to gs,e(X) ∈ GR(2e, 2)[X] for all e =
2, 3, · · · such that

X15 − 1 = (X − 1)
∏
s

gs,e(X).

Using the software like MAGMA [6], we can obtain gs,e for small e’s. For
example, we list gs,5 over GR(32, 2):

g1,5(X) = X2 + (6ω − 7)X + ω, g2,s(X) = X2 + (−6ω − 13)X − (ω + 1)

g3,5(X) = X2 + (13ω + 7)X + 1, g5,5(X) = X − ω

g6,5(X) = X2 + (−13ω − 6)X + 1, g7,5(X) = X2 + (−7ω + 6)X + ω

g10.5(X) = X + ω + 1, g11,5(X) = X2 + (7ω + 13)X − (ω + 1)

However, it is impossible to get their lifts in this way to the 4-adic ring.
Instead, by a careful inspection of lifts of gs(X) for small e’s we first
conjecture that the q-adic lifts will have the form

g1,∞(X) = X2 + (aω + b)X + ω,

g2,∞(X) = X2 + (−aω + (b− a))X − (ω + 1)

g3,∞(X) = X2 + ((a− b)ω − b)X + 1,

g5,∞(X) = X − ω
g6,∞(X) = X2 + ((b− a)ω − a)X + 1,

g7,∞(X) = X2 + (bω + a)X + ω

g10,∞(X) = X + ω + 1,

g11,∞(X) = X2 + (−bω + (a− b))X − (ω + 1).

(3)

for some a ∈ O2 where b = −a − 1. Here gs,∞[X] ∈ O4[ω] denotes the
q-adic lift of gs[X]. Plugging these lifts back to the factorization

(4) X15 − 1 = (X − 1)
∏
s

gs,∞(X)

in O4[X] and expanding the product, we can obtain that the equality

X15 − 1 =X15 − 3(2 + 3a + 3a2)X12 + (2 + 3a + 3a2)2(5 + 3a + 3a2)X9

− (2 + 3a + 3a2)2(5 + 3a + 3a2)X6 + 3(2 + 3a + 3a2)X3 − 1.

Hence (4) holds if and only if a ∈ O2 satisfies

(5) 3a2 + 3a+ 2 = 0.
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Notice that b = −a− 1 is also a solution of (5). Recall that c ∈ O2 has
a square root if and only if c ≡ 1 (mod 8). See [10] for detail. Since
−15 ≡ 1 (mod 8), we obtain two solutions for a as follows:

(6) a =
−3±

√
−15

6
.

Consequently, we have obtained the 4-adic liftings of gs(X) given by (3)
with one of these a. Notice that replacing a with −a− 1 gives the same
list of factors.

Of course, solutions of (5) mod 2e give gs,e(X) by the factorization
given by (3). For an example, we get a = 6,−7 by solving (5) modulo
25 and it gives the factorization over GR(25, 2).

3.2. Cyclic codes of length 17. Now we will consider cyclic codes
over F4 of length 17. The cyclotomic cosets mod n = 17 over F4 are

C0 = {0}, C1 = {1, 4, 16, 13}, C2 = {2, 8, 15, 9},
C3 = {3, 12, 14, 5}, C6 = {6, 7, 11, 10}.

Hence X17 − 1 splits into linear factors over F44 = F2[ω4], where ω4 is a
primitive root of f = X8 +X4 +X3 +X2 + 1 ∈ F2[X] of multiplicative
order 44 − 1 = 255. The subfield F4 consists of {0, 1, ω, ω2}, where

(7) ω = ω4
255/3 = ω4

7 + ω4
6 + ω4

4 + ω4
2 + ω4.

Let α ∈ F44 be any primitive 17th root of unity. We may take α = ω15
4 .

Now X17 − 1 factors over F4 as

X17 − 1 = (X − 1)g1(X)g2(X)g3(X)g6(X).

For s = 1, 2, 3, 6, let

λs =
∑
i∈Cs

αi.

Using only the fact that α is a primitive 17th root of unity, we can show
that the following formal identities hold:

g1(X) = X4 − λ1X3 + (λ3 + 2)X2 − λ1X + 1,

g2(X) = X4 − λ2X3 + (λ6 + 2)X2 − λ2X + 1,

g3(X) = X4 − λ3X3 + (λ2 + 2)X2 − λ3X + 1,

g6(X) = X4 − λ6X3 + (λ1 + 2)X2 − λ6X + 1.

(8)

Let
σ1 = λ1 + λ2, σ2 = λ3 + λ6.
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Then σ1 and σ2 satisfy the identity

σ2 + σ − 4 = 0.(9)

Furthermore, we have the formal identities

g1(X)g2(X) = X8 − σ1X7 + (3 + σ2)X
6 + (4 + σ2)X

5 + (3 + 2σ2)X
4

+ (4 + σ2)X
3 + (3 + σ2)X

2 − σ1X + 1,

g3(X)g6(X) = X8 − σ2X7 + (3 + σ1)X
6 + (4 + σ1)X

5 + (3 + 2σ1)X
4

+ (4 + σ1)X
3 + (3 + σ1)X

2 − σ2X + 1.

From these identities, we can show that the identity

X17 − 1 = (X − 1)
∏
s

gs,∞(X)

holds if and only if

σ1 + σ2 + 1 = 0,

σ2
1 + σ1 − 4 = 0.

(10)

Note that (10) implies that σ2
2 + σ2 − 4 = 0, too.

Finally, one can show that the following formal identities also hold:

λ21 = λ2 + 2λ3 + 4, λ22 = λ1 + 2λ6 + 4,

λ23 = λ6 + 2λ2 + 4, λ26 = λ3 + 2λ1 + 4.
(11)

Let σ1 = aω + b. Then (10) implies that

a(1− a+ 2b) = 0,

−4− a2 + b+ b2 = 0.
(12)

Let us go back to the case over F4. If a 6= 0, then a = 1 + 2b and
thus 3b2 + 3b + 5 = 0, which has no root b modulo 2 and hence for all
2e. Hence we must have a = 0. Let λi = aiω + bi for i = 1, 2, 3, 6. Then
a = 0 means that

a2 = −a1, a6 = −a3.
Now λ1 = ω15

4 +ω60
4 +ω240

4 +ω195
4 . By the division algorithm over F4,

X15 +X60 +X240 +X195 ≡ X7 +X6 +X4 +X2 +X + 1 (mod f).

This implies that λ1 = ω + 1 by (7). Similarly,

λ2 = ω, λ3 = 1, λ6 = 1.

Consequently, we have obtained the factorization of X17 − 1 over F4

given by (8).
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We will lift gs(X) to gs,e(X) ∈ GR(2e, 2)[X] for all e = 2, 3, · · · ,∞
such that

X17 − 1 = (X − 1)
∏
s

gs,e(X).

Again, we can find gs,e for small e’s by using MAGMA. For example, we
list gs,5(X) over GR(32, 2):

g1,5(X) = X4 − (−ω + 5)X3 + (−6ω − 7)X2 − (−ω + 5)X + 1,

g2,5(X) = X4 − (ω + 6)X3 + (6ω − 1)X2 − (ω + 6)X + 1,

g3,5(X) = X4 − (−6ω − 9)X3 + (ω + 8)X2 − (−6ω + 7)X + 1,

g6,5(X) = X4 − (6ω − 3)X3 + (−ω + 7)X2 − (6ω − 3)X + 1.

(13)

From these lifts for small e’s we conjecture that the q-adic lifts gs,∞[X] ∈
O4[ω] of gs[X] have the forms as in (8), this time with λi = aiω + bi for
some ai, bi ∈ O2 such that

a1 = b1 − b2, a2 = b2 − b1, a3 = b3 − b6, a6 = b6 − b3.(14)

Moreover, (9) implies that b1 + b2 and b3 + b6 are roots of x2 +x− 4 = 0,
equivalently

(b1 + b2)
2 + (b1 + b2)− 4 = 0,

b1 + b2 + b3 + b6 = −1,
(15)

and the first equation λ21 = λ2 + 2λ3 + 4 of (11) implies

4 + b2 − 2b1b2 + b22 + 2b6 = 0,

2 + b1 − b21 + 3b2 + b22 + 4b6 = 0.
(16)

Equations (15) and (16) implies that

(b1 + b2)
2 + (b1 + b2)− 4 = 0,

3b1b2 + (b1 + b2)− 5 = 0.
(17)

These equations also hold for b3 and b6 instead of b1 and b2.
The equation (13) shows that

(18) b1 ≡ b3 ≡ b6 ≡ 1, b2 ≡ 0 (mod 2)

Let κ, µ be two roots of x2 + x− 4 = 0 in O4 such that κ ≡ 1 (mod 2)
and µ ≡ 0 (mod 2). Then b1 + b2 = κ and b3 + b6 = µ. By the second
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equation in (17), we then have

3b21 − 3κb1 + (5− κ) = 0,(19)

3b23 − 3µb3 + (5− µ) = 0(20)

First, b1 and b2 are roots of the polynomial

(21) f1(x) = 3x2 − 3κx+ (5− κ).

Since f ′1(x) = 6x−3κ 6= 0 for odd κ, solving (21) modulo 2e always gives
exactly two solutions modulo 2e. The solutions b1, b2 in O2 are given by

(22) b1, b2 =
3κ±

√
9κ2 + 12κ− 60

6
.

Next, to solve for b3 and b6, let µ = 2µ2. The equation for b3, b6 from
(20) is given by

(23) 3(x− µ2)
2 − (3µ2

2 + 2µ2 − 5) = 0.

Hence solutions b3, b6 in O2 are given by

(24) b3, b6 = µ2 ±
√

3µ2
2 + 2µ2 − 5

3
.

More detailed explanation is need to find b3, b6. Let M = (3µ2
2 + 2µ2 −

5)/3. The equation (20) has solutions κ ≡ 11 and µ ≡ 4 mod 16,
hence µ2 ≡ 2 (mod 8) and 3µ2

2 + 2µ2 − 5 ≡ 3 (mod 8). Hence M ≡ 1
(mod 8), which implies that there exists m ∈ O2 such that m2 = M and
then x = µ2 ± m are solutions for b3, b6 in (23). To find m, we need
to find a root of f3(x) = x2 − M = 0. Since f ′3(1) ≡ 0 (mod 2), we
cannot use Hensel’s lemma to find the roots. But, after the transform
m̂ = (m+ 1)/2, m̂ becomes a root of

(25) y2 − y − (M − 1)/4 = 0.

Now we can use the Hensel’s lemma to solve it modulo any 2e since
2y + 1 6≡ 0 (mod 2).

As a final example, let us use our results to find the factorization of
X17 − 1 over GR(29, 2). By solving x2 + x− 4 ≡ 0 (mod 29), we obtain
κ = 139 and µ = 372. We then solve the equation (21) modulo 29 to get
b1 = 166, b2 = 485.

To solve for b3, b6, we need to be careful with µ2. Note that

µ = 2 + a22
2 + · · ·+ ae2

e + · · · = 2(1 + a22
1 + · · ·+ ae2

e−1 + · · · )
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in O2 so that µ2 = 1 + a22
1 + · · ·+ ae2

e−1 + · · · . To get µ2 mod 2e, we
thus need to get µ mod 2e+1. Solving x2 + x− 4 ≡ 0 (mod 210), we get
µ = 884 and µ2 = 442. Then M ≡ 73 (mod 29) and (M − 1)/4 = 18.

We now solve y2 − y − 18 ≡ 0 (mod 29) to get m̂ = 79, 434 and then
m = 2m̂ − 1 = 157, 355. Finally, b3, b6 = µ2 + m = 87, 285. By (8), we
obtain the factorization

g1,9 = X4 − (193ω + 166)X3 + (198ω + 287)X2 − (193ω + 166)X + 1

g2,9 = X4 − (−193ω + 485)X3 + (−198ω + 89)X2 − (−193ω + 485)X + 1

g3,9 = X4 − (−198ω + 87)X3 + (193ω + 168)X2 − (−198ω + 87)X + 1

g6,9 = X4 − (198ω + 285)X3 + (−193ω + 487)X2 − (198ω + 285)X + 1

Notice that interchanging b1, b2 and b3, b6 gives the same factorization.

3.3. Cyclic codes of length 19. Finally let us consider cyclic codes
of length 19. The cyclotomic cosets mod n = 19 are C0 = {0} together
with

C1 = {1, 4, 16, 7, 9, 17, 11, 6, 5}, C2 = {2, 8, 13, 14, 18, 15, 3, 12, 10}.

Hence X19 − 1 splits into linear factors over F49 = F2[ω9], where ω9 is
a primitive root of f = X18 + X12 + X10 + X + 1. Let α ∈ F49 be any
primitive 19th root of unity. Now X19 − 1 factors over F4 as

X19 − 1 = (X − 1)g1(X)g2(X)

where gs(X) =
∏

i∈Cs
(X − αi). For s = 1, 2, let

λs =
∑
i∈Cs

αi ∈ O4,

where λ1 + λ2 + 1 = 0. Using the fact that α is a primitive 19th root of
unity, we obtain formal identities

g1(X) =X9 − λ1X8 − 2X7 + (λ1 + 2)X6 − (λ1 − 2)X5

− (λ1 + 3)X4 + (λ1 − 1)X3 + 2X2 + λ2X − 1,

g2(X) =X9 − λ2X8 − 2X7 + (λ2 + 2)X6 − (λ2 − 2)X5

− (λ2 + 3)X4 + (λ2 − 1)X3 + 2X2 + λ1X − 1

(26)

It is easy to check that λ1 and λ2 satisfy the equation

x2 + x+ 5 = 0.(27)



776 Young Ho Park

Solutions of this give the complete factorization of X19 − 1 over O4. To
obtain these solutions concretely, let λ1 = aω + b with a, b ∈ O2. Then
(27) is equivalent to

b2 + b− a2 + 5 = 0

a(1− a+ 2b) = 0
(28)

If a = 0, then b2 + b+5 = 0, which is impossible mod 2. Thus a = 1+2b
and (28) is equivalent to

3b2 + 3b− 4 = 0.

a = 1 + 2b
(29)

This equations give b = (−3±
√

57)/6 ∈ O2 and a = 1 + 2b accordingly.
Consequently we have obtained the factorization of X19 − 1 over O4.

For the finite ring GR(25, 2), we can solve the equation (29) mod 25

and obtain b = 3, 28 and then a = 7, 25. It gives the factorization as in
(26) with λ1 = 7ω + 3 and λ2 = −7ω + 28.
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