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SASAKIAN STRUCTURES ON PRODUCTS OF REAL

LINE AND KÄHLERIAN MANIFOLD

Gherici Beldjilali, Ahmed Mohammed Cherif, and
Kaddour Zaga

Abstract. In this paper, we construct a Sasakian manifold by the
product of real line and Kählerian manifold with exact Kähler form.
This result demonstrates the close relation between Sasakian and
Kählerian manifold with exact Kähler form. We present an example
and an open problem.

1. Introduction

A (2n+ 1)-dimensional Riemannian manifold (M, g) is said to be an
almost contact metric manifold if there exist a (1, 1)-tensor field ϕ on
M , a vector field ξ ∈ Γ(TM) and a 1-form η ∈ Γ(T ∗M), such that:

η(ξ) = 1, ϕ2X = −X + η(X)ξ

g(ϕX,ϕY ) = g(X, Y )− η(X)η(Y ),

for all X, Y ∈ Γ(TM). In particular, in an almost contact metric mani-
fold we also have ϕξ = 0 and η ◦ϕ = 0. It can be proved that an almost
contact metric manifold is Sasakian if and only if (see [1], [2], [6]):

(1.1) (∇Xϕ)Y = g(X, Y )ξ − η(Y )X,
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for any X, Y ∈ Γ(TM). For a Sasakian manifold the following equation
holds:

(1.2) R(X, Y )ξ = η(Y )X − η(X)Y.

(1.3) ∇Xξ = −ϕX, (∇Xη)Y = −g(ϕX, Y ).

The sectional curvature of the plane section spanned by the unit tangent
vector field X orthogonal to ξ and ϕX is called a ϕ-sectional curva-
ture. If any Sasakian manifold M has a constant ϕ-sectional curvature
c, then M is called a Sasakian space form and denoted by M2n+1(c).
The Riemannian curvature tensor of Sasakian space form is given by the
following formula:

(1.4) R(X, Y ) = X∧Y +
c− 1

4

(
ϕ2X∧ϕ2Y +ϕX∧ϕY +2g(X,ϕY )ϕ

)
,

where (X ∧ Y )Z = g(Y, Z)X − g(X,Z)Y for all X, Y, Z ∈ Γ(TM).

Let N be an 2n-dimensional differentiable manifold. An almost Her-
mitian structure on N is by definition a pair (J, h) of an almost complex
structure J and a Riemannian metric g satisfying:

(1.5) J2X = −X, h(JX, JY ) = h(X, Y ),

for all X, Y ∈ Γ(TN). An almost complex stucture J is integrable, and
hence the manifold is a complex manifold, if and only if its Nijenhuis
tensor NJ vanishes, with:

(1.6) NJ(X, Y ) = [JX, JY ]− [X, Y ]− J [X, JY ]− J [JX, Y ].

For an almost Hermitian manifold (N, J, h), we define the Kähler form
Ω as Ω(X, Y ) = h(X, JY ). (N, J, h) is then called almost Kähler if Ω is
closed i.e. dΩ = 0. It can be shown that this condition for (N, J, h) to
be almost Kähler is equivalent to:

(1.7) h((∇XJ)Y, Z) + h((∇Y J)Z,X) + h((∇ZJ)X, Y ) = 0.

An almost Kähler manifold with integrable J is called a Kähler man-
ifold, and thus is characterized by the conditions dΩ = 0 and NJ = 0.
One can prove that both of these conditions combined are equivalent
with the single condition (see [6], [3]):

(1.8) ∇XJY = J∇XY, X, Y ∈ Γ(TN).
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In the next section, we construct a Sasakian manifold (M,ϕ, ξ, η, g)
by the product of real line R and Kählerian manifold (N, J, h) with exact
Kähler form, that is Ω = dθ, where θ ∈ Γ(T ∗N) (Theorem 2.1).

2. Sasakian structures on products of R and Kählerian man-
ifold

Let (N, J, h) be a 2n-dimensional almost Hermitian manifold with
exact Kähler form, such that Ω = dθ, where θ ∈ Γ(T ∗N), and let M =
R × N be the product manifold of a real line R and N equipped with
the following Riemannian metric g = h + η ⊗ η with η = dr + θ, where
r is the standard coordinate with respect to the frame ∂r on R. For all
X, Y ∈ Γ(TN), we have:

g(X, Y ) = h(X, Y ) + θ(X)θ(Y ), g(X, ∂r) = θ(X), g(∂r, ∂r) = 1.

Proposition 2.1. We set:

(2.1) ξ = ∂r, ϕ∂r = 0, ϕX = JX − θ(JX)ξ, ∀X ∈ Γ(TN).

Then, (ϕ, ξ, η, g) defines an almost contact metric structure on M .

Proof. We have η = dr + θ and ξ = ∂r, so η(ξ) = 1. As ϕ∂r = 0, we
get ϕ2∂r = 0, on the other hand, −∂r + η(∂r)∂r = 0. Let X ∈ Γ(TN),
we compute:

ϕ2X = ϕ(JX − θ(JX)ξ)

= ϕ(JX)− θ(JX)ϕξ

= J2X − θ(J2X)ξ

= −X + θ(X)ξ

= −X + η(X)ξ.

Let X, Y ∈ Γ(TN), we have

g(ϕX,ϕY ) = g(JX − θ(JX)ξ, JY − θ(JY )ξ)

= g(JX, JY )− θ(JY )g(JX, ξ)− θ(JX)g(ξ, JY )

+θ(JX)θ(JY )g(ξ, ξ),

by the definition of the metric g with η = dr + θ, we obtain

g(ϕX,ϕY ) = h(JX, JY ) + θ(JX)θ(JY )− θ(JX)θ(JY )

−θ(JX)θ(JY ) + θ(JX)θ(JY )

= h(JX, JY ),
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as h(JX, JY ) = h(X, Y ) and g(X, Y ) = h(X, Y ) + θ(X)θ(Y ), we con-
clude that

g(ϕX,ϕY ) = g(X, Y )− θ(X)θ(Y )

= g(X, Y )− η(X)η(Y ).

As ϕξ = 0, g(X, ξ) = θ(X) = η(X), η(ξ) = 1 and g(ξ, ξ) = 1, we get

g(ϕX,ϕξ) = g(X, ξ)− η(X)η(ξ) = 0,

g(ϕξ, ϕξ) = g(ξ, ξ)− η(ξ)η(ξ) = 0.

Now, we denote by ∇N (resp. ∇M) the covariant derivative with
respect to the metric h on N (resp. g on M). From the koszul formula
(see [3], [4]), we have the following:

Proposition 2.2. For all X, Y, Z ∈ Γ(TN), we have:

1): g(∇M
ξ ξ, ξ) = g(∇M

ξ ξ,X) = 0;

2): g(∇M
ξ X, ξ) = g(∇M

X ξ, ξ) = 0;

3): g(∇M
ξ X, Y ) = g(∇M

X ξ, Y ) = h(X, JY );

4): g(∇M
X Y, ξ) = 1

2

[
Xθ(Y ) + Y θ(X) + θ([X, Y ])

]
;

5): g(∇M
X Y, Z) = h(∇N

XY, Z)+1
2

[
X(θ(Y ))+Y (θ(X))+θ([X, Y ])

]
θ(Z)

: +h(X, JZ)θ(Y ) + h(Y, JZ)θ(X).

Proof. 5) First we shall use the Koszul formula for a Riemann metric
g and the Levi-Civita connection ∇M :

2g(∇M
X Y, Z) = Xg(Y, Z) + Y g(Z,X)− Zg(X, Y )

+g(Z, [X, Y ]) + g(Y, [Z,X])− g(X, [Y, Z]),

by the definition of the metric g, we have:

2g(∇M
X Y, Z) = Xh(Y, Z) +X(θ(Y )θ(Z)) + Y h(Z,X) + Y (θ(Z)θ(X))

−Zh(X, Y )− Z(θ(X)θ(Y )) + h(Z, [X, Y ]) + θ(Z)θ([X, Y ])

+h(Y, [Z,X]) + θ(Y )θ([Z,X])− h(X, [Y, Z])− θ(X)θ([Y, Z]),

by the Koszul formula for h and ∇N , we get:

2g(∇M
X Y, Z) = 2h(∇N

XY, Z) +X(θ(Y ))θ(Z) + θ(Y )X(θ(Z))

+Y (θ(Z))θ(X) + θ(Z)Y (θ(X))− Z(θ(X))θ(Y )

−θ(X)Z(θ(Y )) + θ(Z)θ([X, Y ]) + θ(Y )θ([Z,X])

−θ(X)θ([Y, Z]),
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from the formula:

2dθ(X, Y ) = X(θ(Y ))− Y (θ(X))− θ([X, Y ]),

(see [3]), we obtain:

2g(∇M
X Y, Z) = 2h(∇N

XY, Z) + [X(θ(Y )) + Y (θ(X)) + θ([X, Y ])]θ(Z)

+2θ(Y )dθ(X,Z) + 2θ(X)dθ(Y, Z),

finally, by the condition Ω = dθ and the definition of Ω, we obtain:

g(∇M
X Y, Z) = h(∇N

XY, Z) + θ(X)h(Y, JZ) + θ(Y )h(X, JZ)

+
1

2
[X(θ(Y )) + Y (θ(X)) + θ([X, Y ])]θ(Z).

For 1), we have:

g(∇M
ξ ξ, ξ) =

1

2
ξg(ξ, ξ) = 0,

because g(ξ, ξ) = 1. We compute

2g(∇M
ξ ξ,X) = ξg(ξ,X) + ξg(X, ξ)−Xg(ξ, ξ)

+g(X, [ξ, ξ]) + g(ξ, [X, ξ])− g(ξ, [ξ,X]),

as g(ξ,X) = η(X), g(ξ, ξ) = 1, [ξ, ξ] = 0 and [X, ξ] = [ξ,X] = 0, we
obtain

2g(∇M
ξ ξ,X) = 2ξη(X) = 0,

because η(X) ∈ C∞(N) does not depend on r. 2) we have:

g(∇M
ξ X, ξ) = ξg(X, ξ)− g(X,∇M

ξ ξ) = 0,

from 1) we obtain:

g(∇M
ξ X, ξ) = ξg(X, ξ)− g(X,∇M

ξ ξ)

= ξη(X) = 0.

3) By the Koszul formula and the definition of g, we have:

2g(∇M
ξ X, Y ) = ξg(X, Y ) +Xg(Y, ξ)− Y g(ξ,X)

+g(Y, [ξ,X]) + g(X, [Y, ξ])− g(ξ, [X, Y ])

= ξh(X, Y ) + ξ(θ(X)θ(Y )) +X(θ(Y ))− Y (θ(X))− θ([X, Y ])

= X(θ(Y ))− Y (θ(X))− θ([X, Y ]),

here [ξ,X] = [Y, ξ] = 0 and ξh(X, Y ) = ξ(θ(X)θ(Y )) = 0. We conclude
that:

g(∇M
ξ X, Y ) = dθ(X, Y ) = h(X, JY ).
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We compute:

2g(∇M
X ξ, Y ) = Xg(ξ, Y ) + ξg(Y,X)− Y g(X, ξ)

+g(Y, [X, ξ]) + g(ξ, [Y,X])− g(X, [ξ, Y ])

= X(θ(Y ))− Y (θ(X))− θ([X, Y ])

= 2dθ(X, Y ),

that is, g(∇M
X ξ, Y ) = h(X, JY ). 4) We have:

g(∇M
X Y, ξ) = Xg(Y, ξ)− g(Y,∇M

X ξ)

= X(θ(Y ))− h(X, JY )

= X(θ(Y ))− dθ(X, Y )

= X(θ(Y ))− 1

2

[
X(θ(Y ))− Y (θ(X))− θ([X, Y ])

]
=

1

2

[
X(θ(Y )) + Y (θ(X)) + θ([X, Y ])

]
.

Lemma 2.1. We choose an orthonormal basis {e1, ..., e2n} of the tan-
gent space TxN at each point x ∈ N , then

{ξ, e1 − θ(e1)ξ, ..., e2n − θ(e2n)ξ}

is an orthonormal basis of T(r,x)M , where r ∈ R.

Proof. For any i, j ∈ {1, ..., 2n}, we have:

g(ei − θ(ei)ξ, ej − θ(ej)ξ) = g(ei, ej)− θ(ej)g(ei, ξ)− θ(ei)g(ξ, ej)

+θ(ei)θ(ej)g(ξ, ξ)

= h(ei, ej) + θ(ei)θ(ej)− θ(ei)θ(ej)− θ(ei)θ(ej)
+θ(ei)θ(ej)

= h(ei, ej) = δij.

We compute:

g(ei − θ(ei)ξ, ξ) = g(ei, ξ)− θ(ei)g(ξ, ξ)

= θ(ei)− θ(ei) = 0,

with g(ξ, ξ) = 1.
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So that, for all vector v ∈ T(r,x)M , there exist constants a, b1, ..., b2n
such that:

(2.2) v = aξ +
2n∑
i=1

bi
(
ei − θ(ei)ξ

)
.

Note that, a = g(v, ξ) and bi = g
(
v, ei− θ(ei)ξ

)
for all i = 1, .., 2n. From

the Proposition 2.2, and the Lemma 2.1, we get the following:

Proposition 2.3. For all X, Y ∈ Γ(TN), we have:

1): ∇M
ξ ξ = 0;

2): ∇M
ξ X = ∇M

X ξ = −ϕX;

3): ∇M
X Y = ∇N

XY − θ(Y )ϕX − θ(X)ϕY + 1
2

[
(∇N

Xθ)Y + (∇N
Y θ)X

]
ξ.

Proof. Let {e1, ..., e2n} be an orthonormal frame on N . From the
Proposition 2.2, we have:
1)

g(∇M
ξ ξ, ξ) = 0,

g(∇M
ξ ξ, ei − θ(ei)ξ) = g(∇M

ξ ξ, ei)− θ(ei)g(∇M
ξ ξ, ξ) = 0.

2)

g(∇M
ξ X, ξ) = 0,

g(∇M
ξ X, ei − θ(ei)ξ) = g(∇M

ξ X, ei)− θ(ei)g(∇M
ξ X, ξ)

= h(X, Jei) = −h(JX, ei),

so that:

∇M
ξ X = −h(JX, ei)ei + h(JX, ei)θ(ei)ξ

= −JX + θ(JX)ξ = −ϕX,

with the same method we find that ∇M
X ξ = −ϕX.

3) We compute:

g(∇M
X Y, ξ) = =

1

2

[
Xθ(Y ) + Y θ(X) + θ([X, Y ])

]
,



1068 Gherici Beldjilali, Ahmed Mohammed Cherif, and Kaddour Zaga

g(∇M
X Y, ei − θ(ei)ξ) = g(∇M

X Y, ei)− θ(ei)g(∇M
X Y, ξ)

= h(∇N
XY, ei) +

1

2

[
X(θ(Y )) + Y (θ(X)) + θ([X, Y ])

]
θ(ei)

+h(X, Jei)θ(Y ) + h(Y, Jei)θ(X)

−1

2
θ(ei)

[
Xθ(Y ) + Y θ(X) + θ([X, Y ])

]
= h(∇N

XY, ei)− h(JX, ei)θ(Y )− h(JY, ei)θ(X),

we conclude that:

∇M
X Y =

1

2

[
Xθ(Y ) + Y θ(X) + θ([X, Y ])

]
ξ

+h(∇N
XY, ei)ei − h(∇N

XY, ei)θ(ei)ξ

−h(JX, ei)θ(Y )ei + h(JX, ei)θ(Y )θ(ei)ξ

−h(JY, ei)θ(X)ei − h(JY, ei)θ(X)θ(ei)ξ

=
1

2

[
Xθ(Y ) + Y θ(X) + θ([X, Y ])

]
ξ

+∇N
XY − θ(∇N

XY )ξ

−θ(Y )JX + θ(Y )θ(JX)ξ

−θ(X)JY − θ(X)θ(JY )ξ,

note that:

−θ(Y )JX+θ(Y )θ(JX)ξ = −θ(Y )ϕX, −θ(X)JY−θ(X)θ(JY )ξ = −θ(X)ϕY,

1

2

[
Xθ(Y )+Y θ(X)+θ([X, Y ])

]
ξ−θ(∇N

XY )ξ =
1

2

[
(∇N

Xθ)Y +(∇N
Y θ)X

]
ξ.

From conditions (1.1), (1.8), and the Proposition 2.3, we deduce:

Theorem 2.1. The manifold (M,ϕ, ξ, η, g) is Sasakian if and only if
(N, J, h) is Kählerian manifold.

Proof. The manifold (M,ϕ, ξ, η, g) is Sasakian if it satisfies:

(∇M
ξ ϕ)ξ = g(ξ, ξ)ξ − η(ξ)ξ(2.3)

(∇M
ξ ϕ)X = g(ξ,X)ξ − η(X)ξ(2.4)

(∇M
X ϕ)ξ = g(X, ξ)ξ − η(ξ)X(2.5)

(∇M
X ϕ)Y = g(X, Y )ξ − η(Y )X,(2.6)
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for all X, Y ∈ Γ(TN). It is easy to prove that conditions (2.3), (2.4),
and (2.5) are satisfied, and we have:

(∇M
ξ ϕ)ξ = ∇M

ξ ϕξ − ϕ(∇M
ξ ξ) = g(ξ, ξ)ξ − η(ξ)ξ = 0,

(∇M
ξ ϕ)X = ∇M

ξ ϕX − ϕ(∇M
ξ X)

= ∇M
ξ JX −∇M

ξ (θ(JX)ξ) + ϕ2(X)

= −ϕ(JX)− θ(JX)∇M
ξ ξ −X + θ(X)ξ

= −(J2X − θ(J2X)ξ)−X + θ(X)ξ

= X + θ(X)ξ −X + θ(X)ξ = 0,

so that, (∇M
ξ ϕ)X = g(ξ,X)ξ − η(X)ξ = 0. We compute:

(∇M
X ϕ)ξ = ∇M

X ϕξ − ϕ(∇M
X ξ)

= ϕ2X = −X + θ(X)ξ,

so, (∇M
X ϕ)ξ = g(X, ξ)ξ−η(ξ)X = −X+θ(X)ξ. For the condition (2.6),

we compute:

(2.7) (∇M
X ϕ)Y = ∇M

X ϕY − ϕ(∇M
X Y ),

the first term of (2.7), is given by:

∇M
X ϕY = ∇M

X (JY − θ(JY )ξ)

= ∇M
X JY −X(θ(JY ))ξ − θ(JY )∇M

X ξ,

using the Proposition 2.2, we have

∇M
X ϕY = ∇N

XJY − θ(JY )ϕX − θ(X)ϕJY +
1

2

[
(∇N

Xθ)JY + (∇N
JY θ)X

]
ξ

−X(θ(JY ))ξ + θ(JY )ϕX

= ∇N
XJY + θ(X)Y − θ(X)θ(Y )ξ − 1

2
X(θ(JY ))ξ − 1

2
θ(∇N

XJY )ξ

+
1

2
(JY )(θ(X))ξ − 1

2
θ(∇N

JYX)ξ,(2.8)

the second term of (2.7), is given by:

−ϕ(∇M
X Y ) = −ϕ(∇N

XY ) + θ(Y )ϕ2X + θ(X)ϕ2Y

= −J∇N
XY + θ(J∇N

XY )ξ − θ(Y )X + 2θ(X)θ(Y )ξ − θ(X)Y,

(2.9)
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Substituting the formulas (2.8) and (2.9) in (2.7), we obtain:

(∇M
X ϕ)Y = (∇N

XJ)Y +
1

2

[
(JY )(θ(X))−X(θ(JY ))− θ([JY,X])

]
ξ

−θ(∇N
XJY )ξ − θ(Y )X + θ(X)θ(Y )ξ + θ(J∇N

XY )ξ

= (∇N
XJ)Y + dθ(JY,X)ξ − θ((∇N

XJ)Y )ξ − θ(Y )X + θ(X)θ(Y )ξ

= (∇N
XJ)Y + h(X, Y )ξ − η((∇N

XJ)Y )ξ − η(Y )X + η(X)η(Y )ξ

= (∇N
XJ)Y − η((∇N

XJ)Y )ξ + g(X, Y )ξ − η(Y )X,

that is:

(2.10) (∇M
X ϕ)Y = −ϕ2(∇N

XJ)Y + g(X, Y )ξ − η(Y )X,

the Theorem 2.1 follows from equation (2.10).

Remark 2.1.

1. From the Proposition 2.3, and the Theorem 2.1, the structure
(M,ϕ, ξ, η, g) is K-contact (i.e. ∇M

X ξ = −ϕX) and not necessarily
Sasakian.

2. Using Theorem 2.1, we can construct many examples for Sasakian
manifolds.

Example 2.1. For this example we use the product of the Kählerian
manifold (R2, J, h) by the real line R, with h = dx2 + dy2 and J∂x = ∂y,
J∂y = −∂x. The Kähler form of (R2, J, h) is given by Ω = −2dx∧dy, we
set θ = −2xdy, we get Ω = dθ. Then by using (2.1) with g = h+ η ⊗ η
and η = dr + θ, we have:

ξ = ∂r, η = dr − 2xdy

g =

 1 0 −2x
0 1 0
−2x 0 1 + 4x2

 , ϕ =

 0 2x 0
0 0 −1
0 1 0

 .

We can easily verify that (R× R2, ϕ, ξ, η, g) is a Sasakian manifold.

Remark 2.2. By considering the above Theorem, it is proved
that there are Kähler and Sasakian manifolds of any dimensions. We
start with R2 and its natural Kähler structure. There is a 3-dimension
Sasakian manifold M = R×R2 . Then, by the method of Oubinã [5] and
consequently we have a Kählerian manifold of dimension 4. Continuing
the current method, we produce Kähler and Kenmotsu manifolds of any
dimensions n ≥ 2.
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Open Problem. Is it possible to construct a Sasakian manifold by
the product of real line and Kählerian manifold without exact Kähler
form?

2.1. Curvature formulas and main result. Suppose that the mani-
fold (N, J, h) is Kählerian, so the manifold (M,ϕ, ξ, η, g) defined in (2.1)
is Sasakian. By a direct computation using the proposition (2.3), we get
the following:

Proposition 2.4. For all X, Y ∈ Γ(TN), we have:

1): RM(X, Y )ξ = (X ∧g Y )ξ;
2): RM(X, Y )Z = RN(X, Y )Z + (X ∧g Y )Z

: −
(
ϕ2X ∧g ϕ2Y + ϕX ∧g ϕY + 2g(X,ϕY )ϕ

)
Z;

3): RM(ξ,X)Y = (ξ ∧g X)Y ;
4): RM(ξ,X)ξ = (ξ ∧g X)ξ.

where RM (resp. RN) are the curvature tensors for g (resp. h).

Proof. Let X, Y, Z ∈ Γ(TN). 1) From equation (1.2), we have:

RM(X, Y )ξ = η(Y )X − η(X)Y

= g(Y, ξ)X − g(X, ξ)Y

= (X ∧g Y )ξ.

2) Suppose that, at x0 ∈ N , ∇N
Ui
Uj = 0, ∀i, j = 1, 2, 3 with U1 = X,

U2 = Y and U3 = Z. We compute:

∇M
X∇M

Y Z = ∇M
X

{
∇N
Y Z − θ(Z)ϕY − θ(Y )ϕZ +

1

2

[
(∇N

Y θ)Z + (∇N
Z θ)Y

]
ξ
}

by using equation (1.3), we get:

(∇N
Y θ)Z + (∇N

Z θ)Y = (∇N
Y η)Z + (∇N

Z η)Y

= g(Y, ϕZ) + g(Z, ϕY ) = 0.
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So that:

∇M
X∇M

Y Z = ∇M
X∇N

Y Z −∇M
X (θ(Z)ϕY )−∇M

X (θ(Y )ϕZ)

= ∇N
X∇N

Y Z − θ(∇N
Y Z)ϕX − θ(X)ϕ(∇N

Y Z)

−X(θ(Z))ϕY − θ(Z)∇M
X ϕY −X(θ(Y ))ϕZ − θ(Y )∇M

X ϕZ

= ∇N
X∇N

Y Z − η(∇N
Y Z)ϕX − η(X)ϕ(∇N

Y Z)

−X(η(Z))ϕY − η(Z)∇M
X ϕY −X(η(Y ))ϕZ − η(Y )∇M

X ϕZ.

At x0, we have:

∇M
X∇M

Y Z = ∇N
X∇N

Y Z −X(η(Z))ϕY − η(Z)[(∇M
X ϕ)Y + ϕ(∇M

X Y )]

−X(η(Y ))ϕZ − η(Y )[(∇M
X ϕ)Z + ϕ(∇M

X Z)].

By equations (1.2) and (1.3), we conclude that:

∇M
X∇M

Y Z = ∇N
X∇N

Y Z − [(∇N
Xη)Z]ϕY − η(Z)[g(X, Y )ξ − η(Y )X

+ϕ(∇N
XY )− η(Y )ϕ2X − η(X)ϕ2Y )]− [(∇N

Xη)Y ]ϕZ

−η(Y )[g(X,Z)ξ − η(Z)X + ϕ(∇N
XZ)

−η(Z)ϕ2X − η(X)ϕ2Z)]

= ∇N
X∇N

Y Z − g(X,ϕZ)ϕY − η(Z)[g(X, Y )ξ − η(Y )X

−η(Y )ϕ2X − η(X)ϕ2Y )]− g(X,ϕY )ϕZ

−η(Y )[g(X,Z)ξ − η(Z)X − η(Z)ϕ2X − η(X)ϕ2Z)],

with the same method we find that:

∇M
Y ∇M

X Z = ∇N
Y ∇N

XZ − g(Y, ϕZ)ϕX − η(Z)[g(Y,X)ξ − η(X)Y

−η(X)ϕ2Y − η(Y )ϕ2X)]− g(Y, ϕX)ϕZ

−η(X)[g(Y, Z)ξ − η(Z)Y − η(Z)ϕ2Y − η(Y )ϕ2Z)],

from the definition of curvature tensor RM of M ,

RM(X, Y )Z = ∇M
X∇M

Y Z −∇M
Y ∇M

X Z −∇M
[X,Y ]Z

with at x0, [X, Y ] = 0, we get:

RM(X, Y )Z = RN(X, Y )Z − 2g(X,ϕY )ϕZ + g(ϕX,Z)ϕY

−g(ϕY, Z)ϕX + η(Y )η(Z)ϕ2X − η(X)η(Z)ϕ2Y

+2η(Y )η(Z)X − 2η(X)η(Z)Y + η(X)g(Y, Z)ξ

−η(Y )g(X,Z)ξ,
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note that:

−(ϕX ∧g ϕY )Z = g(ϕX,Z)ϕY − g(ϕY, Z)ϕX,

(X ∧g Y )Z − (ϕ2X ∧g ϕ2Y )Z

= g(Y, Z)X − g(X,Z)Y

−g(ϕ2Y, Z)ϕ2X + g(ϕ2X,Z)ϕ2Y

= g(Y, Z)X − g(X,Z)Y

+g(ϕY, ϕZ)ϕ2X − g(ϕX,ϕZ)ϕ2Y

= g(Y, Z)X − g(X,Z)Y + g(Y, Z)ϕ2X

−η(Y )η(Z)ϕ2X − g(X,Z)ϕ2Y + η(X)η(Z)ϕ2Y

= g(Y, Z)X − g(X,Z)Y − g(Y, Z)X

+g(Y, Z)η(X)ξ − η(Y )η(Z)ϕ2X + g(X,Z)Y

−g(X,Z)η(Y )ξ + η(X)η(Z)ϕ2Y

= g(Y, Z)η(X)ξ − η(Y )η(Z)ϕ2X

−g(X,Z)η(Y )ξ + η(X)η(Z)ϕ2Y

= g(Y, Z)η(X)ξ + η(Y )η(Z)X − η(X)η(Y )η(Z)ξ

−g(X,Z)η(Y )ξ − η(X)η(Z)Y + η(X)η(Y )η(Z)ξ,

that is:

(X ∧g Y )Z − (ϕ2X ∧g ϕ2Y )Z = g(Y, Z)η(X)ξ + η(Y )η(Z)X

−g(X,Z)η(Y )ξ − η(X)η(Z)Y,

by the formula ϕ2X +X = η(X)ξ, we obtain:

η(Y )η(Z)ϕ2X − η(X)η(Z)ϕ2Y + η(Y )η(Z)Y − η(X)η(Z)Y

= η(Y )η(Z)η(X)ξ − η(X)η(Z)η(Y )ξ

= 0.

so that:

RM(X, Y )Z = RN(X, Y )Z − 2g(X,ϕY )ϕZ − (ϕX ∧g ϕY )Z

+(X ∧g Y )Z − (ϕ2X ∧g ϕ2Y )Z.

3) Let U ∈ Γ(TM), by equation (1.2), we have:

g(RM(ξ,X)Y, U) = g(RM(Y, U)ξ,X)

= η(U)g(Y,X)− η(Y )g(U,X)

= g(U, ξ)g(Y,X)− g(Y, ξ)g(U,X),
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so that:

RM(ξ,X)Y = g(Y,X)ξ − g(Y, ξ)X = (ξ ∧g X)Y.

4) From equation (1.2), we have:

RM(ξ,X)ξ = η(X)ξ − η(ξ)X

= g(X, ξ)ξ − g(ξ, ξ)X

= (ξ ∧g X)ξ.

Remark 2.3. From the Proposition 2.4, we can write:

RM(U, V )W =RN(X, Y )Z + (U ∧g V )W

−
(
ϕ2U ∧g ϕ2V + ϕU ∧g ϕV + 2g(U,ϕV )ϕ

)
W

(2.11)

where U = ξ +X, V = ξ + Y and W = ξ + Z and X, Y, Z ∈ Γ(TN).

From the above remark and equation (1.4), we get the following:

Proposition 2.5. The manifold (M,ϕ, ξ, η, g) defined in (2.1) is
Sasakian space form with constant ϕ-sectional curvature c = −3 if and
only if (N, J, h) is flat Kählerian manifold.
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