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SASAKIAN STRUCTURES ON PRODUCTS OF REAL
LINE AND KAHLERIAN MANIFOLD

GHERICI BELDJILALI, AHMED MOHAMMED CHERIF, AND
KADDOUR ZAGA

ABSTRACT. In this paper, we construct a Sasakian manifold by the
product of real line and Kéhlerian manifold with exact Kéhler form.
This result demonstrates the close relation between Sasakian and
Kéhlerian manifold with exact Kéhler form. We present an example
and an open problem.

1. Introduction

A (2n + 1)-dimensional Riemannian manifold (M, g) is said to be an
almost contact metric manifold if there exist a (1,1)-tensor field ¢ on
M, a vector field £ € I'(T'M) and a 1-form n € T'(T*M), such that:

n€) =1, X =-X+nX)¢

9(eX, oY) = g(X,Y) = n(X)n(Y),
for all X,Y € I'(T'M). In particular, in an almost contact metric mani-

fold we also have & = 0 and nop = 0. It can be proved that an almost
contact metric manifold is Sasakian if and only if (see [1], [2], [6]):

(1.1) (Vxp)Y = g(X, V) —n(Y)X,
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for any X,Y € I'(T'M). For a Sasakian manifold the following equation
holds:

(1.2) R(X.Y)¢ = n(Y)X — n(X)Y.

(1.3) Vx€=—pX, (Vxn)Y = —g(pX,Y).

The sectional curvature of the plane section spanned by the unit tangent
vector field X orthogonal to & and X is called a @p-sectional curva-
ture. If any Sasakian manifold M has a constant p-sectional curvature
¢, then M is called a Sasakian space form and denoted by M?*"*!(c).
The Riemannian curvature tensor of Sasakian space form is given by the
following formula:

-1
(1.4) R(X,Y) :X/\Y+CT(¢2XA¢2Y+¢XA¢Y+2g(X, oY )p),
where (X AY)Z =g(Y,2)X — g(X,Z2)Y for all X|Y,Z € I'(T'M).

Let N be an 2n-dimensional differentiable manifold. An almost Her-
mitian structure on N is by definition a pair (J, k) of an almost complex
structure J and a Riemannian metric g satisfying:

(1.5) X =-X, hJX,JY)=h(X,Y),

for all X,Y € I'(T'N). An almost complex stucture J is integrable, and
hence the manifold is a complex manifold, if and only if its Nijenhuis
tensor N; vanishes, with:

(1.6) Ny(X,Y)=[JX,JY] - [X,Y] = J[X,JY] = J[JX,Y].

For an almost Hermitian manifold (N, J, h), we define the Kéhler form
Qas QX,Y) =h(X,JY). (N, J, h) is then called almost Kéhler if € is
closed i.e. d2 = 0. It can be shown that this condition for (N, J, h) to
be almost Kahler is equivalent to:

(1.7) h(Vx )Y, Z) + h(Vy D) Z, X) + h(Vz )X, Y) = 0.

An almost Kahler manifold with integrable J is called a Kahler man-
ifold, and thus is characterized by the conditions df2 = 0 and N; = 0.
One can prove that both of these conditions combined are equivalent
with the single condition (see [6], [3]):

(1.8) VxJY = JVyY, X,Y €T(TN).
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In the next section, we construct a Sasakian manifold (M, ¢, &, n,g)
by the product of real line R and Kéhlerian manifold (N, J, h) with exact
Kéhler form, that is Q = df, where § € I'(T*N) (Theorem 2.1).

2. Sasakian structures on products of R and Kahlerian man-
ifold

Let (N,J,h) be a 2n-dimensional almost Hermitian manifold with
exact Kahler form, such that Q = df, where § € I'(T*N), and let M =
R x N be the product manifold of a real line R and N equipped with
the following Riemannian metric g = h +n ® n with n = dr + 0, where
r is the standard coordinate with respect to the frame 0, on R. For all
X,Y € I'(T'N), we have:

g(X,Y) =h(X,Y)+0(X)0(Y), ¢(X,0,)=0(X), ¢(9,0,)=1
ProprosITION 2.1. We set:
(2.1) E=0,, @i, =0, X =JX-0(JX), VX eT(TN).
Then, (p,&,n,g) defines an almost contact metric structure on M.

Proof. We have n = dr + 6 and £ = 0,, so n(§) = 1. As ¢0, = 0, we
get 20, = 0, on the other hand, —d, + 7(9,)0, = 0. Let X € I'(TN),

we compute:
P’X = p(JX —0(JX)¢)
= (JX) = 0(JX)p¢
= J°X —0(J?X)¢
= —X+6(X)
= —X+nX).
Let X,Y € I'(T'N), we have
9 X, YY) = g(JX = 0(JX)E, JY —0(JY)E)
= g(JX, JY) = 0(JY)g(JX,§) = 0(JX)g(&, JY)
+0(JX)0(TY )g(&,§),
by the definition of the metric g with n = dr + 0, we obtain
g(eX, oY) = h(JX,JY)+0(JX)0(JY)—0(JX)0(JY)
—0(JX)O(JY)+0(JX)0(JY)
= h(JX,JY),
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as h(JX,JY) = h(X,Y) and ¢(X,Y) = h(X,Y) + 6(X)0(Y), we con-
clude that
9(eX,0Y) = g(X)Y) = 0(X)6(Y)
= g9(X,Y) = n(X)n(Y).
As 9€ =0, g(X,§) = 0(X) =n(X), n(§) =1 and g(&,§) = 1, we get
9(pX, ¢§) = g(X, &) —n(X)n(§) =0,

g(0€,98) = g(&,€) —n(&n(&) = 0.
O

Now, we denote by V¥ (resp. VM) the covariant derivative with
respect to the metric h on N (resp. g on M). From the koszul formula
(see [3], [4]), we have the following:

PROPOSITION 2.2. For all X,Y,Z € I'(T'N), we have:

1): g(V¥E,6) = g(Vi'e, X) = 0;

2): g(V¥X,8) =g(VYEE) =0;

3): g(V¥X,Y) = g(VYEY) = h(X, JY);

4): g(VYY,€) = §[X0(Y) + YO(X) + 0([X, Y])];

5): g(VYY,Z) = M(VYY, Z)+5[X (0(Y)+Y (0(X))+0([X,Y])]0(Z)

+h(X,JZ)0(Y) + h(Y, JZ)0(X).

Proof. 5) First we shall use the Koszul formula for a Riemann metric
g and the Levi-Civita connection V:

29(VXY.Z) = Xg(Y,Z)+Yg(Z,X) - Zg(X,Y)
+9(Z,[X,Y]) +9(Y,[2, X]) — g(X, [Y, Z]),
by the definition of the metric g, we have:
29(VXY,Z) = Xh(Y,2)+XOY)0(Z))+Yh(Z,X)+Y(0(Z
—Zh(X,Y)—=ZO(X)0(Y))+ h(Z,[X,Y])+60(2)0(]X,
+h(Y, [Z, X]) + 0(Y)0([Z, X]) = h(X, [Y, Z]) — 0(X)0([
by the Koszul formula for h and V¥, we get:
29(VYY.Z) = 20(VYY,Z)+ X(0(Y))0(Z) +0(Y)X(0(Z))
+Y(0(2))0(X) +6(2)Y (0(X)) — Z(0(X))0(Y)
—0(X)Z(0(Y))+0(2)0([X,Y o(Y)0([Z, X])
—0(X)0([Y, Z]),

S—
S
—~
>
N~—
S~—

Y]
Y, Z]),

D+
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from the formula:
2d0(X,Y) = X(0(Y)) = Y (0(X)) = 0([X,Y]),
(see [3]), we obtain:
29(VXY,Z) = 2h(VRY,Z)+ [X(0(Y)) + Y (0(X)) + 0((X, Y])]0(Z)
+20(Y)d0(X, Z) + 20(X)do(Y, Z),
finally, by the condition €2 = df and the definition of €2, we obtain:
g(V¥Y,Z) = h(VYY,Z)+0(X)h(Y,JZ)+0(Y)h(X,JZ)

FSIX(B00) + Y (B(X) + 01X, Y])]O(2).

For 1), we have:

oVYEE) = o6 =0,
because g(£,£) = 1. We compute
20(Vg'é, X) = €9(6X) +€9(X.€) — Xg(&.€)
+9(X, [§,€]) + 9(&, [X, €]) — 9(&, [§, X]),
as (¢, X) = n(X), 9(§,€) =1, [§,¢] = 0 and [X,¢] = [(,X] =0, we

obtain
29(V¢'e, X) = 26n(X) = 0,

because n(X) € C*°(N) does not depend on r. 2) we have:

g(VIX, &) =€9(X,€) — g(X, Ve =0,
from 1) we obtain:

= &n(X) =
3) By the Koszul formula and the definition of g, we have:
29(VEX,Y) = &9(X,Y)+ Xg(Y,€) = Yg(, X)
+9(Y, [6, X]) + 9(X, [V €]) — 9(&, [X,Y])

= Sh(X,Y) +£(0(X)0(Y)) + X(0(Y)) - Y(0(X)) — 0([X,Y])

X(O(Y)) =Y (0(X)) - 0(1X,Y]),

here (£, X] =[Y,{] =0 and {h(X,Y) = £(0(X)0(Y)) = 0. We conclude
that:

g(VE¥X,Y)=df(X,Y) = h(X,JY).
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We compute:

29(VYEY) = Xg(&Y)+&9(Y,X) —Yg(X,€)
+g(Y, [X,€]) +g(& 1Y, X]) — 9(X, [€,Y])
= X(0(Y)) - Y(0(X)) - 0([X,Y])
2d0(X,Y),

that is, g(V¥E,Y) = h(X, JY). 4) We have:

gVUY.0) = Xg(v.6) — g(v,VYe)
= X(6(Y)) — h(X. JY)
— X(0(Y)) — dO(X.Y)
= X(OV)) — L [X(O()) = Y (0(X) ~ 0((X., Y]]

[(X(0(Y)) +Y(0(X)) + 0([X, Y])].

N | —

]

LEMMA 2.1. We choose an orthonormal basis {e1, ..., €3, } of the tan-
gent space T, N at each point x € N, then

{5, €1 — 9(61)5, ceey €2 — G(egn)§}

is an orthonormal basis of T(, ,)M, where r € R.

Proof. For any i,j € {1,...,2n}, we have:

glei —0(e)€,e; — 0(e;)E) = glese5) —0(ej)g(es, &) — 0(ei)g(&, e;)
+0(e:)0(e;)g(§,€)
= h(e; ej) +0(e)b(e;) — O(e;)b(e;) — O(e;)b(e;)
+0(e;)0(e;)
= h(e;,ej) =9y

We compute:

g(ei - 9(61)57 5) = g(eiy 5) - 0(61)9(57 5)
= 6(61) — 0(61) = O,

with g(&, &) = 1. O
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So that, for all vector v € T, )M, there exist constants a, by, ..., ba,
such that:

(2.2) v =a&+ Z bi(e; — 0(e;)€).

i=1

Note that, a = g(v,&) and b; = g(v, e; — G(ei)g) for all = 1,..,2n. From

the Proposition 2.2, and the Lemma 2.1, we get the following:
PROPOSITION 2.3. For all X,Y € I'(T'N), we have:

1): VI¥E=0;
2): VX =V{E=—pX;
3): VAY = VY — 0(Y)pX — 0(X)pY + 1[(VXO)Y + (VY¥0)X]E.

Proof. Let {ey,...,e2,} be an orthonormal frame on N. From the
Proposition 2.2, we have:

1)
g(V¥E € =0,

g(VE'& ei = 0(e)€) = g(VE'E i) — 0(ei)g(VETE, €) = 0.

2)
g(V¥X,€) =0,
g(VE' X ei = 0(e)€) = g(V'X e) —0(ei)g(Ve' X, )
= h(X, Jel) = —h(JX, 67;),

so that:

VX = —h(JX, e)e; +h(JX, e;)0(e;)E
= —JX +0(JX)E = —pX,

with the same method we find that V¢ = —pX.
3) We compute:

GVEY.E = = S[X6V) +YO(X) + 01X, V)]
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g(vé\gYa e; —0(e))§) = g(vﬁ\?ya e;) — 9(€i)9(v§<4ya £)
= W(TEY ) + 3 [XO) + Y(B(X) + 60X, Y])] e
+h(X, Je)0(Y) + h(Y, Je;)0(X)
—50e) [XO(Y) + YO(X) + 6(1X. Y]]
= h(VQY, ei) = h(JX,e)0(Y) — h(JY, €;)8(X),
we conclude that:
vy = %[X@(Y) +YO(X) +0([X,Y])]¢
+h(VYY, e)e; — h(VRY, e;)0(e;)€
—h(JX,e)0(Y)e; + h(JX, e;)0(Y)0(e;)€
—h(JY,e;)0(X)e; — h(JY,e;)0(X)0(e;)€
= L[XO0Y) + YO(X) + 01X, Y])]e
+VEY — (VY )¢
—0(Y)JX +0(Y)(JX)E
—0(X)JY —0(X)O(JY)E,
note that:
—H(Y)IX+I(Y)O(IX)E = —0(Y )X, —0(X)JY —0(X)0(JY)E = —0(X)pY,
%[X@(Y) LYO(X) +0(X, Y])]E—o(VYY)E = %[(vgeﬁw (Vo) X]e.
O

From conditions (1.1), (1.8), and the Proposition 2.3, we deduce:

THEOREM 2.1. The manifold (M, ¢,&,n, g) is Sasakian if and only if
(N, J, h) is Kadhlerian manifold.

Proof. The manifold (M, ¢, £, n, g) is Sasakian if it satisfies:

(2.3) (Vip)e = g(€,€)¢&—n(&)¢

(2.4) (Vo)X = g(&,X)E—n(X)E
(2.5) (V¥ = g(X, ¢ —n()X
(2.6) (V¥9)Y = g(X,Y)¢{—n(Y)X,
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for all X, Y € I'(T'N). It is easy to prove that conditions (2.3), (2.4),
and (2.5) are satisfied, and we have:

(Ve'p)e = Vo — o(VYE) = g(§, )€ —n(§)¢ =0,
(Vi) X = VpX —p(VYX)

= VIIX = VHO(IX)E) + ¢*(X)

= —p(JX) = 0(IX)VYE - X +0(X)¢

= —(PX —0(J*X)§) — X +0(X)¢
= X+0(X)—-X+0(X)E=0,
so that, (V)X = g(¢, X)§ — n(X)¢ = 0. We compute:
(VXS = Vxes— (VX
= X = —X (X,
s0, (V¥ )¢ = g(X,9)E—n(§)X = =X +6(X)E. For the condition (2.6),

we compute:
(2.7) (VX @)Y = VY oY — o(VYY),
the first term of (2.7), is given by:

VYooY = VY(JY —0(JY)§)

= VYJY — X(0(JY))E - 0(JY)VYE,

using the Proposition 2.2, we have
V¥eY = VIV —0(JY)pX — 0(X)pJY + = [(vﬁie)JY + (VI 0)X]¢

—X(0(JY))E +6(JY )pX

= VXJY +0(X)Y —0(X)0(Y)E — %X(@(JY)){ - %0(V§JY)§

1 1
(2.8) +5(JY)(0(X))E — 59(V§VYX)£,
the second term of (2.7), is given by:
—p(VXY) = —p(VRY) +0(Y)p’X +0(X)p*Y
= —JVYY +0(JVEY)E—0(Y)X +20(X)0(Y)E — O(X)Y,
(2.9)
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Substituting the formulas (2.8) and (2.9) in (2.7), we obtain:

1
(VX@)V = (VXY + S [(JY)(O(X)) = X(0(JY)) - 6([TY, X])]¢

—O(VEIY)E—0(Y)X +0(X)O(Y)E +O(JVRY)E
= (VEDY +d9(JY, X)E — 0((VXIY)E —0(V)X +0(X)0(Y)E
= (VXY +h(X,Y)E = n((VRI)Y)E = n(Y)X +n(X)n(Y)E
= (VXY = n((VRI)Y)E +g(X,Y)E —n(Y)X,

that is:

(2.10) (VX @)Y = (VXY +g(X,Y)§ —n(Y)X,

the Theorem 2.1 follows from equation (2.10). O
REMARK 2.1.

1. From the Proposition 2.3, and the Theorem 2.1, the structure
(M, p,€,m,9) is K-contact (i.e. VY ¢ = —pX) and not necessarily
Sasakian.

2. Using Theorem 2.1, we can construct many examples for Sasakian
manifolds.

ExAMPLE 2.1. For this example we use the product of the Kahlerian
manifold (R?, J, k) by the real line R, with h = d2? + dy? and J9, = 9,
JO, = —0,. The Kéhler form of (R?, J, h) is given by Q = —2dz Ady, we
set 0 = —2zdy, we get Q = df. Then by using (2.1) with g =h+n®n
and n = dr + 0, we have:

£E=0,.,, n=dr—2xdy

1 0 —2x 0 2z O
g= 0 1 0 , p= 0O 0 -1
2z 0 1+ 422 0 1 0

We can easily verify that (R x R? ¢, &, 7, g) is a Sasakian manifold.

REMARK 2.2. By considering the above Theorem, it is proved
that there are Kahler and Sasakian manifolds of any dimensions. We
start with R? and its natural Kahler structure. There is a 3-dimension
Sasakian manifold M = R xR? . Then, by the method of Oubina [5] and
consequently we have a Kéahlerian manifold of dimension 4. Continuing
the current method, we produce Kahler and Kenmotsu manifolds of any
dimensions n > 2.
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Open Problem. Is it possible to construct a Sasakian manifold by
the product of real line and Kéahlerian manifold without exact Kahler
form?

2.1. Curvature formulas and main result. Suppose that the mani-
fold (N, J, h) is Kéhlerian, so the manifold (M, ¢, £, n, g) defined in (2.1)
is Sasakian. By a direct computation using the proposition (2.3), we get
the following:

PROPOSITION 2.4. For all X, Y € I'(T'N), we have:

1): RY(X,Y)E = (X A Y)E;

2): RM(X,Y)Z = R¥(X,Y)Z + (X A, Y)Z

: —(PX Ny Y+ X Ay Y +29(X, Y )0) Z;
8): R (¢, X)Y = (€ Ay X)Y;

1) RM(E X)¢ = (€, X)E.

where RM (resp. RY) are the curvature tensors for g (resp. h).
Proof. Let X,Y,Z € I'(T'N). 1) From equation (1.2), we have:

RM(X,Y)¢ = n(Y)X —n(X)Y
= (XA Y)E.

2) Suppose that, at zg € N, V%Uj =0,Ve,7 =1,2,3 with U; = X,
U, =Y and U3 = Z. We compute:

viv¥z = v%{WZ—e(Z)goY—e(Y)ngJr%[(v%)zﬂv%)}f}g}

by using equation (1.3), we get:

(V§0)Z + (V30)Y = (V§n)Z+ (Vyn)Y
= g(Y,0Z)+g(Z,¢Y) = 0.
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So that:
VIVYZ = VYVYZ - VX(0(2)pY) - VY (0(Y)pZ)
= VAVYZ —0(VY2)pX —0(X)p(VY Z)
—X(0(2))pY —0(Z)VY Y = X(0(Y))pZ — 0(Y)VY pZ
= VIVYZ = (V¥ 2Z)eX —n(X)p(Vy Z)
—X((2))pY —n(Z)VX oY — X(n(Y))pZ —n(Y)VY ¢Z.
At xg, we have:
VIVWZ = VIVYZ - X(n(2))eY —n(Z)[(VX @)Y + o(VYY)]
—X((Y)pZ —n(V)(VX9)Z + (VX Z)].
By equations (1.2) and (1.3), we conclude that:
VIVYZ = VIVYZ - [(VinZlpY —n(Z)[g(X,Y)E —n(Y)X
+o(VYY) = n(Y)@* X — n(X)®Y)] = [(V)Y]pZ
—n(V)[g(X, 2)§ =n(Z)X + (VX Z)
—(Z2)p*X —n(X)p*Z)]
= VIWZ — g(X,0Z)pY —n(Z)[g(X,Y)é —n(Y)X
—n(Y)?X —n(X)e*Y)] — g(X, Y )pZ
—n(Y)[g(X, 2) =n(Z)X = n(Z2)p*X —n(X)¢*Z)],
with the same method we find that:
VyVXZ = VyVXZ —g(Y,0Z)oX —n(Z)[g(Y, X)E = n(X)Y
—n(X)p?Y —n(Y)?X)] — g(Y, o X)pZ
—n(X)[g(Y, 2)§ =n(2)Y —n(Z)e*Y —n(Y)*Z)],
from the definition of curvature tensor R of M,

RM(X,Y)Z = VYVYZ-VWVYZ-ViiyZ

with at o, [X,Y] =0, we get:

RM(X,Y)Z = RMN(X,Y)Z —29(X,0Y)pZ + g(pX, Z)pY
—9(9Y, Z)pX +n(Y)n(Z)p*X —n(X)n(Z)*Y
+2n(Y)n(Z)X — 2n(X)n(2)Y +n(X)g(Y, Z)¢
—n(Y)g(X, Z)§,



Sasakian structures on products of real line and Kéhlerian manifold 1073

note that:
—(pX Ny ©Y)Z = g(0X, Z)pY — g(¢Y, Z)pX,

(X Ng Y)Z - (802X Ng 902Y)Z
= (Y, 2)X — g(X,2)Y
—9(P*Y, 2)p° X + g(* X, Z)°Y
= 9V, 2)X — g(X,2)Y
+9(oY, 02)0* X — g(¢X, 0Z)p*Y
= gV, 2)X —g(X,2)Y + g(Y, Z)p*X
—n(Y)n(Z2)p*X — g(X, Z2)°Y +n(X)n(Z)e*Y
= (Y, 2)X — g(X,2)Y — g(Y, Z)X
+9(Y, Z)n(X)E —=n(Y)n(Z)* X + g(X, Z2)Y

—g(X, Z)n(Y )¢ +n(X )n(Z)wQY

= gV, Z)n(X)¢ = n(Y)n(2)¢”
—9(X, Z)n(Y)§ +n(X)n(Z )

= gV, Z)n(X)E+n(Y)n(Z2)X — ( (Y )In(Z)§
—g(X, Z2)n(Y)§ —n(X)n(2)Y + n(X)n(Y)n(Z)s,

that is:
(XA Y)Z = (D*X Ng*Y)Z = gV, Z)n(X)E+n(Y)n(Z)X
—9(X, Z)n(Y)§ —n(X)n(2)Y,
by the formula ¢?X + X = n(X)&, we obtain:
nY)In(Z2)e*X — n(X)n(Z2)e®Y + (Y )n(Z2)Y —n(X)n(2)Y

( n
n(Y)n(Z2)n(X)§ —n(X)n(Z)n(Y)§
0.

so that:
RM(X,Y)Z = RN(X,Y)Z —29(X,oY)pZ — (X A, pY)Z
HX A Y)Z — (92X A, $°Y)Z.
3) Let U € I'(T'M), by equation (1.2),
g(RM(g, X)Y,U) = g(RM(Y,U)¢, X)
= nU)g(Y, X) —n(Y)g(U, X)
= g(U,§g(Y,X) — g(Y,§)g(U, X),

we have:
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so that:

RY(&,X)Y = g(Y, X)§ — g(Y. )X = (£ Ay X)Y.
4) From equation (1.2), we have:

RM(E X)E = n(X)E—n(X
= g(X,§¢ -9 )X
- (gAgX)f-

REMARK 2.3. From the Proposition 2.4, we can write:

RM(U, VYW =RN(X,Y)Z + (U A, V)W

(2.11) ) ,
— (GBU Ay @V +6U Ay @V +29(U, V)i )W

where U =6+ X, V=¢(+Y and W =€+ Z and X, Y, Z € T'(TN).
From the above remark and equation (1.4), we get the following:

PROPOSITION 2.5. The manifold (M, p,&,n,g) defined in (2.1) is
Sasakian space form with constant y-sectional curvature ¢ = —3 if and
only if (N, J, h) is flat Kéhlerian manifold.
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