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ON SOME CLASSES OF SPIRAL-LIKE FUNCTIONS
DEFINED BY THE SALAGEAN OPERATOR

MoOHAMMAD MEHDI SHABANI AND SAEED HASHEMI SABABE*

ABSTRACT. In this paper, we introduce two subclasses of analytic
and Spiral-like functions and investigate convolution properties, the
necessary and sufficient condition, coefficient estimates and inclusion
properties for these classes.

1. Introduction

In recent times, the study of analytic functions has been useful in
solving many problems in mechanics, Laplace equation, electrostatics,
etc. An analytic function is said to be univalent in a domain if it does
not take the same value twice in that domain. Let us denote the family
of all meromorphic functions f with no poles in the unit disk U := {z €
C : |z] < 1} of the form

f(z):z+a222+a323+---:z+2akzk, (1)
k=2

by A. Clearly, functions in 4 are analytic in U and the set of all uni-
valent functions f € A is denoted by S. Functions in § are of interest
because they appear in the Riemann mapping theorem and several other
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situation in many different contexts. In 1983, Salagean [16] introduced
differential operator D* : 4 — A defined by

Df(2) = f(2),
D'f(z) = Df(z) = 2f'(2),
D"f(2) =D(D" 'f(2)) = 2(D" ' f(2)), neN={1,2,3,...}.
In this way
D"f(z):z+Zk"@kzk, n € Nyo={0}UN, (2)

k=2

For functions f given by (1) and g given by
g(2) =2+ b2 + b3z + - = z+Zbkzk,
k=2

the Hadamard product or convolution of f(z) and g(z) is defined by

f(z)*xg(2)=2z+ Z apbp 2.
k=2

In this paper, we investigate convolution properties of S¢[A, B] and
K&[A, B] associated with Salagean differential operator. Using convolu-
tion properties, we find the necessary and sufficient condition, coefficient
estimates and inclusion properties for these classes. More recent works
can be found on [2,5,12,14,20].

2. Preliminaries

We start with some useful definitions, theorems and lemmas.

DEFINITION. A function f € S is said to be starlike in U if the image
f(U) is starlike with respect to 0. It is well known that a function f is
starlike if and only if

Re(i{éi?) >0, zel.

We denote by S* the class of all functions in & which are starlike in U.
A function f € § is said to be convex in U if the image f(U) is convex.
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LEMMA 2.1. The function f is convex in U if and only if
2f"(2)
)

We denote by K the class of all functions in S which are convex in U.
It is easy to see that, X C S* C S C A.

Re(1+ )>0, 2eU.

DEFINITION. For analytic functions g and h in U, ¢ is said to be
subordinate to h if there exists an analytic function w such that

w(0) =0, Jw(z)| <1, and g(z)=h(w(z)), zecl.
This subordination will be denoted here by
g =h,
or, conventionally, by
9(z) < h(z),
In particular, when £ is univalent in U,
g<h <= ¢(0)=~hn(0), and g¢(U)cChU), =zel.

Making use of the principal of subordination and Salagean differential
operator between analytic functions, we introduce the following classes

of analytic functions for n € Ny, || < g and - 1< B<A<LI:

S [A, B] = {f €S: em% < cosa(ingi) +isina, z € U},
(3)
and
o _ ia(q . 2(D"f(2)" 1+ Azy |
K¢[A, B] = {f €S:e (1—1— W> =< cosa<1+Bz> +isina, z EU},
Note that
f(z) e KSA,B] < zf'(z) € S?[A, B]. (4)

By specializing the parameters, we have the following know subclasses
studied by various researchers.

e The class
S§[A, B] = S[A,B], and KJ[A, B] = K[A, B],

where the classes S[A, B] and K[A, B] are introduced and studied
by many authors in [1,6,10,11, 18].
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e The class
SU1—28,~1] = §(8), and KY[1—28,—1] = K(8),

where the classes $*(8) and (/) are introduced and studied in [7].
e The class

v —a*+b 1-0 V¥ —a*+b 1-0

sy I (), ana k9 Y k.
where the classes S(a,b), K(a,b) are introduced and studied by
in [18,19].

e The class
S¢lA, B] = S*[A, B], and K{[A, B] = KY[A, B] = S{'[A, B],
where the classes S%[A, B], K*[A, B] are introduced and studied
in [3,4,13].
e The class
SJ[A, B] = Ro[A, B], and Kj[A, B] = Ry[A, B],

where the classes Ry[A, B] and R;[A, B] are introduced and stud-
ied in [1].

3. Convolution Properties

In this section, we study some of the properties of foresaid convo-
lution. Unless otherwise mentioned, we assume throughout this paper

that -1 < B < A <1, |a| < g, |€] = 1 and D™ f(z) is defined by (2).
To prove our convolution properties, we shall need the following lemmas
due to Silverman and Silvia [18].

LEMMA 3.1. [18] The function f(z) defined by (1) is in the class
S*[A, B] if and only if for all z in U and all £, |£| = 1,

z+ 5_A22
%[f*(l{—_z)f};éo. (5)

LEMMA 3.2. The function f(z) defined by (1) is in the class S3[A, B
if and only if for all z in U and all £, |£| =1,

HIne g%w%] #0, ()
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where
e + (Acosa + iBsina)¢
ei*(1+ B()

Proof. An application of lemma 3.1 exhibits that f € S2[A, B] if and
only if

Y= (7)

emw#cosa(iigg>+isina zeU, ¢l =1
= 2D (2)) = Do) (AT 20 e ifel =1,
(8)

Since

, z z

zf :f*m, and f:f*l_z.

we can write

D"f(2) = f(=) % h(z) * ——,

z

2D f(2)) = f(2) * h(z) * (e

where h(z) = z + > k,2" and Substituting
k=2
e + (Acosa + iBsina)(

v co(1+BG)

relation (8) is equivalent to

>#Q 2 e . (9)

z
and ——, we have

2
(1—2)2 1—=2

z_@/Jz_ Ook‘—wk
P 1—z_z+;;T?EV‘ (10)

On the other hand, by extension

By substituting (10) in (9), the proof is complete. O
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THEOREM 3.3. A necessary and sufficient condition for the function
f defined by (1) to be in the class of S¢[A, B| is that

- f: (k —1)(e" 4+ iB(sina) — (A — kB)( cosa

n k-1
(A= B)Ccosa E'arz""" #0. (11)

k=2
Proof. Notice that
k—vy  (k—1)(e" +iB(sina) — (A —kB){cos

1—v (A— B)(cosa (12)
where 1) was defined in (7). Using (12), we can write (6) as
1 “\ (k—1)(e* +iB(sina) — (A—kB)Ccosa,,,
;[’Z—; (A— B)(cosa kakz]%o.
(13)

Simplifying relation (13), we obtain (11) and the proof is complete. [

LEMMA 3.4. The function f(z) defined by (1) is in the class of 3 [A, B|
if and only if for all z in U and all £, |£| =1,

e G=pe] 20 (1)

where ¢ was defined in (7).

Proof. Set
g<h <= ¢(0)="hn(0), and g¢(U)cCh(U), =zel.
Note that
2q'(z) = 2 + ; (%)k"*lzk. (15)
From the identity zf * g = f * z¢' and the fact that
feKA B < zf € SA, B|,

from lemma 3.1 we have
é[zf’(z) * g(z)] #0 — %[f(z) * zg'(z)] # 0. (16)

By substituting relation (15) in (16), we have obtain (14) and the proof
is complete. O
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In a similar way of theorem 3.3 and using lemma 3.4, we can prove the
following theorem.

THEOREM 3.5. A necessary and sufficient condition for the function
f defined by (1) to be in the class of K%[A, B] is that

B  (k—1)(e" +iB(sina) — (A—kB)(cosa 1
L ; (A— B)(cosa FT T £ 0.

4. Coefficient Estimates

In the following, as an applications of Theorems 3.3 and 3.5, we de-
termine coefficient estimates and inclusion properties for a function of

the form (1) to be in the classes S2[A, B] and K%[A, B].

THEOREM 4.1. If the function f(z) defined by (1) belongs to S¢[A, B,
then

o0

3 (|k:(B +1)— 1|+ |cosa+ iBsina|>k”|ak| < (A - B)cosa.

k=2

Proof. Since we have

. (k—1)(e"* +iB¢sina) — (A—kB)(cosa, ,
‘1_; (A— B)(cosa g ak‘
L [(k—1)(e"* +iB(sina) — (A—kB) cosa|,,
21_;‘ (A— B)(cosa £ la,
and
(k —1)(e" 4+ iB(sina) — (A — kB)( cosa
‘ (A— B)(cosa )
_|(k—=1)(¢" +iBsina) — (A —kB)cosa|
(A — B)cosa
< |k(B+1)— 1|+ |Acosa + iBsinq|
- (A — B)cos a '
The result follows from Theorem 3.3. O

Similarly, we can prove the following theorem.
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THEOREM 4.2. If the function f(z) defined by (1) belongs to KA, B,
then

<|k(B +1)—1|+|cosa+iB Sina|>k”+1|ak| < (A — B)cosa.
k=2

5. Containment Properties

In this section, we study the containment properties of the mentioned
classes.

THEOREM 5.1. 8¢ ,,[A, B] C S¢[A, B] for alln € N.
Proof. If f € 8¢,[A, B], By the lemma 3.2, we have

[ z+zk 1/}14:"“ k)}#() z €U,

where 9 is given by (7). Note that we can write

z+z k w kTR = <z+2k‘z>*<z+§:(%)k”zk>

(17)
But
1 o o0 o0
—[(z+Zkzk)*(z—l—Zk_1zk)]:1+sz_1: #£0, zeU.
& k=2 k=2 k=2
Thus it follows from (17) that
— k- ¢ n _k
* <z+k22(m)k z ) #0, zel,
and we conclude that f € S?[A, B]. O

Similarly, we can prove the following theorem and corollaries.
THEOREM 5.2. K%, ,[A, B] C K2[A, B] for all n € N.
COROLLARY 5.3. S¢[A, B] C S§®[A, B] for all n € N.
COROLLARY 5.4. KA, B] C K*[A, B] for all n € N.
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REMARK 5.5. In particular, it follows from corollary 5.3 and 5.4 that
KA, B] C §*[A, B].
THEOREM 5.6. If f € S¢[A, B] and ¢ € K, then
fxpeSi[A B] forall neN.
Proof. Let .
o D)
D f(2)
If f € S82[A, B], then e“F < h, where
1+ Az
1+ Bz

h(z) = cosa + isina.
(i+5:)

Now
2px D f(2)) _ z(p* (D"f(2)))
=) T i)
oxGDMGE)) g (P (DY)
p =D f(2) pxDf(z)
On the other hand, f € S¥[A, B], D"f(z) € S*. It follows from [17,
Theorem 2.1], that

p* (F- (D"f(2)))
pxDf(z)
lies in convex hall of F(U). But ¢’*F < h and h is convex, so the convex
hall of e®F(U) is subset of h(U), Therefore

e“G(U) C h(U), and €“G(0) = h(0).

Hence €'“G(z) < h(z) and this completes the proof. O
THEOREM 5.7. If f, g € SY[A, B]. then fxg € S[A, B] for alln > 1.
Proof. If ¢ € S%[A, BJ, then theorem 5.1 provides

S%[A, B]  SU[A, B] = K2[A, B].

On the other hand

K§[A, B] € K*[1,—-1] C K.
Therefore p € K. Now by theorem 5.6,
[y e SiA B,
whenever f € SY[A, B]. This completes the proof. O
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Finally, it suggests to the researchers to study these properties on repro-
ducing kernel spaces which have been basically studied before in [8,9,15].
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