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MAXIMAL EXPONENTS OF PRIMITIVE GRAPHS
WITH MINIMUM DEGREE 3

Byung CHUL SONG AND ByEONG MooN Kim*

ABSTRACT. In this paper, we find the maximum exponent of primi-
tive simple graphs G under the restriction deg(v) > 3 for all vertex v
of G. Our result is also an answer of a Klee and Quaife type problem
on exponent to find minimum number of vertices of graphs which
have fixed even exponent and the degree of whose vertices are always
at least 3.

1. Introduction

A digraph D = (V, A) is primitive if there is a positive integer k such
that for any pair of vertices u, v, there is a © — v walk, a walk from u
to v, of length k. We say that the smallest such £ is the exponent of D,
which is denoted by exp(D).

The exponent of D is the same with the minimum k such that for an
adjacency matrix A of D, A¥ > 0, which means that every entry of A*
is positive. Note that the diameter, diam(D), of a connected digraph is
the minimum & such that I + A 4+ A% + ... + AF > 0.

Wielandt [14] found that the maximum exponent of a primitive di-
graph on n vertices is n? — 2n + 2. Dulmage and Mendelsohn [3] found
the upper bound n + s(n — 2) of exponents of primitive digraphs on n
vertices with girth s. Zhang [15] proved for all k£ with 2 < k < %,
there is a primitive digraph on n vertices whose exponent is k. Holla-
day and Varga [4] and Lewin [9] computed the maximum exponent of
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primitive graphs. Moon and Pullman [10] proved that the maximum ex-
ponent of a primitive tournament on n vertices is n+2. Brualdi and Ross
[1] computed the lower and upper bounds of primitive nearly reducible
n x n matrices and classified the maximal cases. Ross [11] computed
the upper bound of the exponent of nearly reducible primitive n x n
matrix A such that the girth of the associated digraph of A is s. Shao
[12] proved for all k£ with 6 < k < %, there is a nearly reducible
primitive n X n matrix whose exponent is k. Shen [13] computed the
maximum exponent of 2 regular digraphs. The authors [5] of this paper
found the maximum exponent of primitive Cartesian product graphs.

Klee and Quaife [7, 8], and Klee [6] obtained some interesting results
on diameter. They computed the minimum order of a simple graph with
specified diameter, connectivity and degree. They also classified all 3-
regular graphs which have the minimum order with given diameter and
connectivity.

In this paper, we find the maximum exponent of a primitive simple
graph G = (V, E) with |V| = n such that deg(v) > 3 for all v € V.
As a consequence, we obtain a Klee and Quaife type result for exponent
instead of diameter, which finds the minimum number of vertices of a
graph of minimum degree 3 with fixed even exponent.

2. Main theorem

THEOREM 1. Let G = (V, E) be a primitive graph on n vertices and
let deg(v) > 3 for allv € V. Then, fort > 2,
(8t — 4 for n = 6t,6t + 1,

8t — 2 for n = 6t + 2,6t + 3,

exp(G) <
8t for n = 6t + 4,

L 8t + 2 forn = 6t + 5.

Moreover this upper bound is extremal for n > 8, i.e., for each n > 8,
there is a primitive graph on n vertices with minimum degree 3 and
exponent the smallest value of above inequality.

Proof. This Theorem follows from Propositions 1-4 in section 4. [
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As a consequence of Theorem 1, we have the following Klee and Quaife
type result.

COROLLARY 1. Let G = (V, E) be a primitive graph, deg(v) > 3 for
all v € V and exp(G) = 2k. Then, the number of vertices of G is less
than or equal to

Sk+4,ifk=0 (mod 4);
3’“2—”, if k is odd;

3k+3,ifk=2 (mod 4).

3. Some lemmas

Throughout this paper, we assume that G = (V, E) is a primitive
graph and deg(v) > 3 for all v € V. For a subgraph H of G, let Vi and
Ey be the set of vertices and edges of H respectively. Let I' be the set
of all odd cycles in G. For C € T, let o be the length of C'. We define

So = (| Vo) | J{v € VIdist(Co, v) + dist(v, Cy)
cer
= dist(Cy,Cy) for some Cy,Cy € T'}.

For T'C V, < T >= (T, Er) is a subgraph of G where By = E N
{{v,w}v,w € T}. Usually < T > is called the subgraph of G generated
by T'. It is not difficult to see that < Sy > is connected. Let sg be the
number of the elements of Sy. For a subgraph H of G and v,w € Vjg,
we say v — w along H if there is a v — w walk in H with length
a. Also disty (v, w) is the minimum & such that v £y w along H and
expy (v, w) is the minimum & such that for all o > k, v - w along H.
We briefly write v — w, dist(v,w) and exp(v,w) instead of v — w
along G, distg (v, w) and expg (v, w), respectively. Note that if v — w,
v 25w and # [ (mod 2), then expg (v, w) < max{«, 5} — 1.

LEMMA 1. IfO(), C € F, v E 507 diSt(Co, Ol) :diSt(Co, U)"‘diSt(Ob U),

dist (Co,v) =t, and v = vg — vy — -+ = v, = w for some w € Vg,
then vy, vy, - -+ ,v; are distinct elements of Sy.
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Proof. Let k = dist(Cy, Cy) = dist(Cy, v) + dist(Cy,v). For all i =
0,---,t, wehave k = dist(Cy, Cy) < dist(Cp, v;)+dist(v;, C1) < dist(w, v;)+
dist(v;, C1) < t—i+dist(v;, v) +dist(v,Cy) < t—i+i+k—t = k. Hence
v; € Sp. Since dist(vg, v;) =t — 4, we have v; # v; for i # j. O

LEMMA 2. Let T C Sy and w € Sy. If dist(w,T") = k, then |Sy—T| >
k.

Proof. Since dist<g,~(w,T) = k, there is a walk w = wy — w; —
-+« — wy, such that w; € Sy — T and w; # w; for i # j < k and wy € T
So So — T D {wo, -+ ,wk_1}. Therefore, we have |Sy — T'| > k. O

LEMMA 3. For each pair v,w € Sy,

exp_g,» (v, w) < 59— 1.

Proof. Case I) v € Vi for some C € T.
There is W € Vi such that dist.g,~ (0, w) = distcg,~(C,w) = t. Let
a be an integer such that v SN along C' with 0 < o < % Since

v - u?,% w, v le—g u?,i) wand a +t # lc —a+t (mod 2), we
have exp_g »(v,w) < lg —a+t—-1<lc+1t—1 By Lemma 2 with
T =Ve, |[So— Vel =50 —lc >t Soexp_g,-(v,w) < 50— 1.
Case II) v & Ueer Ve-
There are Cy, Cy € I' such that dist(Cp,v) + dist(v, Cy) = dist(Cp, Cy).
Let vo(€ Vi, ), v1(€ Vi) be vertices with dist(Cy, Cy) = dist(vg, v1) = h.
Let vg = ug = uy — -+ = up = vy, Wi = {w|l <i < h—1}, and
Wy = Vi, UV, UW,. We may assume that v € Wy, Let w € Wy
such that distcg,~(w,w) = dist<g,~(w, W3) = t. From Lemmas 1 and
2,80 > |[Wal +t > Vol + Ve, | +h—1+t=lc, +1lc, + h+t—1. Let
dist(v, C;) = h; for i = 0, 1. Note that hg + hy = h.

Subcase 1) w € V.

There is o such that v, — w along C; with 0 < o < lclel Since v

a ~ loy—a
V1 —>wi>w,v£>v1 Qs w%wandhl—i-a%—t;—éhl—i—lcl—a%—t

(mod 2), exp_g - (v,w) <hi +lo, —a+t—=1<(h—=1)+1lc, +t—1=
h+l01+t—2§80—l00—1 §80—4.

Subcase ii) w € W.
Let kl = diSt<so>(’u~J, Cl) fori = O, 1. Since k0+h0+k’1+h1 = Qh, k0+h0 <

horky+hy < h. I kg+ho < h, there are walks v —% vy =% @ — w and
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v oy Vg lﬂ> Vg oy~ w. Since ho+ko+t Z ho+lc,+ko+t (mod 2),

we have exp_g - (v,w) < ho+lo,+ko+t—1 <ley +h+t—1 < so—l¢, <

so — 3. If ky 4+ hy < h, similarly we can show exp_g, - (v, w) < 59 — 3.
Subcase iii) @ € V.

This is similar to subcase 1). O

Let S; = {v € V|dist(v, So) = i}, |Si| = s; and k = max{i|s; > 1}.
Then, if u € S;, v € Sj and {u,v} € E for some ¢, j, then |i — j| < 1.

LEMMA 4. If s;, = 1 and uw,v € S; for some 1 < ¢ < j < k, then

{u,v} ¢ E.

Proof. 1t {u,v} € E, since i < j and s; = 1, u I wand v 25w
for w € S;. Thus, u 2= w =5 v L% wis a closed walk of odd length

which must contains an odd cycle not included in < Sy >, which is a
contradiction. O]

LEMMA 5. If 0 <i < k — 2, then s; + s;42 > 3.

Proof. If not, s; = s;;0 = 1. For any v € S;,1, since s; = 1, by Lemma
4, there is no vertex in S;;; adjacent to v. So deg(v) < s; + si42 = 2.
This is a contradiction. O

COROLLARY 2. If 1 <i <k — 3, then s; + s;11 + Sit2 + Si13 > 6.
LEMMA 6. If k > 3, then
Sk_o + Sk_1+ s > 6.

Proof. Suppose sp_o + Si_1 + s < 5. If there are u,v € Sy such that
u # v and {u,v} € E, there are x1,x2,y1,y2 € V \ {u, v} such that z; #
To,y1 # Yo and {z;, u}, {y;, v} € F for i = 1,2. Since u, v, x1, T2, Y1, Y2 €
Sk U Sk—1 and sg_q + s < 4, x; = y; for some ¢,j = 1,2. Thus,
Tr; — u — v — y; = x; is a cycle of length 3, which is impossible. So if
u,v € Sk, {u,v} ¢ E. Since deg(v) > 3, sg—1 > 3. S0 Sp_2 + Sg—1 + S =
Sk—1 + (Sg—2 + sx) > 3+ 3 = 6. This is a contradiction. Therefore
Sgp—2 + Sgp—1 + Sk Z 6.
H

LEMMA 7. Ifi > 1 and s;+s;41+- - -+sp =m > 8, then k < z'—l—%m—?

3
And if n > sq + 8, thenkﬁ%n—%so—%.
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Proof. Let k—i=4t+r and 0 < r < 3. Since 5 < H—%m—%, we may
assume that £k > 5. If r = 0, since t > 2, by Corollary 2 and Lemma 6,
m = (Si+Sip1+Sivatsivs) t(Sivatsips+siretsipr)+  +(Sipar—st+ +Siyar—s)
+Sitat—4 + Sitar—3 + (Sk_g + Sgp—1 + Sk) > G(t — 1) +246 = 6+ 2.
Sok=i+4t =i+ 2(6t+2)—2<i+2m—3% Forr =123, by
using Lemma 5, Corollary 2 and Lemma 6, we can prove it similarly. In

particular, if s = 1, then &k < 1+ %(n — Sp) — % = %n — %30 — % ]

LEMMA 8. If s = 3, then k < %n — %.

Proof. Since so = 3, < Sy > is a cycle of length 3. For each v € S,
there is w € V'\ Sy such that {v,w} € E. Suppose Sy = {v1,va,v3}. If
1 <i<j<3and {v,w},{vj,w'} € E for some w' € S, since v; —
w' — v; = v; is a cycle of length 3, w' € Sy, which is a contradiction. So
s1 > 3 and for each w € Sy there is only one v € Sy such that w — v.
Suppose wq,wy € Sy and {wy,we} € E. If {wy, v}, {ws,v;} € E, wy —
v; — we — wj is a circuit of length 3. This is a contradiction. If
{wy,v;},{wq,v;} € Eforl <i<j<3,w — v, = vp = vj = we — Wy
is a circuit of length 5 where vy, is an element of Sy different from v; and
vj. This is a contradiction. So any two elements of S; are not adjacent.
For each w € S; such that {v;,w} € FE, the number of vertices u € S

satisfying {u,w} € F is at least two.

IquSQanduﬁvianduivjforl§i<j§3,ui>vii>

V; 25 uis a closed walk of length 5. If vy, is an element of Sy different
from v; and vj, this walk does not pass through v;. So there is an odd
cycle different from < Sy >. This is a contradiction. So for all u € Sy,
there is only one v € Sy such that v 24 u. Thus Sy has at least six
elements. Since s3+S4+ -+ S, =n— 59— 81 — So < n— 12, by Lemma

T, k<3+2n-12)—3=32n- 1. O

LEMMA 9.
exp(G) < exp(< Sy >) + 2k.

Proof. It v,w € V, v € S;,w € S; for some 7,7 < k. There are
v, wy € Sp such that v ——= vy and w —2» wy. If t = exp(< Sy >

)+2k—i—j > exp(< Sy >), there is a walk vy LN wo. So v — vy LN
wy —2 w. So exp(G) < exp(< Sy >) + 2k. O
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COROLLARY 3. If sy = 3, then

W

32
< — _
exp(Q) 3n 3

LEMMA 10. If exp(< Sy >) = so — 1, then s¢ is odd and < Sy > is
Hamiltonian.

Proof. Since exp(< Sy >) = s9 — 1, there are v,w € Sy such that
exp_g,» (v, w) = so—1. If v € Jpep Ve, there exists Cy € I' such that v €
Ve, There is w' € Vi, such that distcg,s (w, w') = dist<g,~(w, C}) = t.

/ o . lg,—1 . , lclfoz
If w' — v along C} with a < —4—, there is w' — v along C}.

We have s9 — 1 = exp_g,»(w,v) < lgy, —a+t—-1< sp —a — 1.
So w' = wv and lg, +t = sg. Thus Sy = Vo, U{w;|0 <@ <t — 1}
Suppose t > 1. Choose w = wg — w; — wy — -+ — w; = v Where
w; € Sp. Since distcg,s(w,Cy) = ¢, if j —i > 2, w; and w; are not
adjacent. In particular, w is not adjacent to w; for 2 < i <t — 1. Since
deg_g,~(w) > 2 and Sy = Ve, U {w;|0 <4 <t — 1}, w is adjacent to
at least one elements of V. So ¢t = 1 and there is © € V(, such that

v # v and {w,0} € E. If v B along C) with 1 < 8 < 101271’ since

0] lcl—f v along C1, sp — 1 = exp_g,~ (v, w) < 5o — f —1 < s — 2. This
is a contradiction. So ¢t = 0. Since lo, = s — 0, < Sy > is Hamiltonian.
Since Cy € T, 59 = l¢, is odd. If v & |Joer Ve, by similar method as
used in case II of Lemma 3, we can obtain exp_g - (v,w) < 59— 3, which
is a contradiction. ]

Note that if there are two vertices whose degree in < Sy > is 1 or 2
then s; > 2. And so sq > 4.

4. Proof of main theorem

Let G = (V, E) be a primitive graph and deg(v) > 3 for all v € V.
ProprosSITION 1. If G has 6t or 6t 4+ 1 vertices and t > 2, then
exp(G) < 8t — 4.
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Proof. 1f sy = 3, then
32
exp(G) < 8t — 3 < 8t — 4,

by Corollary 3. Suppose that so > 8. If n < so + 7, then by Lemma 6,
k < 4. By Lemma 9,

exp(G) < so+7<n+7<6t+7<8 —4.

If n > sg+ 8, then by Lemma 3, 7 and 9,
2 2 1 8 5
< so+2k—1< s9+2(= 6t—59—=)—1< 8 —=—- —4.
exp(G) < so+2k < 50+ (3 6t 330 3) < 8t 3 3<8t
If sy =7, by Lemma 3, 7 and 9,
2 2 1
If s = 6, by Lemma 7,
2 2 1 13
E<—--6t—=-6——-=4t— —.
-3 3 3 3
So k < 4t — 5. By Lemma 9,

exp(G) <5+ 2k <8t —5 < 8 —4.

If s9 = 4, then exp(< Sy >) = 2. By Lemma 3, 7 and 9,

2 2 1
G)<24+2(=-6t—=-4—=)=8t—4.

exp(G) < 2+2(5 3 3)
If50:5,byLemma7,k:§§~6t— -5—%:4t—%.80k§4t—4.

By Lemma 9,

[S] ]

exp(G) <44 2(4t —4) = 8t — 4.
[

ProprOSITION 2. If G has 6t + 2 or 6t + 3 vertices and t > 2, then
exp(G) < 8t — 2.

Proof. 1f sy = 3, by Corollary 3,

4 32
exp(G) < §(6t+ 2) — T = 8t — 8.
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If sp > 10, by Lemma 3, 7 and 9,

2 2 1
eXp(G) < 80—1+2k§80—1+2(§(6t+2)—580—§)

So 7
= 8t— — +1<8— - <82
3 S 3
If sp =9, by Lemma 7, k < 2(6t +2) — 39 — 1 = 4t — 5. By Lemma
9,
exp(G) < exp(< Sy >) + 2k <8+ 2(4t — 5) = 8t — 2.

If so =8, by Lemma 7, k < 2(6t+2) —2-8— 3 =4t — 2. So k < 4t —5.
Then by Lemma 9,

exp(G) <exp(< Sp>)+2k < T7+2(4t —5) =8t — 3.
If sp =6, by Lemma 3, 7 and 9,

2 12

k< (6t+2)—§—

So
exp(G) <exp(< Sp>)+2k <5+2(4t—3) =8t — 1.

Since 8t — 1 > 6t + 3 and 8 — 1 is odd, by [2], exp(G) # 8t — 1. So
exp(G) < 8t — 2.

If 5o =4, by Lemma 7, k < 2(6t +2) — 24 — 1 <4t — 2. So k < 4t —2.
By Lemma 9,

exp(G) < exp(< Sp >) + 2k <2+ 2(4t — 2) =8t — 2.

If sy =7, by Lemma 7, k§4t—13—1. So k < 4t — 4. By Lemma 9,
exp(G) <exp(< Sy >) + 2k <6+ 2(4t —4) =8t — 2.

If so =5, by Lemma 7, k§4t—§. So k < 4t — 3. By Lemma 9,
exp(G) < exp(< Sp >) + 2k <4+ 2(4t —3) =8t — 2.

PROPOSITION 3. If G has 6t + 4 vertices and t > 2, then

exp(G) < 8t.
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Proof. If sy = 3, by Lemma 8 and Corollary 3, exp(G) < 3(6t +4) —
2 —8t— 2 <8t

If sp > 10, by Lemma 7, k < 2(6t +4) — 2 — 3 = 4t — 2. Thus
k < 4t — 5. By Lemma 9, exp(G)<9—|—8t—10:8t—1
If so = 8, by Lemma 7, k < 2(6t +4) — & — 3 = 4¢ — 3. By Lemma

9, exp(G) < T7T+2(4t-3) = 8t+1 Since 8¢ > 6t +3 =n — 1, by [2],
exp(G) is even. So exp(G) < 8t.

If so =6, by Lemma 7, k < 4t — g and thus we have £ < 4t — 2. So
exp(G) < 54 2(4t —2) = 8 + 1. Since 8 > 6t +3 = n — 1, by [2],
exp(@) is even. So exp(G) = &t.

If so =9, by Lemma 7, k < 4t — 4 and exp(G) < 8 + 2(4t — 4) = 8t.

If so =7, we have k < 4t — 3 and 8t<exp(G) <6+2(4t

If 5o = 4, then exp(< Sy >) = 2. Since k < 2(6t+4) — 5 —
k <4t — 1, we have exp(G) <2+ 2(4t - 1) = 8t

Finally, if so =5, k < 2(6t+4) — 2 —3 =4t — 1. If k =4t — 1,
6t+4—50+($1+ +S4t 4)—|—<84t 3+84t 2 + Sqp— 1) > 5—|—6t—6+
6 = 6t + 5. This is a contradiction. So k < 4t — 2. By Lemma 9,
exp(Q) <5+ 8t —4—1=8t, O

PROPOSITION 4. If G has 6t + 5 vertices and t > 2, then
exp(G) < 8t +2.

Proof. 1t sy = 3, by Corollary 3,

4 32
If sg > 10, by Lemma 3, 7 and 9,
(G)<9+2(g 2 —1)—8t+§<8t+2
exp(G) < 3"~ g%~ 3) = 3 .
If so =9, by Lemma 7, k < (6t + 5) — & — £ = 4t — 3. By Lemma 9 ,

1
3
exp(G) < exp(< Sy >) 4+ 2k <9+ 2(4t — 3) = 8t + 2.

If so = 8, by Lemma 7, k < 2(6t + 5) — =4t — 1. Sok <4t-3.
By Lemma 9,

exp(G) <exp(< Sy >)+2k <8 +1 <8t +2.

If so = 7, by Lemma 7, k < 4t — % So k < 4t — 2. By Lemma 9,
exp(G) < 6+ 2(4t — 2) = 8t + 2.

16 1
33
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If so =6, by Lemma 7, k < %(6t+5)—%—%:4t—1. So exp(G) <
54204t — 1) = 8t + 3.

If s =4, k <4t + 3. So k < 4t. By Lemma 9, exp(G) < 2+ 2(4t) =
8t + 2.

If s = 5, since k < %(615
1)

- —1=4t—1 k <4t—1. By Lemma
9, exp(G) <4+ 2(4t — t

—3
+ 2. U

The following figure gives examples which assert the upper bound given
in Propositions 1 - 4 are extremal.

-, SO S
P G QU S

O G QU JE- .- St
O G QU JB- -
O G SR JE- oo
X~z~zizgz~z>%

So we have the following Proposition.
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PROPOSITION 5. If t > 2 and 0 < r < b5, then there is a primitive
graph GG on 6t 4+ r vertices such that the minimum degree of G is 3 and

(8t —4, forr=0,1

8t — 2 forr = 2,3,

exp(G)
8t for r = 4,

( 8t +2 forr =5.
Thus Theorem 1 is proved.

REMARK 1. For n < 11, the upper bound of exp(G) in Theorem 1
is still true except n = 4. In that case, G ~ K, and exp(G) = 2. The
graphs in Figure 2 are extremal cases.

Figure 2.
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