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RELATIVE L-ORDER OF AN ENTIRE FUNCTION

CHINMAY GHOSH*, ANIRBAN BANDYOPADHYAY, AND
SOUMEN MONDAL

ABSTRACT. In this paper we introduce relative L—order of a non-
constant entire function f with respect to another nonconstant entire
function g. Also we investigate the existence of relative L—proximate
order of f with respect to g.

1. Introduction

Let f be a nonconstant entire function defined on C. Then the max-
imum modulus function M¢(r) of f, defined by M(r) = |ax |f(2)] is

continuous and strictly increasing. In such case the inve‘rse function
Mf_1 : (|f(0)],00) — (0,00) exists and is also continuous, strictly in-
creasing and Sli_glo M, !(s) = oo. The growth of an entire function f is
generally measured by its order and type.

In 1988, Luis Bernal [1] introduced the order of growth of a noncon-
stant entire function f relative to another entire function g, which is
defined by

po(f) = inf{p>0: Me(r) < My(r"), for all r > 7o}

o log Mt (Mg (r))
= limsup :
r—00 10g T
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In 1988, D. Somasundaram and R. Thamizharasi [4] introduced the
L— order of an entire function f, defined by

s log log M ()
= limsup ———~——=,
R N A()

where L(r) is a positive continuous function, increasing slowly i.e. L(ar) ~
L(r) asr — oo, for all @ > 0, given by Singh and Bekar [3]. The function,
L(r) is called slowly increasing function.

In 1923, Valiron [5] initiated the terminology and generalized the con-
cept of proximate order and in 1946, S.M. Shah [2] defined it in more
justified form and gave a simple proof of its existence.

In this paper we introduce relative L—order of a nonconstant entire
function f with respect to another nonconstant entire function g. Also
we investigate the existence of relative L—proximate order of f with
respect to g.

2. Basic definitions and preliminary lemmas

Here we give some definitions and lemmas.

DEFINITION 2.1. Let f be a nonconstant entire function. We say that
f satisfies the property (A) if and only if for each o > 1,

My(r)* < My(r7)
exists.
For example, f(z) = exp(z) satisfies property (A). But no polyno-

mial satisfies property (A). Moreover, there are some transcendental
functions which do not satisfy property (A).

LEMMA 2.2. [1] If f is a nonconstant entire function, then f satisfies
the property (A) if and only if for each o > 1 and positive integer n,

My (r)" < My(r?), for all v > 0.

LEMMA 2.3. [1] Let f be a nonconstant entire function, a > 1,0 <
B <a,s>1,0<pu<X\andn be a positive integer. Then

a)  My(ar) > BM;(r),
b) There exists K = K(s, f) > 0 such that

f(r)® < KMg(r®), for all > 0,
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im M) o = iy M)
e = o0 = B e
. . My(re) BRT My(r)
d) If f is transcendental, then rlggo L) 00 = rlggo L

LEMMA 2.4. [1] Suppose that f and g are entire functions, f(0) = 0
and h = go f. Then there exists ¢ € (0, 1), independent of f and g, such
that

My(r) > M, (ch (g)) , for all > 0.

LEMMA 2.5. [1] Let R > 0,n € (O, %) and f is analytic in |z| < 2eR
with f(0) = 1. Then on the disc |z| < R, excluding a family of discs the
sum of whose radii is not greater than 4nR,

log [f(2)] > =T(n)log My (2¢R),
where T'(n) = 2 + log <§’—Z> :
LEMMA 2.6. [1] If f is a nonconstant entire function and A(r) =
max{Re f(z) : |z| = r}, then
My(r) < A(145r).
LEMMA 2.7. [1] If f is a nonconstant entire function, then

R+r

—T

T(r) <log™ M;(r) < ( )T(r), for 0 <r < R.

3. Main Results

In this section we defined relative L—order of f with respect to g, rela-
tive L—lower order of f with respect to g and established some theorems
related to these. Also we prove the existence of relative L—proximate
order of f with respect to g.

DEFINITION 3.1 (Relative L-order of f with respect to g). Let f and
g be entire functions and L(r) be a positive slowly increasing function.
The relative L—order of f with respect to ¢ is given by

pg(f) = inf{p > 0: Ms(r) < My((rL(r))*), for all > ro(p) > 0}

oy los MM (r)
rosa log(rL(r))
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DEFINITION 3.2 (Relative L-lower order of f with respect to g). Let
f and g be entire functions and L(r) be a positive slowly increasing
function. The relative L—lower order of f with respect to g is given by

L(f)y = limin IOgMg_l(Mf(r»
A(f) = liminf = oy

THEOREM 3.3. Let f, g, h be nonconstant entire functions and L;(i =
1,2,3,4) be nonconstant linear functions, i.e. L;(z) = a;z + b;, for all
zeC , with Gi,bi € C,ai 7é 0(2 = 1,2,3,4). Then

a) If g is a polynomial and f is a transcendental, pg(f) = 00,

b) If g is a transcendental and f is a polynomial, pg(f) 0,

c¢) If f and g are polynomials, pg(f) = _i‘;?g’

d) If My(r) < My(r), p(f) < py(9),
e) If My(r) < My(r), pE(f) = pE(f),
f) pflegoLS)(LQ ofoly)= Pﬁ(f)

Proof. a) Let the degree of g be n. Then M¢(r) > Kr™ and M,(r) <
Kyr", where K, K; are constant and m > 0 be any real number, for
sufficiently large r.

Then,

log M_I(Mf(r)) log M_I(Krm)
L — 1 g 1 g
pilf) = s o GEr) T R T og(rZ ()

1.,
o va(g) e
=R log(rL()) T AT log(rL()
1 m
i log 1}((_711 +logr~ m i log r
= limsu = —limsup ———.
e T log(rL(r)) n el Tog(rL(r))
Hence,
L m
Py (f) > o for all real m.
Therefore,

py(f) = 0.

b) Let the degree of f be n. Then M(r) < Kr"™ and My(r) > Kir™,
where K, K are constant and m > 0 be any real number, for sufficiently
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large r. Then we have for © > 0 and for sufficiently large r
My((rL(r))") > Ki((rL(r))")"

Ky (rL(r))*™

Kr", for choosing suitable large m

My (r).

vV Vv

Which implies,
py(f)=0.

c) Let f(2) = apz™ + a;z™ ' + ...+ a™ a9 # 0 and g(z) = bpz" +
biz" "t + .+ 0" by # 0. Then My(r) < Kyr™ and My(r) > L |bo| 7™,
where K is a constant, for sufficiently large r.

Then,
2K r™ %
o 1 310 log (2 )
py(f) = limsup (L))~ ToRlr(r)
y log (bi + log 7 m, log 7
p— S D— S . =7 N
Y T log(rL(r)) s’ log(rL(r))
Hence,
m
pﬁ(f) < e

Again we can write, My (r) > 1 |ao| 7™ and My(r) < Kor", where Ko
is a constant, for sufficiently large 7.
Then interchanging the role of My (r) and My(r), we get

o) = =
Thus,
Loy m _ deg(f)

O

3.1. Relative L-order of composition. The following theorem solves
the problem of the relative L—order on the composition of entire func-
tions.



464 Chinmay Ghosh, Anirban Bandyopadhyay, and Soumen Mondal

THEOREM 3.4. Let f, f1, f2, g and m be nonconstant entire functions
and h = go f, then

a) pgof2<g o fi)= pfé(fl%
b) max{p} (f), ph(9)} < ph(h),

Proof. a) Let h; = go f;,(i = 1,2), then h; is nonconstant entire
function.

We can suppose that f;(0) = 0, if not we take f(z) = fi(z) — fi(0)
and g/ (z) = g(z+ f;(0)) and we would have h; = gfo fF, and by Theorem
3.3(f), we get pf (f7) = pf,(f1)-

So, without loss of generality we take f;(0) = 0.

We have by Lemma 2.4, there exists ¢ € (0, 1) such that

My, (r) > M, <chi (g)) , forallr >0,i=1,2.
Again using Lemma 2.3 with o = é, g = %
1 dr 1 dr
M | —.— M | —
r 1 dr :
= My, <§> > EMfi 5 for all d € (0,¢) since My, < M, o Mjy,.
Then

0 e (i (%)) 2 ()1

Again from (1)

Again

Therefore

(2) M, (M, (r)) > M, ' (Mg (Mfl (%))) > My, (Mfl (%)) .
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In (1), for i = 2, we put My, (r) =t.ie., r= M, '(t) and we get

t > M, (Mf2 (%ZM,;; (t)))

M(M(D) > gM,ul(t):>Mh;(t)<g

SM (M (1))

Putting t = Mj, (), we have

(3) MM, () < MG (M (Vi (1) < MG (M, ().

Combining (2) and (3) we have,
1 dr 1 2
Mfg Mfl ? < th (Mhl(r)) < EMfg (Mf1 (T))

Taking logarithm and dividing by log(rL(r)) and taking limsup as
r — 00, we get

Peor, (g0 f1) = pf, (f1).

b) As in part (a), we can assume that f(0) = 0.

Since f and g are nonconstant, there exists a > 0 such that M(r) >
ar and My(r) > ar.

Applying the Lemma 2.4, there exists ¢ € (0,1) such that

(4) My(r) > M, (ch (g)) > M, (%) > M, (r°),

for each o € (0,1) and for sufficiently large r.
Again,

(5) My (r) > M, (ch (g)) > a.c.M; (g) > M;(r°),

for each o € (0,1) and for sufficiently large r.
From (4), we have

M, (My(r7)) < M, (M ().

m
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Taking logarithms and dividing by log(rL(r)), for sufficiently large r,
we get

log M,,,' (My(r?)) _ log M, (Mn(r))

log(rL(r)) = log(rL(r))

log M, (My(r)) _ log M ' (My(r?)) _ log M ' (Mp(r))

og (rLG)?) © osCLG) T loalrLE)

log M,,,'(My(r)) _ 1log M, (Mh(r))

log(rL(r)) = o log(rL(r))
since L(r)® > L(r®), for a > 1.
Now taking lim sup as r — oo, we get

pi(g) < %pfn(h)-

Similarly from (5), we get

1
P ) < —pra(h).
From the above two results (b) follows. O

3.2. Relative L-order of sum and product. We know that the clas-
sical order of a finite sum of entire functions is generally the highest of
the orders of them. This is also true for relative L—order. Likewise, the
order of a finite product of entire functions is generally the highest of the
orders of them. But the same result is not valid for the relative L—order.
For this, we have to introduce some restriction on the functions.

THEOREM 3.5. Let f, f1, fo and g are nonconstant entire functions,
then

a) py(fr + fo) < max{pl(f1),p}(f2)}, equality occurs if pl(fi) #
Pé(f2)7

b) if f is a transcendental and P is a polynomial then, pg(P f) =
Py (f),

&) pE(f) < L) < mph(f),

d) if g satisties property (A), then pb(fif2) < max{pt(fy), o ()},
equality occurs if p(f1) # pk(f2).

PT’OOf. a) Let h = fl + f2>PL = Pé(h)asz = pg(fz)a (Z = 172>
If h is constant, the case is trivial.



Relative L-order of an entire function 467

Suppose that h is not a constant.

Without loss of generality we may take p¥ < pk.
If pl = oo, the case is trivial.

So, we take pl < pl < oo,

Given € > 0,

Mfl (T)

IA

My (rL(r)E ) < My (rL(r)E )
and My, (r) < M, <TL(T))p2L+€> , for r > g
Then,
My(r) < My (r) + Mp,(r)
< 2M, <7’L(r))p5+€> < M, (3(7’L(7’))”5+5> , using Lemma 2.3(a).

log M, (My(r)) _ log3 + (pf + ) log(rL(r))
log(rL(r))  — log(rL(r)) '
Now taking limsup as 7 — oo, we get p& < pl + ¢, for each & > 0.
Consequently, p* < pk = max{pl, pL}.
Now suppose that, p¥ < pZ and let’s take \, u such that pf < u <
A< pk.
Then My, () < My (rL(r))*
infinity with My, (r,) > M,y(r,
Now by Lemma 2.3(c)

My (rL(r))*) > 2M,(rL(r))*), for all n.

) and there is a sequence {r,} tending to
L(r,))?), for all n.

Therefore
2My, (1) < 2My(rp L(r))") < My(roL(r,))*) < My, (ry) for sufficiently large n.
and so by Lemma 2.3(a)
1

Mh(rn) > Mfz(rn) - Mfl(rn) > EM 2(7%)
> %Mg(rnL(rn)))‘) > M, (%(rnL(rn))’\)) for sufficiently large n.
N log My ' (My(ryn))  log s + Alog(rnL(ry))
log(r, L(r,)) log(r, L(r,))

Now taking limsup as r — oo, we get pl' > A, for each X € (pf, pk).
So, p* = py = max{py, p3}.
Hence, p* = pj = max{pf, p3} for p{ < py.
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b) Since P(z) is a polynomial and h = Pf, taking 0 < o < 1 and
s> 1, we get
M¢(ar) < 2aMy(r), using Lemma 2.3(a)
< |P(2)[M;(r), on |z =
= M(r)
< r"M(r)
(6) < Mjy(r®), using Lemma 2.3(d), for sufficiently large r.
Consequently,
My (My(ar)) < Mg (My(r)) < Mg (Mg (r%))
)

log M, '(My(ar)) _ log My (Ma(r) _ log My (Ma(r*))
log(rL(n)  ~ log(rL(r) log(rL(1))
log My (My(r)) _ log My (My(r)) _ log My (My(r)) _ lox My (M (1)

g (Z(2)) — ToOL0) 1o (FL ()~ tostrLr):

Now taking lim sup as r — oo, we get

py(f) < pg(h) < spg(f), forall s > 1
c) We know that,
max{|f"(2)| : |z = r} = My (r)" < KM (r") < My((K + 1)r"),
using Lemma 2.3(b) and 2.3(a).

Therefore,
log M (M (r))") - _ log M (M;((K + L)r"))
log(rL(r)) B log(rL(r))

log My (M;(r))
log ((Kil)hr"L ((Kjl)%T"))
log M, (My(r))
tog ((#2)" L ()"
log M, (My(r))
105—’5 ((#) L (#5)
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Now taking lim sup as r — oo, we get
. log M, ' ((M;y(r))") . log M, ' (M;(r))
lim sup < n.limsup - -
r—00 log(rL(r)) r—oo  log ((K+1) L (K+1))
L log M, (M)
= n.limsu
oY T log(rL(r))
= py(f") < n.py(f).

Again,
(My(r))n > My(r)
g M) o My (M)
= IS L) o e T g (L ()

= g (f") = py ().
d) Let fi, fo are transcendental, otherwise it would be trivial.
Denote h = fi fo, p" = pg(h), pi = pg (fi), (i = 1,2).
Without loss of generality we may take p¥ < pZ.
If pl = oo, the case is trivial.
So, we take pl < pl < oo,
Given € > 0,

My, (r) < M, (rL(r))péJr%) for sufficiently large r, (i = 1, 2).
Then,
A\ 2
My(r) < My, (r) My, (1) < M, (rL(r)+5) .

L €
Applying property (A), with o = % > 1, we get

ok +
My(r) < M, (rL(r))péJrE) , for sufficiently large r
= p < py = max{py, py }.

Now suppose that, pf < pl.

Again we have, the product of f by a factor % does not alter its
order, so we can assume without loss of generality that f;(0) = 1.

Take \, u with pl < < X < pk.

Then there is a sequence {R,} tending to oo such that

My, (Rn) > Mg(RnL(Rn))A>a
for all n and My, (r) < My(rL(r))*), for sufficiently large 7.
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Now by Lemma 2.5, taking f = fi, R =2R,,n = we get,

L
167

log|fi(z)| > =T (%) log My, (4eR,,).

where T (55) = 2+ log <23i) =2+ log(24e).
" 16
Therefore,

log |fi(2)| > —(2 + log(24e)) log My, (4eR,,),

on the disc |Z| < 2R,,, excluding a family of discs, the sum of radii is
not greater than %.

Therefore there exists r, € (R,,2R,) such that |z| = r,, it does not
intersect any of the excluded discs, then

log|fi(z)] > —Tlog My, (4eR,) in |z| =7,
= |fi(z)| > Mf1(4eRn)_7 in |z| = r,.
Also,

My, (r) > My (Ro) > My(RoL(R,))) > M, ((%")A L (%")A> .

My (r) = [ fi(z) | My, (r).
And therefore,

(25 (5)) st
> M, <<Tn>/\ L (T;)A> (My,(4eR,L(R,))*) ™7, for sufficiently large n
(

>/\ L <>A> (My(4er, L(ry))")~7, since r, > Ry,

Now taking v € (i, A) and applying Lemma 2.2 for o = e>1,n=38
and r = (der, L(r,))"

Mh(T’n)

we obtain,
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Consequently,
p < p* for each p < pk.
So,
p" = p3.

O

3.3. Relative L-order of derivative. We know that the classical or-
der of an entire function is same as that of its derivative. But in our
case, this result is false if both of the entire functions be polynomials.

THEOREM 3.6. Let f and g be two nonconstant entire functions such
that at least one of them is transcendental. Then pl(f') = pk(f).

Proof. We can assume that f and g are transcendental, the other
cases are trivial.
We can assume that f(0) = 0.

Let My (r) = max{|f'(z)] : |2| = r}
We know that

1) = [ v

where we have taken the integral over the segment that joins the origin
with z.

FG) < / P (0)] dt < V(r).r

= M;(r) < Ms(r).r

Using Cauchy’s formula,

f'(z) = QLm (t‘}:(t;)th, where |z| =rc={t:|t—z| =71}
M
= |f(2)] < % 7{2(T).27T < My(2r)
= M(r) < My(2r).
Therefore
My(r) _

< My(r) < Ms(2r), for each r > 0
,
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Let 0 € (0,1), from Lemma 2.3(d) and taking A = 1, 4 = o, we get
M
rro0 - My(r7)
= My(r) > rMg(r?), for sufficiently large r.
Therefore
My(r7) < My(r) < My(2r)
= M (Mp(r7)) < M, (My(r)) < My (Mg(2r)).

Taking logarithm and dividing by log(rL(r)), we get

log M, (M (r7))  log M, (My(r)) log My '(My(2r))
log(rL(r)) log(rL(r)) log(rL(r))
log M, \(My(r) _ log My (My(r)) _ log M, (Wy(r) _ log M ' (Mj(r))

log(grL(r))% - log (r%L <ré)) - log(rL(r)) - log ?%L (5))

=

taking lim sup as r — 0o, we have
apg(f) < py(f') < pg(f) foreach o e (0,1)
= 05 (f)=py(f)
O
3.4. Relative L-order of real and imaginary parts. The relative

L—order is completely determined by the real and imaginary parts of
given functions.

THEOREM 3.7. Let f and g be two nonconstant entire functions.
Denote

A(r) = max{Re f(2): |z| =71},
B(r) = max{Im f(z) :|z| =r},
C(r) = max{Reg(z):|z| =r},
D(r) max{Im g(z) : |z| = r}.
Then
py(f) = inf{p>0:M(r) < N((rL(r)")

s N M)
= e = L)
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where M is any of the functions A, Bo My and N is any of the functions
C, Do M,.

Proof. 1t is known that A, B,C and D are continuous, strictly in-
creasing, then A=', B~1,C~! and D! are exist.
From Lemma 2.6, there exists o > 0 such that

M(r) < Mg(r) < M(ar) and N(r) < My(r) < N(ar)

Let us take p* = pl(f) and g = inf{p > 0: M(r) < N((rL(r))")}.
Let us first prove that g < p.

If p = oo, then it is trivial.

If p be finite, take A, p such that p < A < p < oc.

Therefore, M (r) < My((rL(r))") and

M(r) My (r) < My((rL(r))*) < N(a’(rL(r))*)
N((rL(r))*), for sufficiently large r
w >0, forall p>p

= p<p.

I A A

Now we prove that 5 > p.

If p =0, it is trivial.

If p > 0, then take A,y such that 0 < p < A < p.

Then for a sequence of values of r, tending to oo such that

M (rp) > My((rnL(r,))), for all n.
So,

M(ary) > My(rn) > My((raL(r2))*) > M,y((ar,L(ar,))")
>  N((ar,L(ar,))*), for sufficiently large n
= [ > p with for all p < p
= [ =p.
[l

3.5. Relative L-order of Nevanlinna. The following theorem gener-
alizes the concepts of classical order to relative L—order determined by
T(r).
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THEOREM 3.8. Let f and g be two nonconstant entire functions.
Then

py(f) = inf{p>0:Ty(r) < Ty((rL(r))")}

i log T, ' (T¢(r))
— R Tlog(rL(n)

Proof. Let p" = pl(f) and a = inf{p > 0 : Ty(r) < Ty((rL(r))")}
Let us prove that o < p~.
If pL' = oo, the case is trivial.

So, we take p” be finite and let’s take v, d, \, u such that pl < v <
0 <A< pu<o0.

Now for sufficiently large r, it is clear that

v _ (rL()" = (rL(r))*
0 (rL(r))*+ (rL(r)*

By Lemma 2.3(b) and 2.3(c) applying to M, taking s = %, gives
M, (r)s < KMy(r®) < My(r).
and
S s vy
My(rLe))YY = My((rLr)))s < KM, (# (L(r))
K M,(r°(L(r))®), for sufficiently large r
My ((rL(r))*).

A IA

Therefore,
log My (L)) < o My (L)),

Which implies

log M,((rL(r))") < log M,((rL(r))")
(L) = (PLOD* | ni
< Ly Gy )
< T (L)),
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Again from Lemma 2.7

Ty(r) < log My(r) <log My((rL(r))*)
Ty(r) < Ty((rL(r))")
> a, forall pu > pt

4y

= pLZa.

Next let us prove, a > p~.

If p» = 0, the case is trivial.

So let p¥ > 0, and take 7,8, u with 0 < pp < X\ < v < p~.
Then there exist {r,} tending to oo such that

Mg(ry) > My((rnL(ry))7), for all n.

A 1+c
cE (;,1) and d > £

Then
7}(drn)

Therefore,

\%

V

AV VARV

dr,, —
dry, + 1,

d—1
T log My (1)

clog My(ry,)

log My((rnL(rn))")*

M,y ((rnL(rs)))
K

A
log Mg((rnL(rn))’\), as ¢ > ;

log M¢(ry,)

, using Lemma 2.3(b) for ¢ < 1

log

log M,((dr,L(dry))"), for sufficiently large n
Ty((drn L(rn))").

T¢(dr,) > T,((drpL(ry))*), for sufficiently large n

Hence,

= a>pu, forall u< p”
= ozZpL.

pr=a={n>0:Ty(r) <T,((rL(r)")}.
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3.6. Relative L-proximate order. Here we define relative L—proximate
order of f with respect to g and relative L—lower proximate order of f
with respect to g and then give simple prove of their existence.

DEFINITION 3.9 (Relative L-proximate order of f with respect to g).
Let f(z) be an integral function of finite L—order of growth of f relative
to g, py (f).

A function p}(f)(r) is said to be a L—proximate order of growth of
f relative to g if the following properties holds:

i) pk(f)(r) is differentiable for r > ry except at isolated points at
which p7 (r —0) and p} (r + 0) exist,

i) lim pg(f)(r) = pg (),

i) lm (05 () (r).log{rL(r)} = 0,

Mg (My(r)

iv) lim sup hhe =

r—oo  {rL(r)

THEOREM 3.10 (Existence of Relative L-proximate order of f with
respect to g). For every entire function f(z) of finite L—order of growth
of f relative to g, pL(f), there exists a L—proximate order pl(f)(r).

Proof. Let
log My (My(r))
o(r)=
log{rL(r)}
Then either o(r) > pl(f) for a sequence of 7 tending to infinity, or
o(r) < pl(f) for all large values of 7.

Case A: o(r) > pL(f) for a sequence of 7 tending to infinity.
We define,

¢(r) = max{o(z)}.

z2>r

Since, o(r) is continuous, limsup o (r) = pL(f), and o(r) > pl(f) for
T—00
a sequence of values of r tending to infinity.

Therefore, ¢(r) exists. ¢(r) is a non-increasing function of r.

Let 1 > 0 be such that ¢(r;) = o(ry). Such values will exist for a
sequence of values of r tending to infinity.

Let ph(f)(r1) = ¢(r1). Let t; be the smallest integer not less than
r1 + 1 such that ¢(r1) > ¢(t1) and let

Py (F)(r) = pg(f)(r1) = é(r1) for r <r < 1.

Define u; as follows:
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up > tq,

pg (F)(r) = pg(f)(r1) — logloglog{rL(r)} + logloglog{t,L(t)} for
t1 <r < u,

pg(f)(r) = ¢(r) for r = u; but pg(f)(r) > o(r) for t; <r < uy.

Let 75 be the smallest value of r for which ro > uy and ¢(r3) = o(r2).

If 75 > wy then let pl(f)(r) = ¢(r) for uy < r < ry. Since @(r) is
constant for u; < r < ry, therefore pg(f)(r) is constant for u; < r < rs.

We repeat the argument and obtain that p}(f)(r) is differentiable in
adjacent intervals.

Further,

ECAY(ry=0or — L rL'(r r
(py (£))(r) =0 log log{rL(r)}. log{rL(r)}.rL('r’){ L(r) + L(r)}-

Therefore,

r.(pg(f))’(r). log{rL(r)} =0or — Iog log{lrL('r)} {TZI':;S;) + 1} .

Hence,

Tim 7(£(£)) (r) log{rL(r)} = 0,
Also note that, pl(f)(r) > ¢(r) > o(r) for r > ry.

Further, py(r) = ¢(r) for r = r1, 79,73, ... and p(r) is non-increasing
and lim ¢(r) = pr.
T—00
Hence,

lim sup pg (f)(r) = lim pr(r) = pr.

r—00 =00
Again since, M, (My(r)) = {rL(r)}*") = {rL(r)}*s0) for infin-
itely many values of r and M, (M;(r)) < {rL(r)}»s(D") for the re-
maining 7.
Hence,
lim sup MJI(Mf(T))
r—00 {TL(T‘)}pqL(f)(T)
Case B: o(r) < pl(f) for all large values of r.
Here, there are two possibilities:
Subcase B.1: o(r) = pL(f), for at least a sequence of values of r
tending to infinity.
Here, we take pl(f)(r) = pL(f) for all large .
Subcase B.2: o(r) < pL(f), for all large r.

=1.
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Let X > 0 be such that o(r) < pk(f) where r > X.

We define,
§(r) = max {o(z)}.

X<z<lr

Therefore £(r) is non-decreasing,.

Take a suitable value 71 > X and let

pg ()(r1) = pg (),

Py (N)(r) = pg (f) +logloglog{rL(r)} —logloglog{riL(r1)} for s, <
r< T,

where s; < 7 is such that £(s;) = pr(s1).

If £(s1) # o(s1), then we take pf(f)(r) = &(r) for t; <7 < sy,

where t; is the nearest point (with ¢; < s1) at which £(¢1) = o(t1).
Therefore pg (f)(r) is constant for t; <1 < s1.

If £(s1) = o(s1), then let t; = 5.

Choose ry > rq suitable large and let

Py ()(r2) = pg (),

Py (F)(r) = pg(f) +logloglog{rL(r)} — logloglog{ryL(ra)} for s, <
r S T2,

where 55(< 73) is such that £(s2) = pf (f)(s2).

If £(s2) # 0(s2), then we take pl(f)(r) = &(r) for t; <r < s5.

where t5 is the nearest point (with to < s9) at which {(t2) = o(ta).

If £(s9) = 0(s2), then let ty = so.

For r < to, let

pg(F)(r) = py(f)(ta) + logloglog{taL(t2)} — logloglog{rL(r)} for
up <1 <o,

where uy(< t3) is the point of intersection of

y = py(f) with y = pl(f)(t2) + logloglog{t2 L(t2)} —logloglog{rL(r)}.

Let Pé(f)(r) = pﬁ(f) forry <r <uy

It is always possible to choose 1o so large that r| < u;.

We repeat the procedure and note that pl(f)(r) is differentiable in
adjacent intervals

Further,

L (1) = 0 or 1 rL'(r r
(pg ())'(r) =0 = log log{rL(r)}.log{rL(r)}r.L(r){ L(r) + L(r)}-

Therefore,

. . o 1 rL'(r)
FHD) ) loglrL )} =0 or & o { T
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Hence,
lim r.(p4())' (). log{rL(r)} = 0.

Also, pk(f)(r) = &(r) > o(r) for all large r and pl(f)(r) = o(r) for
r= tl,tz,tg, e

Hence,
lim pg (f)(r) = py (f).
And .
lim sup My~ (M;(r)) =1.

r—00 {T'L(T)}ng(f)(r)
O

DEFINITION 3.11 (Relative L-lower proximate order of f with respect
to g). Let f(z) be an integral function of finite L—lower order of growth
of f relative to g, \J(f).

A function )\gL(f) (r) is said to be a L—lower proximate order of growth
of f relative to g if the following properties holds:

i) Ar(f)(r) is differentiable for r > 7y except at isolated points at
which p/, (r — 0) and p/, (r + 0) exist,

.o . L . L

11) rli)ngo /\g (f)(?") - )\g (f)7

ves . L .

iii) TILIgO r.()\g () (r).log{rL(r)} =0,

; e My '(My(r)

) lminf O e =

THEOREM 3.12 (Existence of Relative L-lower proximate order of
f with respect to g). For every entire function f(z) of finite L—Ilower
order of growth of f relative to g, )\5 (f), there exists a L—proximate

order XJ(f)(r).

The proof of the above theorem is omitted because it can be carried
out in the line of the previous theorem.

3.7. Some examples. In the following two examples we shall find out
the relative L—order when f and g both are polynomial and both are
transcendental respectively. The other two cases are trivial by Theorem
3.3(a) and 3.3(b).

EXAMPLE 3.13. Let us consider a slowly increasing function, L(r) =
log r.
Let f(z) = 2% and g(z) = 23.
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Then My(r) = 1%, My(r) = r* and M *(r) = rs.

Hence
log M1 (My(r))
I . g
= 1
Py (f) P log(rL(r))
. log rs
= msup ————
r—>oop IOg(T log T)
9 y log r
= —l1msu
3 r%ooplogr—kloglogr
2
= 3
Note: Here pl(f) = 5= (cjiiig))'

EXAMPLE 3.14. Let us consider another slowly increasing function,
L(r) =log logr

Let f(z) = and g( ) = €.
Then M (r ) = ¢, My(r) = ¢" and M, *(r) = logr.
Hence

Lipy log M (M;(r))
py(f) = limsup == )

. log log e’
= limsup ———————
r_mp log(r log log )

log r

= 2l
u;as;olp log r 4 log log log r

= 2.

In the next example we shall show that Theorem 3.5(d) may not hold
if g does not satisfy property (A). For this we take g as a polynomial.

EXAMPLE 3.15. Let us consider the slowly increasing function, L(r) =
log 7.

Let fi(z) = 22, fo(2) = 23 and g(2)

Then My, (r) = r?, Mfz( ) =13 M,(r

And also fl( )fQ( ) Mf1f2( =7’

r)
Now we see that, p, (fl) =2, pg(f ) =3 and pg(f1f2)
But

(_—TandM )y =r.

= py (fif2) & max{py(f1), py (f2)} = max{2,3} = 3.
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