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ITERATES OF WEIGHTED BEREZIN TRANSFORM
UNDER INVARIANT MEASURE IN THE UNIT BALL

JAESUNG LEE

ABSTRACT. We focus on the interations of the weighted Berezin
transform Ty, on LP(7), where 7 is the invariant measure on the com-
plex unit ball B,,. Iterations of T,, on L%(7) the space of radial in-
tegrable functions played important roles in proving M-harmonicity
of bounded functions with invariant mean value property. Here,
we introduce more properties on iterations of T, on LL(7) and ob-
serve differences between the iterations of T, on L'(7) and LP(r)
for 1 <p< .

1. Introduction

Let B, be the unit ball of C™ with norm |z| = (2, 2)"/? where (, ) is
the Hermitian inner product, and let v be the Lebesgue measure on C"
normalized to v(B,) = 1.

For o« > —1, we define a positive measure v, on B,, by

dve(2) = co(1 — |2|H)dv(2),

where
F'n+a+1)
Cop = ——— >
nI'(a+ 1)
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is a normalizing constant so that v,(B,) = 1. For such a and f €
LY(B,,v,) , the weighted Berezin transform T, f on B, is defined by

(Tof)(2) = /B fp:(w)) dve(w) for z € By,

where ¢, € Aut(B,,) is the canonical automorphism given by
a—Pz—(1—la)?Qz

11— <27 (l>
where P is the projection into the space spanned by a € B,, and ), =
z— Pz.
Equivalently we can write

Ya(z) =

W @ = [ S duw),

B,
The invariant Laplacian A is defined for f € C?(B,) by

(Af)(z) = A(fo)(0).
The M-harmonic functions in B, are those for which Af = 0. If a
function f € L'(B,, vy) is M-harmonic, then f o1 is also M-harmonic
for every ¢ € Aut(B,). Thus for every given a > —1, bounded M-
harmonic function f satisfies an invariant mean value property

/ (fow) dv, = f(1(0)) for every ¢ € Aut(B,),

which is equivalent to saying that (7, f)(z) = f(z) for every z € B,,.

Conversely, Furstenberg ([2],[3]) provided abstract proofs that on any
dimensional symmetric domain, a bounded function which is invariant
under a weighted Berezin transform is harmonic with respect to the
intrinsic metric, which implies that f € L*(B,) satisfying T, f = f is
M-harmonic. In 1993, Ahern, Flores and Rudin ([1]) gave an analytic
proof that f € L*(B,) satisfying Tyf = f is M-harmonic, and f €
LY(B,,v,) satisfying Tyf = f has to be M-harmonic if and only if
n < 11.

To mention some previous works related to weighted Berezin trans-
form and harmonicity, in 2008 ([4]) the author proved that for any
1 <p<ooande,ey > —1, afunction f € LP(v, X v.,) on the bidisc
which is invariant under the weighted Berezin transform; T, ., f = f
needs not be 2—harmonic. Properties of such functions on the bidisc
is mentioned in the recent work [6]. And in 2010, the author([5]) gave
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an analytic proof that for every given o > —1, f € L*(B,,) satisfying
Tof = fis M-harmonic. In [5], the author used the spectral theory and
interation of T,, on the commutative Banach algebra L (7), the space
of all radial function f on B, integrable with respect to the invariant
measure 7 defined by dr(z) = (1 —|z[*)™ ! dv(2).

This paper, we focus on the iteration of the weighted Berezin trans-
form T, on LP(B,, ), which has not been done any previous researches.
Our motivation comes from Lemma 2.1 of [5] which plays a crucial role
in the proof of the main result of that paper. Here, we develop further
theory and results which follow from Lemma 2.1 of [5] and observe the
major difference between the iterations of T, on L'(7) and LP(t) for
1 <p<oo.

In section 2, we introduce some preliminaries on weighted Berezin
transform 7, and invariant measure 7 on B,. In section 3, we propose
a lemma and three new propositions about iterations of T, on LP(1) for
1 < p < co. Throughout the paper « is an arbitrarily given real number
with oo > —1.

2. Preliminaries

Here, we introduce some preliminaries on weighted Berezin transform
T, and invariant measure 7 on B, details of which are explained in
[5] and [7]. We focus on the invariant measure 7 on B, defined by
dr(z) = (1 —|z|>)™ ! dv(z), which satisfies

dr = o d
R /n(f $) dr

for every f € L'(r) and ¢ € Aut(B,). Even though 7 is not a finite
measure on B, so that a non-zero constant does not belong to L'(7), T,
on L>(B,) is the adjoint of T}, on L'(7) in the sense that

(2.1) / (Tf) g dr = / f (L) dr

for f € L'(1) and g € L*°(B,,). Since L*(B,) = L'(7)*, the spectrum of
T, on L>=(B,) is the same as the spectrum of T,, on L*(B,,, 7). Moreover
from the expression (1.1), we can easily see that the operator T, on
L*>(B,) is a positive contraction, which means that 7T, is also a positive
contraction on L(B,,7) so that we can iterate T, on L'(7) .
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For 1 < p < oo, we denote L% (7) as the subspace of L?(B,,, 7) which
consists of radial functions, which means that f € L%(7) if and only
if f € LP(7) and f(z) = f(|z|) for all z € B,. In this case, T, is a
contraction on L} (7) which is a commutative Banach algebra under the
convolution

(f*@@w=/ £ (- (w)) g(w) dr(w)

n

for f,g € LL(r). Hence if f € LL(7), we can write T,,f = f * h, where
ha(2) = ca(1 = |2[)" T € Li(7).

In [5], the key step to the proof of the main theorem is Lemma 2.1 which
states that

(2.2) Jim || THI=T.) | =0 on Li()

We start section 3 by introducing a lemma on iteration of T, on Lk(7)
which is a direct result of (2.2). Then we extend this lemma to a more
general case.

3. The iterations of T,

We start this section by introducing Lemma 3.1 on iteration of T, on
LL(7) which is an application of (2.2).

LEMMA 3.1. For f € Li(7), we have

lim | TFf | dr = 0 if and only if fdr = 0.

k—o00 B B,

Proof. Let f € Ly(7). By putting g = 1 in (2.1) we get

/Tolfde:/ fdr for every k > 0.

Hence

lim | T"f | dr = 0 implies / fdr = 0.
k—o0 B -

To prove the converse, if we define

D:{fEL}%(T)‘ | par = o}.
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Then (I —T)LL(7) C E. Now let £ € L¥(B,) satisfy

/ (f =Tof )-£dr =0 forevery f € Li(7).

n

Then by (2.1)
f-(—=Tu) dr =0 forevery f € LE(T).
By

Hence T,/ = ¢, which means /¢ is radial M-harmonic so that ¢ is a
constant. Hence we get

/ g-¢dr =0 forevery ge D.

n

By the Hahn-Banach theorem, this means (I — T')LL(7) is dense in D.
Now from (2.2), we have

klim | T5(f = Tof) o2y =0 for every f € Li(7).
— 00
Therefore, we conclude

lim | TFf | dr =0 for every f € D.
By

k—o0

]

Next proposition is a generalization of Lemma 3.1. Since non-zero con-
stant does not belong to L'(7), we can not simply apply Lemma 3.1 to
the function f — [ f dr.

PROPOSITION 3.2. If f € Lk(7), then we have

lim ‘Tﬁf‘dT:‘/de
B n

k—o00

Proof. Let’s denote A = {{ € LF(B,) | |l <1}, E, = TFA
and E = (o, Ex. Then for f € Li(7),

/ mewhzzsw{\/<rw>wdf

:sup{‘ f-(TFe) dr
B,

| teA

|
ueA}.
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Hence

(3.1) lim || T5f |z > sup {’ / fhdr| | hEE}.
k—o00 B,

On the other hand, for every ¢ > 0 and k& > 1 there exists h, € A with

178 o < | [ @) o

= ’ / (Thhy) dr

Since FE, is weak * compact and E}, $ E FE is also weak x compact. If ¢
is a weaks limit of a subsequence {75 ( hi,)} of {TFhy}, then g € E and

= lim ‘/ f (T8 h,) dr

+ €.

f-gdr

J—00

L
> lim H T: f ”LI(T) — E&.

j—0o0

Hence we have

IN

(3.2) klim | TEf |l sup { fehdr| |heE }
— 00

By
From (3.1), (3.2) we get

(3.3) khm I TEf Nl :sup{ f-hdr }hEE}.

B7l
From (3.3) and Lemma 3.1, if u € L, (7) then for every h € F

fdr=0 if and only if f-hdr=0.

Bn Bn

Therefore, we conclude
E ={ceCll<1},
)

and we can rewrite (3.3) as

lim || 75f ||y = sup { ‘/ cf dr
k—o00 B

\|a|§1}

fdr

‘Bn
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Since T, is a contraction on L'(7) and L>(B,,), it is also a contraction
on LP(1) for 1 < p < co. Next proposition says when 1 < p < oo, the
iteration of T,, on LP(7) is much simpler in a way that

klirn | T5f ||ory =0 for every f € LP(1).
—00
PROPOSITION 3.3. If 1 < p < oo and f € LP(T), then

lim | TFf P dr = 0.
k—o0 B
Proof. Since T, is a positive contraction on LP(7), by standard ap-
proximation, it is enough to prove the proposition when f is a charac-
teristic function yg for every compact subset K of B, .

First, we'll show that limy o || TFX K [Jeo = 0.
Choose 0 < r < 1 such that K C rB,,, and define u : [0,1] — R by
u(t)=—1 for 0<t<r
t—1
u(t) = - for r<t<l1.
Then v(z) = u(]z]) is sunharmonic in B,, which implies that v o @,
is subharmonic for each a € B,. Thus from the definition of T, and
submean value property, we get T,,v > v. Since T, is a positive operator,
{T*v} is increasing and uniformly bounded on B,. Hence limT*v = ¢
exists and satisfies T,g = ¢. Since ¢ is bounded on B,, satisfying T,,g = ¢,
g is M-harmonic. Thus we get ¢ = 0 on B, since ¢ = 0 on 0B,.
Therefore, bu Dini’s theorem, {T*v} converges uniformly to zero, which
implies
lim || Txx oo = 0.
k—o00

since TFv < —TFyx <0 .

Next, let p = 1 + ¢ for some ¢ > 0. For a given € > 0, we define
Ay ={2€ B, | TFxx > e}. Then || T"xk [loo <1 for every k, and A,
is empty for all k sufficiently large.

Since

/ | Thye P dr = / (T ) (T ) dr + / (T i
n k n k

we have
/ | zjK P dr < 7(Ag) + 7(K)e“.

Therefore, we get the proof of the proposition by taking k& — oo n
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Even though T%f generally does not converges to zero in norm when
f € L*(7), next proposition implies that it converges pointwise to zero
in B,, and much more is true.

PROPOSITION 3.4. If f € L*(7) and z € B,,, then
DI TEf(R) | < o0,
k=0

Proof. First, we prove that the function u(z) = |z|*—1 satisfies T,,u >
uon B,.
From the definition of weighted Berezin tranform we get
_ R (e E o s
T = [ (uf -1 g v

34) = —-(1- |z|2)"+a+1r<” ta+l) / (1= Jwl)™ dv(w)

nT(a+1) Jp, = (zuw)prom
Using the binomial series identity
5 _N~L(k+8)
1—a) "= b
(1-=2) £ TRI(E)

for |z| < 1, f > 0 and applying integration in polar coordinates (1.4.3
of [7]) together with Proposition 1.4.10 of [7], we get

/ (1 — |w|?)te v (u0) nla+2) o= MPh+k+a+1)
v\w) =
B, |1 — (z,w)|?n+2+2 Pn+a+1) = KTk +n+a+2)

‘Z|2k.

Therefore, we have

a+l o FQ(n+k+a+1)|Z’2k

T - —(1— 2\n+a+1
(Taw)(z) (1=1zF) L(n+a+1) & kT(k+n+a+2)

(k+n+a+2)
(35) = == ) = )T = ().

Next, since v is a uniform limit of a sequence of functions on C.(B,,)
and if v € C.(B,,) then we can show exactly the same way as the proof
of Proposition 3.3 that

a1~ n+k+a+1)
> (U= ety o
k=0

lim || T%v [|o = 0.
k—ro0
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Hence we get
lim || T%u ||o = 0.
k—o0

Thus if we define g = Tu — u, then g > 0 and ||g||oc < 2. Moreover,
>_Tag
k=0

converges uniformly to —u as m — oo. Combining this and (2.1), we
get

/ §3mﬂ-gm::/|ﬂ-2ﬁm dr
n \ k=0 Bn k=0

= [ U1 () dr < Il < o

Since g > 0, the proof is complete. n
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